Computer simulation of liquid anisotropy. IV. Terms to
second order in the external field of force
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The method of molecular dynamics computer simulation is extended to deal with liquid anisotropy induced
by the interaction of an external electric {or magnetic) field with anisotropy of polarizability. The resulting
Langevin functions follow accurately the analytical results of Kielich. The new method is applied to extract
the details of rotation/translation interaction in a moving frame of reference. The appropriate first order
correlation functions are much more oscillatory in the presence of a strong external field.

| INTRODUCTION

In the fourth part of the series'™® we extend our con-
sideration to the torque experienced by a molecule due
to anisotropy of polarizability.* This is to second order
in the external (electric or magnetic) field, and is the
mechanism operable in the Kerr effect’ on nondipolar
molecules. The methods employed are described in I
of this series, and the same caveat is given, namely,
we are not looking to reproduce in detail the proper-
ties of real molecular systems, but rather using the
molecular dynamics simulation method as a numeri-
cal guide-line to a difficult analytical® (and experi-
mental’) problem. The analytical difficulty lies in de-
scribing rise transients without the luxury of Markovian
ideas and of linear response, and in describing the mo-
lecular dynamics (via a.c.f.’s) themselves when the
ensemble is subject to an intense external field of
force. The experimental probelems can be overcome
by the use of electromagnetic fields (e.g., pulses of
megawatt mode-locked laser radiation).

THEORETICAL REMARKS

The torque on a gaseous (or isolated) dipolar mole-
cule as a function of applied electric field E, may be
written as mX E;, where m is the total dipole moment,
which may be expandegd as:

m=pg+a, BEg+38: EgEg+47: EqEgEg+ + 0., (1)

Here u is the field-off (permanent) dipole moment, a
the polarizability tensor, 8 the first hyperpolarizability,
7 the second and so on.

If E, is not very large, then in energetic terms the p
part of the right-hand side of Eq. (1) predominates. In
the condensed phases, where the interaction of mole-
cules is the important feature, m is supplemented by
terms arising from the fields of other molecules, and
the internal field E(¢) at any molecule at a given ¢ is
different from E;. The field E(t) fluctuates with time
and therefore so does m.

In the first and second parts of this series we have
used the technique of molecular dynamics computer
simulation to investigate the development of anisotropy
with, effectively, m=p and E=E,. In this case the
electrically induced torque, - % E; can be simulated
with the equivalent mechanical torque - e, x E,, where
€, is a unit vector along the molecular A axis of in-
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ertia, coincident with the dipole axis, and E; is the ex-
ternally applied field of force. In this way we avoid
the complication E4# E(¢) because each of the 108 mole-
cules used experiences in the simulation the same E,,

a constant in time. We can use this method with Len-
nard-Jones atom-atom interaction, i.e., those of the
simplest type.® In this paper we have incorporated,
additionally, point-charge interactions between the
molecules, which are rough facsimiles of the asym-
metric top CH,Cl,.

The problem we tackle in IV is how to investigate the
development of liquid anisotropy with a torque of the
form

((!'Eo)x Eo (2)

and to investigate the dependence of the relevant order
parameters'™: (¢%,) on EL. Here E, is the Z compo-
nent of E; in the laboratory frame. The angled brackets
{) denote a simple arithmetic average over 108 mole-
cules. At the same time we wish to avoid, for the
present, those aspects of the problem which involve

the nonpair additive interaction of molecular polariza-
bility.® This is a hugely complicated, but secondary,
problem, comparable in this respect with that of the
internal field.

In II, we have shown® that our mechanical torque
method reproduces accurately the Langevin functions
which describe the statistical bias of molecular ori-
entation induced by an external field (which may be
electric, electromagnetic (II), or magnetic, or me-
chanical in nature).

In the simplest case the torque of Eq. (2) may be
rewritten, for each molecule, as'h:

- EZ(a, — @,) sin 6 cos fu, (3)

where @ is the angle between the field direction (z) and
e,. a; and o, are components of « along and perpen-
dicular toe,. We assume that the two components of

a perpendicular to e, are equal to a,, i.e., that in
terms of polarizability, the molecule is a symmetric
top. In Eqg. (3) u is a unit vector defining the direction
of the imposed torque.

