Calculation of the infrared reflection spectra of inhomogeneously doped
! silicon semiconductor layers at an arbitrary angle of incidence
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A method is developed, based on the optical admittance, to calculate refiectance and
transmittance at arbitrary angle of incidence of stratified media with arbitrary refractive index
profiles. For n-type silicon samples, calculated and measured IR spectra are shown. In the case of
a lightly doped epitaxial layer on heavily doped substrate, measurement in # polarization at the
Brewster angle of the layer produces a spectrum which is free of the interference waves due to the
layer and gives direct information about the profile beneath the layer. Such spectra could be used
for the characterization of the transition layer between the epitaxial Iayer and the substrate. -

i INTRODUCTION

IR reficction spectroscopy has been applied for a long
time in semiconductor research and technology for the char-
acterization of the substrates’? using the so called plasma
minimum method or to measure the thickness of low-doped
epitaxial layers grown on heavily doped substrates.> There
were also successful attempts to characterize the diffused or
ion-implanted doping profile in semiconductor structures by
means of spectroscopic methods.5'? These methods have
dence.

Evaluation of the reflectance specira involves some
of the doped semiconductor, the measurement conditions,
and the doping profile. They are as follows.

A. Models for the optical properties of the doped
semiconductor ‘

The most frequently used models are Drude’s model
and Schumann’s one. Schumann’s model®*! assumes ionized
impurity scattering and uses Boltzmann statistics to evalu-
ate averages on the energy. It determines the complex per-
mittivity of the doped silicon entirely from the dopant con-
centration.

Drude’s model'? is very simple. It describes the optical
properties of 2 doped semiconductor with a two-parameter
function:

e=e,(1 -—--f’i'-—) . (1a)

a(wr —i)

where the two parameters are the plasma frequency @, and
the mean relaxation time r. € is the complex permittivity of
the doped semiconductor, ¢, is the same for the carrier-free
one, and

@, = ‘/E’/e.f, L (ib)

where P is the concentration of the free carriers, ¢ is the

*’ Present address: Dept. of Physics, U.C. Swansea, Singleton Park, Swan-
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clectronic charge, m*® is the effective mass of the free carri-
ers.

The validity of both models has been discussed by sever-
al authors. Drude’s model describes the optical behavior of
the doped silicon quite satisfactorily and sometimes it is bet-
ter than Schumann’s much more complicated model, which
fails in the case of high degeneration and at low wave
numbers.'>!* In thosc cases when the exact comnection
between P and o, is not important , Eq. (1) can be consid-
aeduamnvmimtuiﬂﬁnwtioninaﬁ:ﬁtemvenumbu
range with o, and 7 as fitting parameters.

B. Approximation concemning angle of incidence
Calculating the refiectance at pon-normal incidence is
much more complicated than for the normal one and also the
state of polarization of light has to be taken into account.
Although the angle of incidence in commercial reflectance
units is never exactly zero, it is customary to consider the
incidence to be normal until a 30" angle of incidence as far as
the reflection coefficients in silicon structures are consid-
ered. The angle of incidence is taken into account usually
only in the calculation of the phase shift due to a layer. If the
mﬁectmtyannotbemedmntdymghonﬂhc

acceptable, but for higher requirements we need to know the
esrors this approximation may cause. On the other hand, if
one has the opportunity to measure with high accuracy at
arbitrary angle of incidence with polarized light, those spec-
tra would yield a lot more information than at near-pormat
incidence.'> The evaluation of the non-normal-incidence
spectra requires methods to calculate the refiectance at arbi-
trary angle of incidence and for every state of polarization of
Light.

C. Approximations concerning the doping profiie

The most usual approximation is to replace the profile
by a step function. In those cases when the doping concen-
tration changes by several orders of magnitude in a few
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tepths-of um it is reasonable to replace the profile by a step.
1t is the usual approximation when one evaluates the spectra
of Jow-doped ¢épitaxial layers on heavily doped substrates.
This approximation makes calculations very simple and the
fepuits—the -depth and the height of the concentration
ilpp—are quite sufficient in most practical cases.

The other-usual procedure is to replace the profile by a

stack of homogeneous layers. The main reason for this ap-
proximation is that the plane-wave formalism can be applied
for such a stratified system and computer programs devel-
oped in thin layer optics can be used. This method is certain-
ly not the best one to solve the second-order differential
equations which hold for the electromagnetic field vectors or
the first-order one for the optical admittance in a medium
with continuously varying optical properties.

