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Abstract

New fluctuation-dissipation theorems are derived for the linear and non-inear theories of diclectric relaxation
and the dynamic Kerr effect caused by an applied static clectric ficld IZ; in the Z axis of the laboratory frame
{X, Y, Z). These are based on the sct of non-vanishing cross corrclation functions now known to exist in afl
molecular and atomic liquids, and are examples of the sct of fluctuation-dissipation relations provided by the
Theorem of G. P. Morriss and D. J. Evans.

Introduction

In the 'past {few ycars, the conventional theory of dielectric relaxation and the dynamic Kerr effect has been
eriticised {1} on the basis of computer simulations {2-10} which have shown the neglect of the set of non-
vanishing cross-correlation functions (c.c.f.’s). The latter are numerically discernible in the laboratory frame
(X, Y, Z) and in the molecule fixed frame (x, y, z) of the point group character tables. The set becomes much
larger in the presence of an applicd external force ficld of arbitrary strength and symmetry, which induces
new enscmble averages with the same symmetry as that of the ficld. ‘This affects the validity of the customary
linear response fluctuation dissipation theorem {11-13}, which is qualitatively obvious from the fact that an

apphed electric ficld, for example, allows the existence of cross correlation functions such as {2}
<¥y(Noy(0) > = — < vy(Hwg(0) > M

which cxist in the ficld-on steady state and vanish at ficld-frec thermodynamic cquilibrium. In fluctvation-
dissipation theory, the response of the system is an average over somc variable B, a function of positions and
momenta of the N particle ensemble. It is frequently overlookcd, however, that this is an average in the
nor-equilibrium state of the system {11}. This is clear from the fact that the applicd ficld, however small in
magnitude, puts the system out of true thermodynamic equilibrium. Furthermore, the obscrvable in dielectric
and Kerr cffect theory is the response function, a measure of departure from cquilibdum. Customary
diclectric and Kerr effect theory ncglects time cross corrclation functions, and in particular those induced by
the applied field, an clectric ficld in this context. The response is cquatcd with the cquilibrium correlation
function by customary lincar response theory and its fluctuation dissipation theorem. This leads to a very
incomplete appreciation of the ensemble dynamics, in that the cxistence of time cross correlation fuentions

shows that the phasc function, A, which couples the ficld induced hamiltonian 11, to the extcrnal force I,
Hee(ty = — AFLD) 2

can be correlated with morce than just one variable B measuring the response of the system. Furthermore the
transient average < A(0)B(0) > on-equiibrium ™Ay cxist while its cquilibrium counterpart < A(0)3(0) > equisiv-
rium vanishes. The latter is the customary response function of lincar response theory.

‘This fundamental point is not addressed in the customary theory of diclectric and Kerr effect relaxation
(14,15},
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In this letter we use the Theorem of G. P. Morriss and D. J. Evans {16} to remedy the problem by providing
several new fluctuation dissipation relations valid for all electric ficld strengths and therefore in non-linear as
well as linear responsc. These explicitly account for cross correlation functions and the symmetry effect of the

applied field.
The Theorem of G. P. Morriss and 1), J. Evans

This Theorcmn {16} is an important development which provides numerous new insights to the way in
which molecular and atomic ensembles respond to applicd force ficlds of arbitrary strength and symmetry. It
was derived by Morriss and D. J. Evans {16} from first principles, and examples of the Theorem at work
have regcently been reviewed by Heyes {17}. It can be stated through the equation {16,17)

F, (!
< B()>=<B(0)>— FJ“)( B(5)J(0) > ds 3)

where B(t) is an arbitrary time dependent phase variable of the molecular (or atomic) ensemble, and where F,
and J are respectively the applied force ficld and dissipative flux, defined by eqn (2). Here H is the
hamiltonian. The integrand on the r.h.s. of eqn (3) is a transient time correlation function, which plays a major
role for non-linear, non-equilibrium statistical mechanics analogous to the partition function {16} in thermo-
dynamics and equilibrium statistical mechanics. The Theorem, eqn. (3), gencraliscs the Green Kubo relations
{18} and links the non-equilibrium value of a phase variable (the 1.h.s.) to the integral over a time correlation
function between the dissipative flux J(0) in the equilibrium state and B at a time s after the external field F,
has been turned on. One example of the Theorem at work is the relation {17}

< Po{t)> '
) = — =P0> TVT J' < Pey(9)Pyy(0) > ds “)
0

14
for the viscosity, which reduces {17} to the well known Green-Kubo relation {18} in the limit y —» 0. Herc
is the strain rate and P, is the off-diagonal component of the pressure tensor. Eqn. (4) involves a time corre-
lation function between P,(0) from the equilibrium system and Pyy(s) from the perturbed system, and is valid
for arbitrary strain rate y. The Morriss / Evans Theorem thus dcals indiscriminately and consistently with

lincar and non-linear response, thus removing the need for lincar response approximation {12-15}.
Application of the Theorem to Diclectric Relaxation and the Dynamic Kerr Effcct

We consider a static electric force ficld E; applied to a dipolar molecular enscmble. It is well known {12-15)
that the field interacts with cach molecule through the latter’s multipole moments, i.e. the dipole, quadrupole,
octopole, and so on. Without loss of generality we can consider that part of the interaction between field and
molecular dipole moment. This is characterised by the torquec —p x I where p is the molecular dipole

moment. The energy x#- E supplements the system hamiltonian. Thus, cqn. (3) rcads

