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ABSTRACT

It has recently been suggested that non-linearity implies that the statistics
governing the transient behaviour of translational correlation functionms of the
motion cannot be Gaussian. A computer simulation of CHZCl2 under EMLG pilot
project conditions shows that rotational as well as translational motion
exhibits strong dynamical non-Gaussian features. It is shown that these effects
cannot be ascribed to the non-linear drift appearing in the Markoffian version
of the Euler-Langevin equation. This strongly supports an investigation line

based on the research of a hidden non-linear dissipation coupling.

INTRODUCTION

Tt has recently been saggested that a non-linear extension af the "reduced”
model theory (RMT) [1,2] can account for the major findings of the computer
simulation of molecular dynamics [3,4]. Grigolini and co—workers found that
this approach explains both the non-diffusional slope property and non-Gaussian
behaviour {3,4]. Note that refs. 3 and 4 concern the translational case.
When dealing with the rotational case a new problem arises. The structure of
the Euler-Langevin equation is itself non-linear thereby leading, in principle,
to a non-Gaussian behaviour for the angular velocity. However, this kind of
non-Gaussian behaviour in a sense is trivial in that it is traced back toc a well-
known deterministic structure, whereas the main aim of the RMT [1,2] is to detect
hidden non-linearity within the context of the dissipation interaction between
the variable of interest (in the present case the angular velocity w or the
angular momentum J) and its thermal bath. According to the RMT [1,2]} the non-

Markoffian nature of the variable of interest is simulated by a determiniscie
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coupling with a set of "wirtual” variables undergoing the influence of fluctuation
and dissipation Markoffian in nature. The latest version of the RMI [3,4] is
based on the non-linear character of this deterministic coupling, thereby
exhibiting a misleading similarity with the non-lineaxr drift of the Fuler-
Langevin equatiocn.

Tha main aims of this paper are: (i) To prove that rotational dymamics is not
Gaussian (see next Section); (ii) To show that such a non-Gaussianicity cannct
be ascribed to the non-linear structure of the Euler-Langevin equation (see last
Section). This is tantamount to assessing that the methods of [3,4] can be
extended to the rotational case thereby offering the RMT a wider field of appli-
cation.

Computer Simulation of Tramsient Non-Gaussian Behaviour

The molecular dynamics algorithm used is TETRA, at EMLG pilot project stare points
for CHZCIZ, i.e. 293 K and 177 K at lbar. The computational details, Lthose of
intermolecular potential and experimental checking, are fully reported elsewhere
[5]. Note that indications of non-Gaussian behaviour have been reported previcusly
using molecular dynamics simulation, by Rahman [61 for argon, Berne and Harp [7]

for €0, and Fvans et al. [8] for N, in the liquid and high temperature glass.

Crigeolini et al. [8] reported suchzbehavour in an artifical triatomic of sz
symmetry using the algorithm TRI2, and Balucani et al. [3] have also reported non-
Gaussian effects in computer argon. The effects are present therefore in six
different algorithme, six different potentials, and with differing box gizes,
different state points and numbers of sample molecules. They are therefore
unlikely to be artifacts of the molecular dynamics method.

The algorithm TETRA for CH

2
site interaction potential and using it Evans and Ferrario [5] have produced a

Clz uses 108 molecules with a sophisticated site-

wide variety of spectra suitable for the comparison with experimental data of the
EMLG pilot project. In some cases TETRA produces information otherwise virtually
unobtainable, either experimentally or theoretically. An example is

<J(tY.J(t) J(0).J(0)», where J is the molecular angular momentum. Another is
<v(t).v(t) v{0).v(0)>, where v is the centre of mass linear velocity; and yet
another is the cross—term a.c.f.'s <J(t£).J(t) v(0).v{(0)> oxr <v(r).v{t) J(0}.J(0)>.
Provided:

i) transient statistics are Gaussian;

ii) «J(0).J(0)> is statistically independent of <v(0).v(0)> (i.e. equipartition);

these a.c.f.'s may be interrelated amalytically. In this case:
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where y, (t) = <Jj(t)Ji(O)>/<Jiz(0)> , and:

where i, j and k are unit vectors and Jl’ J2 and J

Jo=dpi 4 J,0 4+ Tk

3

melecule frame.

defined about the axes of i, j and k respectively.

The computer results are compared with those of egs.(1) and (2);

and

The predictions of egs.(l) and (2) are plotted as the dashed curves.

deviation in each case occurs

3 are components of
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(1)

(2)

(3)

J in the
In eq.(2) Il’ I2 and I3 are the three principal moments of inertia of CHZCIZ,

in figs.(1)

(2). They are clearly non-Gaussian in the interval t=0 to equilibrium (t -+ «)

(b)

\1 064 128 PS

————— Gaussian statistics, i.e. %{ 1+ 2 (<v(t).v(0)>

at around 0.3 ps after t=0.