By definition,
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=lesr—Jeax, (5)

where { and § are unit vectors. Therefore the torque
is

8in By =

—E3 (03— a))(leqzear—Jeaz enx). (6)

for each molecule at each instant £. In Eq. (6), 1 is an
unit vector in the X direction of the laboratory frame
and § in the Y direction. Clearly, the elements of Eq.
(6) are defined with respect to the static (lab) frame

of reference,

LANGEVIN FUNCTIONS

Kielich® has calculated the Langevin functions cor-
responding to a torque of this type, where E, is either
an electric or a magnetic field. The torque produces
the resuits

(4" =0, (e #0 (N

for positive integral n, i.e., its effect is detectible
only through even order averages (over) ei"z. The
computer simulation should® reproduce the analytical
results exactly. Defining

- 42
q= 2T EZ’ (8)

Kielich produces (¢g= l g )

Li(9)=0, ®)
L 0)=% 322 5oy (10)
Ly(x )= 0 (11)
& s
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FIG. 1. (a) Second order Kielich function L,(q). ® Computer
simulation; —— analytical result; (b) as for (a); L,(—q) ordi-
nate scale on right. Ordinate: (e},).
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FIG. 2. As for Fig. 1; fourth order functions.

__3 , (2¢%3)
L+ @) =g 7% 330y (12)
where
Faca
Iz q)=e*°J' et dx. (13)
[1]

In our notation L,(xq) describes the q dependence of
{eaz), Lo(xq) that of (¢%;), and so on. Equations (9)~
(12) are derived on the basis of equilibrium Maxwell/
Boltzmann statistics and for small values® of g,

1,4 8¢ 16¢
Li*a)=3* 45+ 545 " 14175 * " (14)

2 3
Ltq)=ss-24,16g ;32 (15)

5 105 1575 51975
As E; ==,

L{+q)~1, Le(~q)~0,
as do the L, functions.

The great advantage of the computer simulation
method is that having accurately produced the functions
(10) and (12) the molecular dynamics for all E, can be
investigated in detail without any of the difficulties as-
sociated with the analytical theory.'? Some features of
rotation/translation coupling!® are investigated later in
this paper using a moving frame of reference to bring
out elements of the first order linear/angular velocity
correlation function unobtainable in any way other than
computer simulation.

RESULTS AND DISCUSSION

Figures 1 and 2 illustrate the dependence, respec-
tively, (¢%z) and {(e%,) on ¢, the energy ratio. The
computer simulation produces points which have heen
fitted to the analytical results, Eqs. (10)and (12), using
nonlinear least mean squares and numerical quadrature
routines in combination. This method produces the energy
ratio marked on the absclssae of bothfigures. Clearly the
same result should and has come out of fitting both
(¢hz) and (9342>-

As an example of how the Kielich functions® are con-
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FIG. 3. Rise transients, second order. (1) 4=13.8, positive
anisotropy; (3) ¢=6.1, positive anisotropy; (4) ¢=6.1, nega-
tive anisotropy; (5) ¢=13. 8, negative anisotropy.

structed we illustrate in Fig. 3 transient averages
{é%z) for positive and negative anisotropy. These are
a little noisy, but could be smoothed by using different
start times (£=0) and averaging. As they stand they
are merely simple averages over 108 molecules taken
at each time step of the computer simulation. [The
final level attained by each transient is taken for a
point on the curve of Fig. 1 (or 2 for {¢%;) tran-
sients)]. These are field-on transients, and to con-
struct them analytically is a formidable problem,
requiring probably as much computer power as was
used in formulating this paper.

The theory of transient Kerr effect response for
arbitrarily strong driving fields has been discussed
by Evans, Ferrario, and Grigolini'? who considered
the time evolution of a Hamiltonian of the form®

N

H=Ho—%NaE§—%<a1—ag)Eizmcose.) ,  (16)

which describes the Kerr effect to powers of EZ. The
time evolution of this Hamiltonian is then governed by
the Liouville equation’®

S0l == 8 [H(), (1)), (a7

where p(t) is the density matrix. The Hamiltonian H(?)
may be written effectively as

H(t)=Hy+ Hy(t), (18)

where Hj describes the isolated molecular ensemble
and H,(¢) represents the interaction of the system with
an external field. The solution of the equation of mo-
tion is particularly difficult because (i) the physical
system is no longer invariant to time reversal, so
that time-ordered exponential operators must be em-
ployed, (ii) the memory kernel of the Moritype equa-
tion (X(t, s)) is no longer dependent on the difference

(¢ - s) but is a function of the two independent variables
t and s; (iii) the Liouville operator L,(f) associated

with H,(?) is not Hermitian and is not anti-Hermitian,

Grigolini et al =" have, nevertheless, made sub-
stantial progress towards the solution of equations
such as this, »*~%° and the computer simulation method
is immediately useful as a guide for the theoretical
analysis. For example the rise times of the transients
are clearly g dependent. Paranjape and Coffey'! and
Morita?'~® have discussed the equivalent times of the
fall transients using Markovian statistics and classical
Langevin equations. In the case of fall transients we
have

H()=0, £> G,
which simplifies the analysis considerably,

The computer simulation can be made to reveal de-
tails which the classical analytical theory of, for ex-
ample, McConnell?* or Morita® does not consider. A
striking example is rotation/translation coupling in a
moving frame of reference.