E
<BO>=<BO>-Z J; < B30 > s ©
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where ji, ts the time derivative of pz, and is known as the “rotational velocity” {12-15). The Theorem (3) thus
reads, for cxample
. Exrt . ..
<iig0)> = = [ < iA)iag®) > ds ©
kT J,

In eqn (5), B(t) is in general any phase variable of the N moleculc enscmble, and this equation allows us to
take account of the set of non-vanishing c.c.f.’s induced by E, of arbitrary strength, £, # 0. The following
are examples of the new fluctuation-dissipation theorems governing diclectric relaxation and the dynamic

Kerr effect.

Sciting B(t)to uz, we recover a gencralisation of the fluctuation dissipation of linear response theory as cus-

tomarily applied to dielectric relaxation

<net) > = - [ < natoyia( > ™
relating the oricntational transient < pz(f}> to the non-cqulibrium time correlation function which is tl‘u:
integrand on the right hand side. Traditional experimental mcthods {12-15) use uEz < < kT, but eqn (7)
show clearly that cven for any applied clectric ficld strength the orientational fall transient is dependent on
the field strength {1}. Lincar response thcory equates the time dependence of the fall transient and the equi-
librium orientational auto-correlation function.

The traditional approach also has no mcthod of explaining why time c.c.f.’s such as those of egn (3) exist for
E # 0 and vanish if and only if E = 0. However, this is casily accommodated by the new Theorem using, for
example, B(t) = v(1)]w(?), giving the type (1) and (2) relations

E I3
<v(¢)>=-7§'[<v(s).;‘(0)>d: ®)
(V]
and
E 1
<w()>=-Z[ <ol iO> s @
0

‘The fluctuation-dissipation theorem of type (1), i.e. eqn. (8), shows the presence of a non-vanishing velocity
transient due to the fact that the time ccf. < v(f). #(0)> exists {19} in frame (X, Y, Z), both for
E # 0 and E = 0 from the first principle {11} of group theorctical statistical mechanics. The fluctuation dissi-
pation theorem of type (2), i.e. eqn (9), shows the cxistence of a non-vanishing angular velocity transicnt due
to the fact that the time c.cf. <w(f). @(0)> exists in frame (X, Y, 7) for E 0 (third principlc of group
theoretical statistical mechanics {11}) but vanishes in this framc when E = 0 (first principle (11)). The tran-
sient c.c.f.’s exist for 0 < s < t in both cases. We can obtain a third cxpression mercly by multiplying (8) and
). ie.
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Ez 2 t . t .
<v(l)><aff) >= i J- < v(s)» {0)> er- < w(s)» p(0) > ds (10
0 0
which involves the product of translational and rotational transicnts.
Experimental Obscrvations

The new fluctuation - dissipation theorems (8) - (10) can be investigated by computer simulation for all Eg,
but also provide an opportunity for the experimental observation of transient avcrages caused by cross corre-
lation functions. An interesting example is <v(f)> in egn (8). This vanishes both at ficld-off thermodynamic
equilibtium and field-on equilibrium and field-on equilibrium (the stcady state) because of time reversal sym-
metry. Tlowever, it may exist as a transient, and should be observable using conventional apparatus to pulse
the molecular enscmble with an applied Fz. A small net translation should be transiently observable, akin to
the well known phenomenon of dielectrophoresis {1}, usually attributed to non-uniformities in the applied
electric field, i.e. to ficld gradients. Similarly, eqn (9) shows the existence of a non-vanishing transient
angular velocity, which may be observable by techniques sensitive to molecular angular motion, such as far
infra red absorption {12} or nuclear magnetic rcsonance relaxation. The transient angular velocity is intu-

itively understandable in terms of a removal of external torque.
Generalisation to Higher Multipoles

In general, the interaction of E with the diffusing molecule involves higher multipole moments {12}. The
quadrupole interacts with E2, the octopole with E3, and so on. Also, cach equilibrium (field-off) multipole is
distorted by field induced terms. The dissipative flux J is represented in gencral by g, the time derivative of

= pgF.+ BaE + yEEE 4 ......... )

where « is the molecular polarisability, y the hyperpolarisability and so on. The dissipative flux is rclated to
the time derivative of polaraisability when dealing with « to E? intcractions, and so on. Each type of field-
multipolc interaction brings with it its characterisitic set of non-vanishing c.c.f.’s, determined by the symmetry
arguments of group theoretical statistical mechanics {11}, thus gencrating many new types of fluctuation-
dissipation theorem from the basic Theorem (2). None of these is considered in the conventional theory
{12-15), which is therefore open to criticism at the fundamental lcvel. ‘There is no longer a nced to separate
lineac from non-linear response, following upon the introduction by Morriss and D. J. Evans of the non-
equilibrdum time correlation function basic to their Theorem (3). The indications for these remarks have been
available for some time {1} and the development of Theorem (3) has provided a simple but profound math-
ematical statement of the consequencies to the theory of dielectric relaxation and the Kerr effect. These can

only be understood by computer simulation.