3 <y (0)>

Figure (1)
(a)
2
(b) <v{t).v(Q)>/<v"> , computer simulatiom.
Ordinate : normalized a.c.f.

; Abscissa : time/ps

<v(t).v(r) v(O).v(0)>/<vﬂ(O)> , computer simulation.
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(a)— - <I(t) .JI(¢t) J(o)_J(o)>/<J4(O)> , computer simulation.
————— Gaussian result , see text,
{b) <J(t).J(0)>/<JZ> , computer simulation.
Ordinate : normalized a.c.f. ; Abscissa : time/ps
Figure (3)
(2) SE(L).F(L) F(O).F(0)>/<F (0)> , computer simulation.
(b) <F(t).F(0)>/<F2(0)> , computer simulation.
Ordinate : normalized a.c.f,; Abscissa : time/ps.

The analysis brings the same conclusion for the molecular force F and torque T.
In figs.(3) and (4) we mark points where the non-Gaussian nature of the simulation
results is clearly apparent, and analytical expressions linking, for example,
<F(t).F(t)F(O).F(U)>/<F4(O)> to <F(t).F(O)>/<F2(O)>‘are not necessary. However,
in Appendix A we sketch their derivation.

Finally, in fig.(5) we illustrate the simulation results for
<V2(t) J2(0)>/<v2 (O)><J2 (0)> (and <F2(t)T 2(0)>/<F2(0)><T 2(0)>). These reflect
very clearly the nature of rotation/translagion interactionqin diffusing CH Clz.
We note that <v2(0)> and <J2(0)> are statistically uncorrelated (whereas <F7(0)>
and <Tq2(0)> are not). We also note that any analytical theory which purports
a description of these functions must produce <v(t).J(0)>=<J(t).v(0)>=0 because
of the physics of parity reversal. The derivation of <v2(t)32(0)>/<v2(0)><J2(O)>
from <v(t).v(0)> and <J{t).J(0)> is sketched in Appendix B, where we use two

dimensional Gaussian statistics. In conclusion it is clear that the computer
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(a) <Tq(t)-Tq(t)Tq(0)-Tq(0)>/<Tqa(0)> , computer simulation.
(b) <Tq(t).Tq(O)>/<Tq2(O)> , computer simulation.

Ordinate : normalized a.c.f. ; Abscissa : time/ps.

Figure (5)

(a) <VSE£&B§§1J9583;J(O)> , computer simulation.

Note that <v(t).J(0)>=<J(t).v(0)»= 0 for all t by parity reversal symmetrv.
This is corroborated in the m.d. simulation. If we assume the p.d.f.'s of

v and J to be Gaussian, then this, topether with the foregeoing parity
reversal conditiom, implies that <v?{t) JZ(0)}»=<J2(t) v-(0)>= O theoretically
for all t. The existence of the simulated function of fig. (5a) is

therefore a2 strong support for non linear theories of the liquid state,
<F(£).F{(t) T (O).T _(0O)>
(b) F(0).F(t) T (0).T (0)

<FZ(0) »<T _“{0)>
Note that <F4(0) Tq2(0)>u<F%O)><Tq2(OY and that the force squared and torque

squared are statistically correlated.

Abscissa ; rtime/ps.

simulation results are non-Gaussian in nature. This can lend strong support
to the research line proposed in 2,3, provided that we succeed in showing that
these non-Gaussian features do not depend on the non-linear structure of the

Markoffian Euler-Langevin equatiom. This is the main aim of the next Section.

THEORETLICAL EVALUATION

When making the Markoffian assumption on the interaction between and its
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thermal bath, the motion of the variable w in a rotating frame fixed to the
molecule is described by the well-known Euler-lLangevin equations [2] which read
Wy = Tiwe T Biw, + A (8) = - E (w) + A, (1) {4)
where T, = (Ik-Ij)/Ii and i, j and k are cyclically permuted among 1, 2 and 3.
The stochastic forces Ai are assumed to be white Gaussian noises defined by
<Ai(tl)Aj(t2)> =2 aidijé(tl—tz) (5)

The equation of motion of a variable of interest fo is then driven by

fo = uofo (6)
with
.
o, =T (7
e, Ew -al 8
- 3=1 awj hl @ ajawj2 @

The main difficulty met when dealing with eq.(6) descends from the non-linear
nature of Ei(w), which renders this equation equivalent to an infinite hierarchy
of linear equationms, The algorithm of ref. 10 (which, in turn, is a natural
outcome of the theoretical background behind the RMT) allows us to solve this
problem via a continued fracticn expansion, the virtually infinite parameters of
which are straightforwardly evaluated on the basis of a Mori-1like theory (see
Appendix C).