Methods have existed for a long time to treat continuous
inhomogeneity in optics; they have been reviewed by Jacobs-
son’® and, more recently, for transparent media by Knittl'’
using the optical admittance. However, these methods are
not well known, and are rediscovered from time to time.

For weak inhomogeneities there is a well-known ap-
proximate solution: the geometric optical or WKB approxi-
mation."® In this solution the field vectors are composed
from a traveling wave and from a reflected one as in a homo-
geneous layer, but these “waves” contain the exponents

;ttbfmdz'

(i is the complex refractive index and ¢, is the angle of
incidence), and their amplitudes also change together with
f. This approximation holds if the relative change of the
refractive index in a wavelength is small compared to unity.
In the case of stronger inhomogeneity this traveling wave-
reflected wave picture loses meaning and the attempts to
expand the WKB approximation to higher inhomogeneities
lead to overcomplicated formulas for the reflectance,'® often
with convergence probjems."?

The calculation of the reflectance and transmittance of
inhomogeneous films can be carried out quite easily by trans-
forming the second-order differential equations of the field
vectors into first-order ones by introducing the optical ad-
mittance and then solving these first-order differential equa-
tions of Riccati’s type using a standard method. Both reflec-
tance and transmittance can be expressed in terms of the

In this paper, we show some calculated examples for
spectra of inhomogeneously doped Si layers corresponding
to various angles of incidence, and focus our attention on the
Brewster-angle incidence. For illustration, we present a few
measured spectra; but first, the principles wiil be summar-
ized in a form which makes their use easy for semiconductor
applications.

§i. THEORY

A. Light propagation in inhomogeneous media in terms
of the optical admittance

The electric and magnetic field vectors £ and H of angu-
lar frequency @ obey the following differential equations in
an inhomogeneous medium of relative permittivity & (usual-
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iy a complex function) and relative permeability of g = 1
AE + (0*/c*)éE — grad divE =0, (2a)
AH + (w?*/c*)eH + (1/€)(grad 2Xrot H) =0. (2b)

Only one-dimensional inhomogeneity will be considered:

e =28(z),

so we assume that the system is infinite in directions x and y;
the interfaces in the system are paralle! to the plane (x, y)
and the inhomogeneous layer is on a homogeneous substrate
of infinite thickness (Fig. 1). Let a plane wave
Ay =43 exp[i(et —kg'r)]

be incident from the air side on the surface of the system at
z =0. A denotes any component of the electromagnetic field
vectors E or H, k;' is the wave vector of the incident wave,
and r is the position vector.

Assume that kg lies in the (x, z) plane/plane of inci-
dence. Then

k&t = (w/c)Sin%. k(; = (G)/C)‘m¢0! (3)
where ¢, is the angle of incidence.
As the system is homogeneous in direction x the depen-

dence of the field vectors on x can be expressed by the fac-
tor'®

exp[ — (iw/c)sin ¢, x] . 4)
The dependence on z will be treated separately for 7 polar-
ization when the electric field is parallel to the plane of inci-
dence and for o polarization when the electric field is perpen-
dicular to it. The o polarization corresponds to the
transverse electric mode TE with E in the y direction and the
7 polarization to the transverse magnetic TM mode with H
in the y direction. The transverse field components, E, and
H, obey the following differential equations:

iInhomogeneou S}
layer

substrhte

FIG. 1. Model of the inhomogeneous layer system.

E. Hild and M. W. Evans 1823




a E, &
H-5 (5a)
4wﬂ+(hmqad o

mmudmpmsan»beapmedmththemm-
sal ones according to Maxwell’s equations:

1 JE,
(6a)
,=_.-_»—1-—3H’ for the transverse magnetic (TM)
e & mode . (6b)

€, and y, arc the permeability and permittivity of vacuum,
respectively.

Bydeﬁmuon,ﬂnopmladmlmneepspmpommalto
the ratio of the tangential ficld components E, and H,,

—Vpo/e, [H,(2)/E,(2)] . €))

According to the boundary conditions of Maxwell’s equa-

tions, 4, and E, moontmnoussoj(z)uaoonunmﬁm

tion of z in the system uniess E, = 0.
T!:erclatlonsbctweenjandthemmscﬁddoompo-

nents come from Eq. (7) using Eqs. (6a) and (6b), respec-

tively.

f(z) =

a

E E(O)C!P(——'—fl(l')dz') (8a)
1“:——_
— &)
H, H(Oexp( ""f ) 8b
) @) (8b)

Substituting these expressions for E, and H, into Eqgs. (5a)
and (5b), respectively, we get the differential equations for
Jj(z):

T;'i—;"‘l(z s’y — Fox) » (9n)
T2 o

In the homogeneous parts of the system the field is a combi-
nation of a traveling wave with spatial dependence,

exp[ —itk, x+ k,2)], ‘ (10a)
and of a reflected one with spetial factor
exp[ —i(k, x—k, )}, (10b)

where .
k. = (@/c)sing,, k, = (w/c) Jé, —sin’g,. (11)
The optical admittance of the traveling wave in a hbomo-
geneous medium is
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jo) =

_;’..m = (C/ﬂ,) i‘ = Jé. — sin »
Jaree = (—2w)/ck, = —2,/f& —sin g, .

