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Abstract 

Neumann’s l’rinciple is applied CO the molecular dynamics of liquids in the laboratory frame (X, Y, Z) and 

molecule fixed frame (x, y, z). In the absence of symmetry breaking influences, and in an isotropic medium 

of diffusing molecules, it states tha the totally symmetric irreducible rcprcscntation is the key to whether a 

thermodynamic ensemble average exists in either frame. In liquid water, with molecules of Czv symmetry, and 

liquid methyl chloride, with molecules of Cs, symmetry, the Neumann Principle, evaluated with the help of 

group theory, is found to be in agreement with computer simulations of components of linear and angular 

momentum auto correlation functions in both frames. 
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Introduction 

In a little known work of the nineteenth century, Neumann’ proposed a potentially very useful principle2 

which can be applied to thermodynamic ensemble (i.e. running time) avcragcs such as time auto and cross 

correlation functions, the building blocks of spectral analysis according to molecular dynamicG7. On the 

grounds of symmetry alone, Neumann’s Principle is able to isolate those correlation functions that vanish for 

all t from those that may exist by symmetry. In the laboratory frame (X, Y, Z) it states (in contemporary 

terms) that the thermodynamic ensemble average over a variable or product of variables exists if the relevant 

product of irreducible representations contains the totally symmetric rcprescntation (t.s.r.) of the R,(3) 

rotation-reflection group. If the averaging is carried out in another frame of reference, such as the molecule 

fixed frame (x, y, z) of the point group character tables, the t.s.r. is that of the molecular point group itseli? 

In the CzV and C,, point groups considered in this paper this is A,. The number of occurrences of the t.s.r. 

signifies the number of independent averages which may exi.st in cithcr frame. 

In the presence of symmetry breaking fields. such as a static electric field, or a chiral influence such as that 

defined by Barron more averages may become visible in either frame according to the iicld symmetry. For 

example, in a static electric field, the three dimensional isotropy of the Rh(3) group is broken9 and averages 

of the type D,(l) may exist in frame (X, Y, Z), together with their counterparts in frame (x, y, z). A shearing 

field of symmetry 

(1) 

applied in the laboratory frame might make possible the cxistcncc of all nine elements of appropriate 

response auto correlation functions (a.c.f.‘s) in this frame according to Neumann’s Principle. A typical 

example is the recent computer simulation proof10 of the appcarancc of the cross correlation function (c.c.f.) 

between orthogonal velocity components 

C&l) = < vAO)v&) > # < V,(+&l) > (2) 

in the laboratory frame in response to a shearing field of type (1). ‘Ihis is the first observation of a time 

asymmetric c.c.f., which is a weighted sum of components due to vorticity and deformation which are rcspec- 

tivcly time antisymmetric and symmetric. This discovery was the result of an extension of Neumann’s Prin- 

ciple to involve external field symmetries within the overall context of group thcnretical statistical mechanics 

(g.t.s.m.). 

In this paper some predictions of the Neumann Principle as applied to statistical mechanics are tested with 

computer simulations of liquid water and methyl chloride, respectively of CIV and C,, point group symmetry. 

Simulations of the velocity and angular momentum a.c.f.‘s are carried out in frames (X, Y, Z) and (x, y, z), 

and the results compared with symmetry predictions in both frames. Prcdictiotis arc also made concerning the 

bchaviour of time c.c.f.‘s in both frames. 

Computer Simulntion Methods 

Ihe simulations were carried out on the Cray Is computer of the University of London usirig the algorithm 

TETRA, dcscribcd elsewhere in the literature 11. The intermolecular potentials for water and methyl chloride 
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were Lennard Jones atom atom terms with partial charge interactions . ‘Iluse potentials are also available in 

the literaturet2. The liquid water was simulated at a molar volume of IX.0 ems mole-t, and the liquid methyl 

chloride at a molar volume of 55.0 cm3 mole’. The time step for water was 0.5 fs and for methyl chloride 5.0 

fs. ?he correlation functions were computed by running time averaging during the production run. 

[bi 

(a) The (X, X) component of the velocity a.c.f. for liquid methyl chloride in the lab. frame from computer 

simulation, showing two contiguous segments. (b) As for (a), the (Y, Y) component. 

(c) As for (a), the (Z, Z) component. 
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ll~e Applicdinn of Neumann’s Principle 

We consider the linear velocity (v) and angular momentum (.I’) a.c.f.‘s in frame (X, Y, Z). The product of 

irreducible representations in each case is 

where we have used the Clebsch Gordan Theorem12 and standard notaiion for the irreducible (D) represent- 

ations of the R,,(3) rotation-reflection point group. The subscripts denote even (g) or odd (u) to parity 

Figure 2 

As for Fig. (I), the angular momentum a.c.f. 
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reversal, and the superscripts the order of the spherical harmonics. In both casts, and indeed for all time 

a.c.f.‘a, the product contains the t.s.r. De(O). This signilics the cxistrncc of one independent element of the 

a.c.f., which in isotropic media is: 

< VIVA > = < I’~(o)l’v(r) > = < vz(n)v~(r) > 

c JdO)I,(l) > = < .I,(O)J,(?) > = < J,(O).I&) > 
(4) 

This prediction is corroborated for the linear velocity a.c.f. of liquid methyl chloride in Fig. (I), showing the 

time dependence of each diagonal clement to be tha same within the noise for two contiguous segments. The 

same is true in Fig. (2) for the angular momentum a.c.f. in frame (X, Y, Z). These reults are in agreement 

therefore with Neumann’s Principle. 

