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. whose expectation value is the novel magnetic field in wvacuo, B3 In

crms of B™ | the fundamental properties mentioned above become,

En = he = -l_-}--fs‘” B gy, (1)
9]
lp) - £8, )
=
B0 - glo 5’:" (3)

lwre w, is the vacuum permeability, Vv the volume occupied by one photon in
acuo; and B! is the scalar magnitude of B' for one photon in vacuo. It is
magnetic flux density amplitude with the units of tesla.

In this part of the volume, the fundamental theory of A" is developed in
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left circular and longitudinal. The third is accompanied by a photo-
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Vacuo there is an anti-photon, whose kinematics are the same as those of the

photon, but whose concomitant fields are changed in sign. The photon is
therefore assigned a number F, akin to charge, baryon and lepton number
and strangeness. Reversing the sign of F produces the anti-photon.

It has been shown recently [1-3] that magnetization by light [4-11] can be
nterpreted through a longitudinal magnetic field of electromagnetism in free
jwice, contrary te the standard theery [12-15|, in which there are only two,
iveular, polarizations. This field, B'™, has been named the ghost field, and

the expectation value of the novel longitudinal photomagneton of light, £
he latter is an operator directly proportional to the angular momentum (spin)
! the photon in free space, and its existence shows that the photon has three
wlarizations, left and right circular, and longitudinal. The latter has evaded
lvtection teo date because it is generated from the photen spin, which is
‘ndependent of frequency (w). Therefore A" is associated in the quantum
‘heory with zero energy, hv, and zero linear momentum hv/c. Nevertheless 5%
w15 as a magnetic field, and causes magnetization when circularly polarized
lipht interacts with liquids or solids. It cannot, however, be detected in
"anck's radiation law [16, 17] because it has no Planck energy, hv.
The existence of B makes a fundamental difference to the theory of
lectromagnetism. For example, it supports the idea of finite photon rest mass,
advocated by the School of de Broglie [18], and Vigier [19], because non-zero
however small, means that the photon has three pclarizations. This
rnelusion removes some of the discrepancies and obscurities ef the electromag-
iwvtic part of field theory, which is based on a particle, the photon, with only
two degrees of polarization, i.e. a dimensionality of twe in three dimensional
inclidean space. In particular, the discovery of £'*' removes the major problem
that  A,, the potential four-vector that describes [20, 21] electromagnetism,
corresponds to a field which conventionally has only two components. This is in
conflict with the Bohm-Aharonov effect (22|, which shows 24, to be physically
meaningful , with four components, as for any physical four-vector in special
relativity. This had appeared to be irreconcilable with Planck’s law, which was
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first derived in the gquantum theory by Bose [23] on the ad hoc assumption of two
photon polarizations only.

The missing longitudinal 8™ is defined [1-3] by

A H’m'}, (1)
h

where J is the angular momentum of a photon beam, and where B is the beam's
magnetic field amplirude in tesla. For one photon, the classical equivalent of
Eq. (1) becomes,

B _ gk, (2)

where Xk is a unit axial vector in the direction of travel of the light,
Therefore the field B'" is carried by photon spin in free space, a spin which
becomes 0, th in the photon with mass, or +h in the photon without mass.

To date, clear experimental evidence for the effect of B'* at second order
is available from the inverse Faraday effect [4-Y], which is the name given to
magnetization by light. There is also evidence from the optical Faraday effect
{10] and light shifts in atomic spectra [11]. Symmetry [3] forbids the existence
of a real longitudinal electric field, but there iz, in classical electrodynam-
ics, a longitudinal jE® which is pure imaginary. The existence of iE'™ means
that the Poynting vector N'™ = B®x B /u vanishes, so that 'Y does not
contribute to classical electromagnetic energy flux density. This is equivalent

to the fact that there is no Planck energy in the quantum theory.

Finally, it seems appropriate to associate with the photon an "F number"
which on reversal produces the anti-photon, whose kinematics are the same as
those of the photon, but whose field is reversed. The charge conjugation
operator ¢ reverses F in the same way as it reverses charge, baryon and lepton
numbers, strangeness, and so on, to produce anti-particles. The existence of
8" means that the photon has all the atiributes of a particle in three
dimensions. In the Einstein-de Broglie theory of light, #'"? becomes the pilot

or guiding field of the photon spin in the direction of propagation of light as

a needle wave (Nadelstrahlung). The discovery of A" means that a fully
consistent theory emerges naturally.
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Chapter 2
THE PHOTOMAGNETON 5'® AND LONGITUDINAL GHOST FIELD B‘¥ OF ELECTROMAGNETISM
M. W. Evans

Abstract

The concepts are introduced of the longitudinal ghost field B'™  and photo-
magneton B of electromagnetism: B™ - <A™ = g0 ¢ /h where B! is the
magnetic flux density amplitude and J the angular momentum operator of a photon
beam. The major implication is that the individual photon has three degrees of
polarization, the longitudinal one being accompanied by the ghost field B¢
which has no energy or linear momentum, and is generated from the angular
momentum of the photen.