We will call it the wave admittance and denote it by #). So
=% (13a)
for the traveling wave and
}h=-ﬁ
for the reflected one.
There is only a single traveling wave in the homogen-
cous semi-infinite substrate so
7 (@ =4, for z>z,,
and because of the continuity of j,
j@y =1, (14)

serves as boundary condition for the differential Eqs. (9a)
and (9b).

The field in the medium where the light beam came from
is the sum of the incident wave and the refiected one:

Eo=E +E, Ho=Hy +H; . (15)

The reflection coeflicients are defined by the ratio of the
transverse components of the field vectors in the reflected

(12)

(13b)

wave to those in the incident wave:
g l2@® , __He(O) (16)
Eg (0) H(0)

There is a direct connection between the refiection coef-
ficients and the optical admittance. For the TE mode,

_ A (0) H&’(O)+H&(o)
Eo E (0) fo Eq (0) + Eg (0)
— _ Ire H g (0)/E 5 (0) + P H g, (0)/E ; (0)
€o 14 P

1—Fre
=4 . 17
Mre T an
The same formula can be derived for the TM mode. So the
reflection cocfficients in both modes can be obtained from
the surface value of the corresponding optical admittance:

flo — J(0)
=" 18
7o + j(0) a8
Thepowerrdechnoek
= [H?. (18a)

Withformulas(m), ltrspossbletocalcnhtethereﬁectawe
of a system of arbitrary €(z) in the range 0<z<z, if one
knows the optical admittance at z, and solves the differential
equations (9) of jatz=0.

The ion for the transmittance can also be derived
in terms of j. Assume that the system is bounded by the same
medium, air, on both sides. By definition, the transmission
cocficients are

- E*(z) - HX(z,)
by = —2—2—¢ =2 19
e Ed ) ™ He (0) 19

Because of the continuity of the y components of the field
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vmmdh-mse A Eq. (8),

£: @) =E @) =E e -2 [ &),

where the subscript s refers to the substrate and the electric

W&Whﬁ&d@ﬁwﬁ‘ Accord-
ing to Egs. (15)-and (16),

E,(0)=Eq +Eg =E¢ (1+Fy),
S0

&n=(l+?n)ﬂv(-i:lf;(i) dz’) (20a)
and in the same way

e f (@ ). 2w
The power transmittance is

T=t]. (20c)

If there is 2 homogeneous layer in the system with boun-
dariesz, andz, theficld in this layeris again a combination
of a traveling wave and a reflected one. The corresponding
oplica) admittance j, is calculated as follows inside this ho-

mogenecous part of the system:
;n = ‘fh (1 . p )
- up[(w/c),je. sin’ §, Az]
an
where
. ";(ln)
4 M +J(Za2)

is the reflection coefficient at the “back™ boundary of the
homogencous layer and
AZ==2,,2 -2z, I.3>Z>z“ . (2“’)
For the numerical calculations it is better to tura to real
variables and to use the wave number ¥ instead of @. Let us

J=h—izs A=m—in,
3=€‘——i£1, 3,=€,,-—i€a. (22)
The algorithm to calculate the reflectance of an inhomogen-
cous layer on a homogeneous substrate consists of solving
the system of first-order differential equations

d]' =20v( — €+ 2, J2),

. ‘ (238)
%=2ﬁ(e.—sin’¢.,—jf+j:>
for the TE mode and the other ones
diy o f .. . s’y
& €2 2’112+é+€§
X [2eviss = &0} +iD1)s
{(23b)
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sin?
%="' '{‘(‘l“j{'f‘lz é’+¢:§

x[a(jit—iD)+ 2‘:11]1])
WMz =94, h(Z)=7,, (24)

where 7, and 7, are the real and imaginary parts, respec-
tively, of the wave admittance of the substrate.
The reflectivity is obtained by the following formula:
_ [~ i(OF +73(0)
Y XCIEYHON