When evaluating the correlation functicns <Ji(O)Ji(t)>, fo has to be identified
with Ji(i = 153), ghereas th; ;alcuiation of

$(t) = (<IT(OYI(E)> = <IN /T > (9)
implies that f0 be identified with J2 - <J2>.

To apply this method of calculation, however, we have to rely on suitable
valueg of the friction parameters Bi’ These can be determined via a sort of
"semiempirical" method as follows. Let us call e, €y and eq the three unit
vectors defined by the principal moment of inertia frame in the CH2012 molecule,
The a.c.f.'s <ei(d).ei(t)> (i = 1,3) are found wvia computer simulation to be
almost exponential with damping Yy On the other hand, to a first approximation
these dampings are shown theoretically {(see Appendix C) to be related to the
via the following relationship

1 -1
-+ =) (10)
1B, LB,

friction parameters Bl

in c¢yclic permutation of the indices 1,j,k. Eg. (9) allows us to determine the
parameters Bi to be used in our theoretical calculation in terms of the

"experimental™ dampings Yge
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We are mow in a position to illustrate the results of this "exact"” calculation.

First of all, let us consider the curves of figs. (6) and (7). These have been
evaluated by using the dampings Bi provided by eq. (10). The moments of inertia
are ll = 2.5268 l()-38 gm cmz, 12 = 0.262 10-:‘8 gm cmz, 13 = 2,737 .'l.O_38 gm sz.
The friction parameters are B1 = B3 = 18.8 THz and B2 = 49.4 Hz at T = 177 K and

Bl = B3 = 11.7 THz and B2 = 22,0 THz at T = 293 K. The latter parameters refer
to CH2012 at 1 bar. We can remark that the distance between the exact ¢(t) and

its Gaussian approximation ¢G(t) is less than 0.5 10-2 throughcut the whole range

of t.
I I
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(a) $(t), ecalculated., 1In this scale $(t) coincides with its Gaussian
approximation, @G(t).

(b) <J{t).J(0)>/<J2(0)> , calculated.

The molecular parameters are those concerning T = 177K.

Ordinate : normalized a.c.f. ; Abscissa : time/ps.

Figure (7)

(a) ¢(t), calculated. In this scale ¢(t) coincides with its Gaussian
approximation, ¢G(t).

(b  <J(£).J(0}>/<J?(0)> , calculated

The molecular parameters are those concerning T = 293K.

Ordinate : normalized a.c.f. ; Abscissa : time/ps.
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A significant non-Gaussian behaviour is exhibited by the curves of fig. (8.
However, thesc curves concern values of the paramerers B1 which are significantly
smaller than those provided by eq. (10). Therefore, according to our "semi-

empirical™ criterion this result has to be rejected.

28 ps
\\ 10
(b
\\\5 ps
T ia T zs
Figure (8)

(a) 2(t) , calculated.

————— GCaussian result, see text.
C p— <1, (8),3, (0311, 2©)> , caleulated

—_— <J2(t).J2(0)>/<J22(0)> , calculated.
1= B.j = 1.11 THz and B2 = 2.22 THa.
Ordinate : normalized a.c.f. ; Abscissa : time/ps.

The parameters Bi dare : B

The exponential behavicur exhibited by ¢(t) in figs. (6) to (8) can easily be

accounted for as follows. Let us explicate the expressions for the expansion
parameters Ao’ Al, Al (for their meaning see Appendix C). We obtain
Ay = - 2?. IiBiIE Ii (11
o) =~ [Iilgc""l‘}’z)z + im,m 7 4 CE NS [? 121]_1 (12)
ay = -2 (ke )@l + 121%(B,-5,) (B5-82) + NI Y
« (12 ms % ¢ iy rp” 4 1§1§(31-33)2]'i1 (13)

It is easily seen for all the three groups of values of B_1 of figs. (b) to (8)
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that |AO—A 12>>1Ai so that the Mori chain providing ¢(t) is almost exactly