1. Introduction

In order to derive without classical vlectrodynamics Planck’s radiation law
[1]. S. N. Bose [?] used the notion that light has only two degrees of
polarization, In this context Pais (3| c¢learly explains that Bose used this
notion to derive the correct value of the premultiplier in Planck’s law, i.e.,
of 8rv?/c¢?. Here v is the oscillator trequency in the old quantum theory of
light, and ¢ is the speed of light in vacno. Al that time (1924) the idea that
a particle (named the photon in 1926 by Lewis) can have only two polarizations
in three dimensional space was unprecedented,  In Fuclidean and Minkowski spaces
it is intuitively cxpeceted that a paaticle have three degrees of space-like
freedem. Pais further recounts |3 that there exists no rest frame for photon
spin il the photon is massless; and contemporary gauge invariance means that the
separation between orbital and intrinsic {spin) angular momentum is ambiguous.
The restriction te two polarizations alsc means that the little group of the
Poincaré group of electromagnetism [41 is E(2), which is well known [4] to have

no physical meaning. Most seriously, the customary approach is deeply flawed in
that it leads to a loss of manifest covariance in special relativity, in that the
four-potential A, must give a field with only two, transverse components. The
Bohm-Aharonov effect |5| shows that 4, is physically meaningful, and so must
have four components in free space.

In this Letter, we demonstrate the fact that in the classical and quantum
theories of electromagnetism, there exist the longitudinal ghost field
(Gespensterstrahlung) B, which is the expectation value of the longitudinal

photomagneton B! :

BO) = g g - B = g L2 (1)
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Thus B and <B%'> are frequency independent magnetic flux densities in free
npace. Here B'™ is the scalar amplitude of the electromagnetic flux density, k
an axial unit vector in the propagation axis, J the beam angular momentum and h
the reduced Planck constant, h/2m. It is shown that A'* has no energy, no
linecar momentum, and does not affect the Planck law because its associated
nscillater frequency v 1s zere. It owes its existence purely to the intrinsic
spin of the photon, whose scalar magnitude in the quantum theory is %®. The
photomagneton and its classical equivalent, the ghost field, can nevertheless be
detected experimentally through it ability tc magnetize, and phenomena such as
the inverse Faraday effect [6-13], and optical Faraday effect [l4, 15] can be
described in terms of B8' at first and higher orders. This provides unequivocal
cxperimental support for the existence of £%'. The latter is comsistent with
the idea that the photon may have a tiny mass [16—-18]. However small, finite
photon mass means immediately that the photon must have three well defined
polarizations, and consequently, the existence of B inMaxwellian theory and B'¥
in the quantum theory means that finite photon mass is a consistent and natural
idea,

7. Glassical (Maxwellian) Electrodynamics

Within Maxwellian theory in free space, the ghost field B® is related

1

to the usual wave fields B and B by a cyclical Lie algebra [19]:

B, gD - jglige - [hing@

BRI L B@ - jpingls - jpnpga) (2)
B g _ jpig@e _ ;poigl)
flere B'™ and B™ are complex conjugate wave fields (the usual magnetic
components in cirecular polarization of the elcclromagnetic plane wave), and

represent two transverse modes with orthogonal (circular) pelarizations. In the
standard Maxwellian Lheory of electrodynamics 20, 21] these are the only two
polarizations considered, and describe lelt and right circularly polarized plane
waves. However, Egs. (2) show clearly that this picture is incomplete, because
it the ghost field B were zcro, B and B would vanish, and all
clectromagnetism would be lost.