(25)

where
=cos ¢
for the TE mode and
M= — (1/cos é,)
for the TM mode. 7,; and 7, are calculated as follows. Let

El=£ll —Sinz‘o’ E=m’

=Jo's(él+E)u y2=do's(_?l+5)’ (26)
then
M =V1» N2 =2
for the TE mode and
—€Eg Y1 —€n ). —Ea N+ € Y,
P = 1|E az. . = n;z 1 V2 an
for the TM mode.

il CALCULATION OF THE REFLECTANCE SPECTRA
OF n-TYPE SILICON LAYERS WITH SEVERAL
CONCENTRATION PROFILES OF THE FREE CARRIERS

Our refiectance-calculating program has been written in
ALGOL 60 for a CDC 7600 computer. The program is besed
on a standard Runge--Kutta procedure which caiculates the
surface valve of the optical admittance by solving the two-
variable system of differential equations (23) with the
boundary conditions (24). The program also uses a proce-
dure 1o calculate the optical quantities €, and ¢, along the
profile and another one for the caiculation of the free-carrier
concentration at a given depth z. The calculations were car-
ried out at the University College of North Wales, Bangor,
Gwynedd, Wales,

P

)]

v v s -

o D Z,=Dvd z

FIG. 2. Model of the Si epitaxial hayer—substrate system.

E. Hid and M. W. Evans 1625

Downloaded 28 Aua 2007 ta 144 124 16 28 Redistribution subiect ta AlP license ar canvriaht. see httn:/fian_ain nralian/caonyriaht isn



oL |

FIG. 3. Ro and R spectra of an n-type homogeneous silicon substrate with

P, = 10" cm > concentration of the free carriers at different angles of inci-
dence. Full line: normal incidence; dashed line: Ro spectra, angles of inci-
dence are 1-80°, 2-60°, 3-40°, 4-20" dash-dotted line: R spectra, angles of
incidence are 5-20°, 6-40, 7-60", 880"

The optical variables ¢, and €, were calculated accord-
ing to Drude’s model (). In real variables and in terms of
the wave number they are

—f(l ;,‘2" )
€ = € ;'2+1_% »

v, fr:
€ ——5F—,

v P2
where ¢, is the permittivity of the carrier-free silicon, ¢;
= 11.7, ¥, is the plasma wave number,

€y =

»
Ye_ _ 0765910~ ® P(em )/,
7c m

v,(cm™") =

and ¥, is a characteristic wave number proportional to the
collision frequency 1/7:

v, = 1/27%rc .
We used the value m*/m, = 0.26 for the free electrons and

0:75p
0.51

0.25

0 800 cm*

FIG. 4. Ro and R spectra of a surface layer with linearly decreasing con-
centration of the free carriers on an a-type substrate. P, = 10" cm™3,
P, = 10" cm 3, the thickness of the surface layer isd = 1 um. The nota-
tions sre the same as in Fig. 3.
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FIG. 5. Measured spectra of a boron-doped silicon substrate with and with-
out an outdiffused layer. The spectra were measured at 6.5° angle of inci-
dence with unpolarized light. Full line: original substrate; dashed line: spec-
trum after heat treatment in dry oxygen at 1050 °C for 3 h.

¥, was calculated from the following experimental relation-
ship:
¥, =T33.7/(1 + 621.3/%,).

The calculations were carried out for systems which
corresponded to a lightly doped layer on a heavily doped
substrate and a transient layer between them where the con-
centration increased linearly from a value characteristic of
the layer to that of the substrate (Fig. 2).

P(z)=P,, 02D,

P(z) =P, + (Py— P))(z—-D)/d,

Dz<D +d=z,,

Pz)=P,, z,<z.

The calculated spectra are presented in Figs. 3, 4, 6-8.

Spectra for homogeneous  n-type  silicon

P, = 10" cm ™2 are shown for severa! angles of incidence in

Fig. 3. It can be seen that Ro + R agrees with R, in that
Ro + R does not differ more than 19 refiectance (0.01) if
the angle of incidence is less than 20°. Note that R# spectrum
changes its shape completely if the angle of incidence ex-
ceeds the Brewster angle of silicon, ¢, = 73.7".

The spectra as shown in Fig. 3 and especially those near
the Brewster angle could serve as a check of the theoretical
mode! of the optical properties. Measuring at two angles of
polarizations would provide the two parameters of the
Drude model ¥, and ¥, at a given wave number, and if these
parameters remain constants in a wave number range the
optical model is proven to be true in that range.