1
truncated at the zeroth order, i.e. ¢{L)v exp (—Aot).
As far as the non-Gaussian behaviour of the curves of fig. (8) is concerned,
we can note that this seems te depend on the fact that the correlation functions
<JiJi(t)> compared to $(t} are much faster that in the cases of figs, (6) and (7).
In conclusion, we are in a position to assert that no significant non-Gaussian
effects can be given by eq. (4) for reasonable values of the parameters Bi'
Therefore, the strong non-GCaussian properties exhibited by the "experimental”
results of figs. (1) to (4) have to be traced back to the dissipative interaction
driving w rather than the drift term. The appearance of rototranslational
interactions on the correlation function <J2(0)v2(t)>, furthermore, leaves open
the question whether or not this effect can be related to the same non-linear
mechanism which destroys the Gaussian relationship between the two time correlation

functions and higher-order ones.
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APPENDIX A: DERIVATION OF ANALYTICAL EXPRESSION FOR HIGHER MOMENT FORCE AND
TORQUE AUTOCORRELATION FUNCTIONS

The Gaussian distribution can be written as:

3 3/2 3 xm
Coan) exp [ - 5 (55 ] (A1)
where m is the mean, 02 the variance. In the case of linear centre of mass

velocity the probability density function may be defined as:

i M 3/2
Pv(v,tlvo, 0y = \‘E;Ef‘(fjfiyfffii (A2)
% exp |- M(v - VOW(t))Q
2eT (1 - y7(e))
where M is the particle mass, and:
p(t) = <v(t).v(0)>/<v(0).v(0)> (A3)
The variance is:
02 = 3T (1 - y2(t)) (A4)
M

and the mean:

m = v (r) (A5)
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v, being the particle's initial velocity. The required fourth moment is

calculated through the relation:

-1
<v(t).v(t)v _.v >.<v4>
‘ : o" o
{3 13 (AG)
= jd de Y, VY VOV P(v,t\vU,O) P(vo, 0),
where P(VO, 0) is the equilibrium probability distributicn funetion.
Evaluating the integral, we have [7,9] the results of eq. (1). Similarly

we can derive [9] eq. (2) for the angular momentum. The integrals for
force and torque may be evaluated, but with considerable more difficulty.
For Gaussian statistics it is clear that when <F(t).F(0)>, [or example,
vanishes, then all <F2n(t)F2n(O)> should also vanish at the same Instant t.
This is not the case in the computer simulation for either rhe force or the

torque (figs. (3) and (4)).

APPENDIX B: THE MIXED-MOMENT A.C.F.'S
Assuming <v2> to be independent, statistically, of <J2>, we may evaluate

the mixed a.c.f.'s using the two dimensiomal equilibrium Gaussian

distribution: 5
1 ~ X /20 2
UK, X)) = (o e V290
’ x1 (B1)
1 - x4/20 2
* (U Ven & : 2 )
Oy
for uncorrelated variables Xl and XZ' In the case of force squared and
torque squared we must use the correlated form
1
p(Y,, ¥,) = S
12 Zn o, o, Yl-t
Y
1 2 2
2 -
1 ¥y 2t Y Y, | ¥,
YT (— -— —
xexp | = 2(1 - 17) )
GYZ ay Oy JYZ
1 1 2 2

where 1 is the correlativn coefficient and le and GYZ are the standard

deviations of Yl and Y2 respectively. Note, however, that the correlation
function of force and torque <F(t).Tq(0)> vanishes, whereas <F2(t)Tq2(O)>
of course dees nat vanish. This i{s because the parity reversal symmetry of
F is different from that of Tq.

Eqs. (Bl) and (B2) imply that:

T N (0 FIE S S () R ET D B (B3)
for all t and n, if v and J are transiently Gaussian in nature., Fig. (5a)

is clear evidence of the contrary.
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Similarly:
2
0T Moy = F 0T ) = 0 (84)
for all t zud n for transiently Gaussian F and T . This is obviously not

the case either analytically or numerically (fig. (5b)).

APPENDIX C

Dupuis' algorithm [11l] leads to an easy evaluation of the Mori expansion
parametrers Aiz and Ai [10]. These parameters in turn give the Laplace
transform of the correlation function ¢{(t) = <f0fo(t)> (see egs.(6) to (8))

this continued fraction expansion

3(z) = (c1)

As far as the time behaviour of ¢(t) is concerned, its explicit e valuation
can straightforwardly [10] be given by:

. i
¢{t) = L <l|rr<v|l> e (c2)
s

"
i

where |7>,<v| and ETT are respectively the eigenstates (right and left) and

eigenvalues of the matrix A defined as follows:

. {€3)

It is interesting tc notice that this algorithm can also be applied to
the case where the variable of interest is the orientation g. 1In such a case
the equation of motion for the probability density P(g,w) is

3 Plg.wit) = (-iw.J+ [) Plg,u:t) (c4)

at . . . .
where T is the rotation gemerator and the operator I is defined by eq. (8).

When fO is identified with e,{(i = 1,3) and

1(

+ .
Lo = -iw. J+ T, (C5)
the zeroth-order of our centinued fraction approach is shown to lead to

eq. (10).
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