ROTATIONAL-TRANSLATION COUPLING

Following a suggestion of Ciccotti et al.'® we have
computed the correlation function of the variates v(t)
(the molecular centre of mass velocity), and w(#) the
molecular angular velocity in a moving frame of refer-
ence defined as follows. Let vy, vy, and vz be the
components of v, for example, in the lab frame. De-
fine a moving (molecular) frame of reference with re-
spect to unit vectors e,, ey, and e, along the principal
moment of inertia axes of the molecule under consider-
ation. The components of v in the moving frame are
then

Vp=VUxlax +Vylay +Vz€az,
Vp=Vxepx +Vyépr +Vz€pz, (19)
Uc =Vx€cx + Vy€cy +Vzecz,

and similarly for w., By applying symmetry rules of
parity, time reversal etc., to our C,, symmetry mole-
cule we deduce that the correlation function elements:

<vc(t)wa(0)) and (Ua(t)wc(o))
exist for > 0. All others vanish for all ¢,

The behavior of these functions without an applied
field is illustrated in Fig. 4 where we have computed

(e(Hwgl 0%) + (vF(O)wE! ),
2(wg(0)' " *(w3(0))

to cut down the computer noise. The noise level can
be judged with reference to the ¢ =0 cutoff, which
should, by symmetry, be zero. It is clear that the
noise is smaller than the signal by a satisfactory
amount. Both first order correlation functions oscil-
late, the (C, B) function attaining a maximum of +0. 22

and a minimum of - 0,04, with an uncertainty of £0, 01
or thereabouts,

It is clear, therefore, even before applying our
field E;, that the classical theory of rotational Brown-
ian motion, so long accepted as the basis of subjects
such as dielectric relaxation, cannot be used to de-
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scribe these rototranslational signatures. Again,
therefore, as in the case of Alder and Wainwright’ 528
discovery of the long negative tail of {¥(f) * w0)) in
the lab frame, the computer simulation method is
ahead of either the analytical method or experimental
method.

Ferrario and Evans?’ have constructed and solved
a novel type of rototranslational Langevin equation, !
written in a moving frame, to try to account for the
basic feature of curves such as those in Fig. 4, but
even in this case the ordinate in Fig. 4 is vanishingly
small for all ¢. The classical theory must therefore
be abandoned in favor of diffusion equations which take
account of the nonlinear nature'®?® of the interaction
between a tagged molecule and its thermal bath.

It is especially interesting to look at the nature of
the (CB) or (BC) elements under an applied field cor-
responding to ¢=17.5, i.e., near the saturation level.
By our foregoing considerations this is obviously not
yet possible except by computer simulation. Neverthe-
less the consideration of such behavior is an important
one, because this is a route towards a molecular ex-
planation of what happens when a mesophase is aligned
with an electric or magnetic field. In this case it is
well known that averages such as {e¢,z)~ 0.5 or so,
with a relatively small external field, causing dramatic
changes in dynamical features such as those embodied
in the Kerr constant,® or, if the molecule is dipolar,
in the dielectric loss. The molecular dynamics, as
opposed to the hydrodynamics, 2 of aligned mesophases
have never been satisfactorily explained, and the role
of rotation/translation coupling is implicitly important.
At ¢=17.5 the rototranslational functions are illustrated
in Fig. 5. Note that these (CB) and (BC) elements are
defined again in the proving frame [Eq. (19)]. They
are much more oscillatory, the (CB) element this time
having a positive peak of +0.12 and a negative peak of
-0.13.

If we take into consideration the fact that cooperativ-

FIG. 4. Mixed linear/angular velocity correlation functions:

) (vg(t)wg(o)) + (vF(O)wg(l»
2 (1)c> (“’B) ’
@ {va(®) “’i(o» + wa0)wc(t)
2(”5) <‘*’C> ‘

Thesc correlation functions are constructed tnthe moving frame
(4,B,0).
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FIG. 5.

As for Fig. 4; ¢q=17.5kT.

ity in the mesophase is known to magnify single mole-
cule properties enormously (e.g., the Kerr constant®
—~ ) it is likely that vototranslation is the key to ex-
plaining many of the spectral features observable in
the aligned (or unaligned) mesophase. We note, to

end with, that such effects have eluded detection up

to now because they sometimes manifest themselves
only in the moving reference frame. Although an elec-
tric field breaks time reversal symmetry, ® it does

not affect parity symmetry, and first order mixed
autocorrelation functions of linear and angular velocity
vanish for all ¢ and E; in the laboratory frame of refer-
ence. This does not mean that the effects of rototrans-
lation average out in the laboratory frame to zero. On
the contrary, they are critically important and under-
lie every type of spectrum whose origins can be traced
to molecular diffusion.