Spectra in Fig. 4 are of a surface layer with linearly de-
creasing concentration. The concentration of the substrate is

P,= 10" cm™> and it decreases to P, = 10" cm~? in
d = 1 pm. The minima of the reflection curves and the max-
imum of R at 80" angle of incidence became sharper than
those for the homogeneous substrate. Rz changed shape
again between 60° and 80°,

E. Hild and M. W. Evans
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200

FIG. 6. 45 angle of incidence spectra Ro (foll linc), Re (dashed line) for
an epitaxial layer on 2 heavily doped silicon substrate. Concentration in the
sobstrate P, = 10" cm >, that in the homogeneous layer is P, — 10
cm~>. The thickness of the transition layer with linear concentration profile
isde=1 pm

For comparison, we show spectra in Fig. 5 measured on
a boron-doped silicon substrate before and after heat treat-
ment in oxygen at 1050 °C for 3 h. The spectra were mea-
sured at a 6.5 angle of incidence with unpolarized light. The
spectrum of the heat-treated sample shows deeper minimum
shifted to lower wave number compared 1o the original one,
just as the 0 angle curves in Figs. 3 and 4 indicating that an
outdiffused layer had been formed during the heat treat-
ment. In that way, IR spectra provide a quick and nonde-
structive check of the homogeneity of a semiconductor sam-
ple. .

In Fig. 6, R#7and Ro spectra of the silicon epitaxial layer
system arc shown. The system cosists of a lightly doped
layer P, = 10" cm™3 of thickness D = 10 um on a heavily
doped substrate P, = 10'® cm > and a transition layer of
d =1 pm between them with linear profile. The angle of
incidence is 45"

Figure 7 shows how the spectra of the above system

i i ‘
200 300 cm*
FIG. 7. Ro and R spectra of the system above near the Brewster angle of

the homopeneous Iayer, $, = 73.7. Full lines: ¢, = 72.5 deshed kines:
=75

1827 J Appl. Phys., Vol. 58, No. 6, 15 March 1968

FIG. 8. R# spectra st the Brewster angle of the epitaxial layer ¢, Full line:
Py =3X%10" cn~% dashed line: P, = 1 X 10" can 3. The concentration
inthelayer is P, = 10" con~>. The thickmess of the transition layers are 1—
0.5 pm, 2~1 pm, 3-2 pm.

change near the Brewster angle of the layer. The spectra
were calculated for 75° and 72.5° angles of incidence. The
phase of the interference pattern in the R spectrs are re-
versed and the interference waves completely disappeared at
the Brewster angle. As there is no reflected wave in the TM
mode from the layer/air interface at ¢, all the reflected in-
tensity arises from the back profile. Such spectra, without
formation about the back profile or about the substrate be-
neath a homogeneous transparent surface layer.

Figure 8 shows the Brewster-angle R# spectra of the
bare transient layer for different thicknesses 4 and for differ-
ent substrate concentrations P, A decrease of both the sub-
strate concentration and the slope of the profile caused a
similar effect: the spectra shifted to lower wave numbers. So
it is difficult to obtain both the substrate concentration and
the gradedness of the profile from the R# (¢, ) spectrum, but
if the substrate concentration is known the gradedness can
be estimated.

Figure 9 shows Rw(¢,) spectra measured both on the
layer side and on the polished substrate side of a silicon slice
with an epitaxial layer. The substrate was doped with As, the
carrier concentration was 2.9 X 10'® cm > determined from
the 6.5° angle of incidence reflection spectram. The epitaxial
layer was grown from SiCl, at 1100 °C, the surface free-elec-
tron concentration was about 10** cm™>. The spectra were
measured with a Perkin-Elmer PE-580A infrared spectro-
photometer, using a Perkin-Elmer variable angle specular
reflectance unit and a common-beam gold wire grid polariz-
er. The reflectance was measured against a front surface Al
reference mirror. Reflectance of the mirror was calculated
from the optical constants given by Shiles.?” In Fig. 9, calcu-
lated spectra for a homogenecous substrate with
Py = 310" cm* and for a substrate-linear transient lay-
er system with parameters P =3X 10" em™>, d=2 um
are also plotted.

The correspondence between measured and calculated
spectra suggests that measuring at the Brewster angle could

E. Hid and M. W. Evans 1827
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cm?

FIG. 9. Measured and calkculated R spectram of the substrate side (1) and
of the layer side (2) of a silicon slice with epitaxial layer. The measured
refiectances are denoted by O. Parameters of the calculated spectra are 1~
Py=3x10"cm > d=02—P,=3x10"cm >, d=2 ym

be a powerful method of obtaining information about buried
concentration profiles beneath transparent surface layers.
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