Fig. (3) shows how a 2 axis electric field of symmetry I>,(I) hrcaks the isotropy of the trace of the tensor 

< .J(O)Jr(t) > The independent element D,(o) now represents 

f( c .,x(O).I,(f) z + < Jy(O).ly(l) > + < .Iz(O)Jz(C) > ) 

The full symmetry is that of eqn. (3), but the D,(l) electric ficld has no cffcct on the off diagonal elements. 

Ihis has again been confirmed by computer simulation in this work. 

The Molecule Fired Frame, (x, y, z) 

Liquid Methyl Cldnride 

In the CJ, pint group the frame (x, y, z) is defined with rcfcrcnce lo the literature point group character 

table. The D,(I) symmetry of Y maps on to Al + E in this point group and the D,(I) symmetry of .J on to A2 

+ E. In the isotropic liquid the relevant product of rcprcscnlations for Ihe a.c.f.‘s of v and .J in frame (x, y, 

z) are respectively 

l-(v)r(r) = (A, + E-)(,4, + EJ = 2A, + A* + 3E 

r(,J)l-(.J) = (/I, + E)(/$ + E) = 2/1, + A2 + 3E 
(5) 

showing in each case the existence of two indcpendcnt clcmcnts of the a.c.f. With rcfcrcnce to the point group 

character tables these are 

c l;(o)l;(l) > = < l~(0)vy(l) > # < Vz(0)vJf) > 

< .fJO).fx(r) > = < .$(o).ly(r) > # < .fz(O).fJf) > 
(6) 

Ihus, Neumann’s Principle shows that the time depcndcncc of two diagonal clcmcnts are the same , and the 

third is different. Figs (4) and (5) show that this is exactly what is found by computer simulalion for two 

contiguous elements, each of about 4,000 time steps. Neumann’s Principle is applicable both in the familiar 

lab. frame (X, Y, Z) and in the molecule fixed frame (x, y, z) of the standard point group character tables. 
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Figure 3 

The angular momentum a.c.f., diagonal elements, simulated for liquid water in the laboratory frame (X, Y, 

Z). (a) Field on (points); field-off (line); (X, X) element. The points denote two contiguous runs. 

(b) As for (a), the (Y, Y) component. (c) As for (a), the (Z, Z) component. 



Figure 4 

As for Fig. 2, moving frame (x, y, z) of the point group character table. Note that the time dependence of 

one element is different as predicted by group theory and Neumann’s Principle. No applied electric tield. 
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Figure 5 

As for Figure (I), frame (x, y, z). 
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Liquid Water (The C2v Point Group) 

The product of representations of  the velocity and angular momentum a.c.f.'s in this case are 

F(v)r(v) = (.41 + B! + B2)(A! + B I + B2) = 3An + 2A 2 + 281 + 282 (9) 

which is the same for the angular momentum a.c.f. In either case there are throe independent elements, which 
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Figure 6 

As for Figure 3, frame (x, y, z). 
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signify three independent diagonal elements. Again these symmetry predictions arc cordirmcd by computer 

simulation as in Figs. (6) and (7). In these figures arc illustrated the effect of a static electric field applied to 

the Z axis of the frame (X, Y, Z). The Du0) symmetry of the static electric field maps on to Al Bi + B2 of 

the frame (x, y, z) in the C~, point group. We have seen the effect of the electric tlcld in not being able to 

promote new off-dlagonal dements of the a,c,f, of velocity or angular rm.nentum in frame (X, Y, Z). What 

is the equivalent effect in frame (x, y, z)? 
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As for Figure 6, velocity a.c.f. 
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In group theoretical terms the symmetry of the electric field maps on to (x, y, z) as described, allowing the 

possible existenn of thermodynamic averages corresponding to A,, I$, and l3,. In the absence of the field 

only the At type averages survive. These are illustrated in the field-off and field-on casts in Figs. (6) and (7). 

The possible extra off diagonal elements in frame (x, y, z) are those of R, and Rz symmetry, i.e. 

< v,(&.o) > ; < v#)vy(O) > ; < vAt)vdO) > ; < vy(&o) > 

and these may be discernible by computer simulation, of foe example, aligned liquid crystals. 

Conclusions 

Computer simulation of water and methyl chloride have confirmed the validity of Neumann’s Principle in the 

laboratory frame of reference, (X, Y, Z), and in the molcculc fixed frame (x, y, x) of the standard point group 

character tables. 
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