CONCLUSIONS

(1) The method of molecular dynamics simulation
has been extended to deal with the development of bulk
anisotropy through the interaction of polarizability
anisotropy with an external electric field.

(2) The appropriate Langevin functions have been
fitted to Kielich’s analytical results* for first and sec-
ond order, respectively.

(3) The new method has been used to investigate the
interaction of rotation with translation in a moving
frame of reference. There are striking differences
between the field-off results and those in the presence
of a strong external field.

ACKNOWLEDGMENT

The Science and Engineering Research Council is
thanked for the award of an Advanced Fellowship.

J. Chem. Phys., Vol. 78, No. 8, 1 May 1983

Downloaded 03 Aug 2007 to 144.124.16.33. Redistribution subject to AIP license or copyright, see http://icp.aip.org/jcp/copyright.jsp



M. W. Evans: Liquid anisotropy. IV

M. W. Evans, J. Chem. Phys. 76, 5473 (1982).

M. W. Evans, J. Chem. Phys. 76, 5482 (1982),

3M. W. Evans, J. Chem. Phys. (to be published).

43, Kielich, Acta Phys. Polonica A87, 447 (1970).

5c. 5. F. Bottcher and P. Bordewiik, Theory of Elecric Po-
larisation (Elsevier, Amsterdam, 1978), Vol. 2, pp. 181 ff,

®M. W. Evans and P. Grigolini, J. Chem. Soc, Faraday Trans,
2 76, 761 (1980).

M. W. Evans, Acc. Chem. Res. 14, 253 (1981),

M, W. Evans, M. Ferrario, and P. Grigolini, Z. Phys. B 41,
165 (1981); 39, 75 (1980).

’A. van der Avoird, P. E. S. Wormer, F, Mulder, and R. M.
Berns in Topics in Current Chemistry, Vol. 93, edited by
Dewar et al. (Springer, Berlin, 1980),

03pe, for example, M. W. Evans, G, J. Evans, W, T. Coffey,
and P, Grigolini, Molecular Dynamics (Wiley, New York,
1982) (in press).

w,. T. Coffey and B. V. Paranjape, Proc. Royal Irish Acad.
78A, 17 (1978).

2M, W. Evans, M. Ferrario, and P, Grigolini, J. Chem. Soc.
Faraday Trans, 2 76, 542 (1980).

33, -P. Ryckaert, A. Bellemans, and G. Ciccottl, Mol. Phys.
44, 979 (1981).

"Reference 10, Chaps. 9 and 10,

5p, Grigolini, M. Ferrario, and M. W. Evans, Mol. Phys.
39, 1369, 1391 (1980).

5407

iép, Grigolini, M. Giordano, and P. Marin, Chem. Phys.
Lett. 83, 554 (1981).

17p, Grigolini and M. Ferrario, Chem. Phys. Lett. 62, 100
(1979); J. Math. Phys. 20, 2567 (1979).

13M. W. Evans, M. Ferrario, and P. Grigolini, Physica A
1114, 255 (1982).

1%, Praestgaard and N. G. van Kampen, Mol. Phys. 43, 33
(1981),

204, Risken and H. D, Vollmer, Z, Phys. B 31, 209 (1978).

1A, Morita, J. Phys, D 11, 1357 (1978).

22A. Morita, J. Phys. A 12, 991 (1979).

235, Morita and H. Watanabe, J, Chem. Phys. 70, 4708
(1979).

#J, R, McConnell, J. T. Lewis, and B. K. P, Scaife, Proc.
Roy. Irish Acad. 76A, 43 (1976); J. R. McConnell, Proc,
Roy. Irish Acad. 78A, 87 (1978).

%5A. Morita, J. Phys. D 11, L9 (1978).

268, Alder and T. Wainwright, Nuovo Cimento Suppl. 8, 116
(1958).

2TM. Ferrario and M. W. Evans, Chem. Phys. (Munich) (1982)
(in press). ,

%M. W. Evans and P. Grigolini, Physica A 1064, 31 (1981),

238, J. Berne and R. Pecora, Dynamic Light Scattering with
Reference to Physics, Chemistry, and Biology (Wlley/Inter-
science, New York, 1976).

J. Chem. Phys.,, Vol. 78, No. 9, 1 May 1983

Downloaded 03 Aug 2007 1o 144.124.16.33. Redistribution subject to AIP license or copyright, see http:/ficp.aip.orgfjcp/copyright.jsp