We assert therefore that in classical elcctrodynamics there are three
magnetic components BW, BW@ and B? of a travelling plane wave in vacuo.
These are interrelated in the circular basis by Eg. (2). The third component,
the ghost field
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pw - BUxB@ g, (3
(iB(n))
raoveal and independent of phase [19].

v cansiderations of the Planck law of radiation, which is known {1, 3] to
be valid experimentally. and which is based on only two polarizations (1) and
(7). it follows that B'™ cannot contribute to free space electromagnetic energy
density. It can be shown [19, 23] that this is true if B'™ is accompanied by

the imaginary iE‘?, so that,

g - _;_(E:)fg(]).fg(3)+ L: B -B‘“} = (4)

Since B'™ is a real magnetic flux density it causes magnetization, as cbserved

in the inverse and coptical Faraday effects [6-15]. It can be shown {23] that the
inverse Faraday effect vanishes, contrary 1o observation [6-13], if B® =g
In contrast, since JE® is imaginary. it is considered not to be a physical
electric field strength. and to produce no spectral effects. Significantly, no
spectral effects due to a longitudinal ¢lectric field of this type have been
recorded, in contrast Lo the magnetic inverse and optical Faraday effects. The
expression (4) is also consistent with the fact that B™ and '™ do not
contribute to the Poynting vector, and therefore do not contribure to the
intensity of radiation, (v}, the density of states, or the Planck law. This
again is as observed experimentally

3. The Fundamental Photomagneton £

The transmutation of these classical ideas to the gquantum theory takes
place through the usual concoepts of photon and photon spin. Since [24]

[(v}y = cp(v), (24

where p(v) is the density of radiation oscillator states, it is seen that B!

and 1E®@ do not affcct the Planck law, because they add nothing to  I(v}
or to p{v). In Planck’'s law,

piv Py

,. &rh_v:[ & BHAT ] (6)

o?
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.o that the Planck frequency, v, associated with B and iE® is zero. This
!5 consistent with the fact that these fields do not contribute to the classiecal
cquivalent of Eq. (6), the Rayleigh-Einstein-Jeans law. Nevertheless, in the
quantum theory, it can be shown [19] that B‘? becomes the photomagneton operator

A :Bm_;_r, (7

where J is the angular momentum of the photon beam. For one photon, the
magnitude of J is %, so that the expectation value <J>/h=k, the axial unit
vector that defines the classical ghost field B¢

B® - <fBy = g0k, (8)

We are led to the conclusion that the photon has three degrees of polarization,

In the quantum theory the photomagneton £ is phase free, and as we have
scen is associated with v =0, i.e., with zero energy (hv) and zero linear
momentum (hv/c). It is directly proportional, however, to the frequency
independent photon angular momentum, which is 0, +h, not 1h as in the original

theory of 5. N. Bose [2]. Because of the existence of A%, the photon becomes
a4 boson with three degrees of polarization; and this does not affect the validity
of the Planck law, Eq. (6).

4. The Existence of Photon Rest Mass, m,

A boson with three degrees of polarization is a particle with mass. A
boson with two degrees of pelarization is a massless particle with only two
helicities, the latter being components of particle spin along the direction of
particle translation. In the standard Poincaré group [14] the helicity is the
ratio of the Pauli Lubansky pseudo four-vector to the generator of space-time
translation, In contemperary gauge theory, however, the existence of photon rest
mass is usually not considered, because the gauge invariance condition,

mAA, -0, (9)
is solved by m,=o0. It has been shown recently, however [25], that the
alternative solution,

my * 0, AA, <0, (10)

is consistent with the Dirac condition, and importantly, with the experimental
fact that A, is physically meaningful through the Bohm-Aharonov effect [5]. The
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solution (10) allows m, to be non-zerc, and this is consistent with our tfinding
that the photon has three degrees of polarization (left and right circular and
longitudinal ).

The extensive and detailed work of de Broglie [16] and Vigier [18] and
others on photon mass is therefore supperted strongly by the existence of 5.
We note that there is irrefutable experimental evidence for the magnetizing
effects of A" in the inverse Faraday effect [6-13| and optical Faraday effect
[14, 157. Recently the optical Cotton-Mouton effect has been reported
experimentally [26] and interpreted [27] with 5'Y2. Note also that if A" were
zero, as required by the customary two polarization model, then the antisymmetric
part of light intensity would vanish from Eq. (3), in conflict with experimental
evidence from light scattering, for example. The Stokes 8, parameter would
vanish [19, 25|, an incorrect result. In other words 1if B =7 0;
B x B@ =2 0, and it is known experimentally that B® x @ jis not zero, s¢ B¢
is not zero, and the photon has three polarizations.

Finally, it appears that the Einstein-de Broglie theory of light [28], in
which waves and particles in light are both real, and co-exist, can accommodate
the photomagneton %! through the existence of photon spin, which, if the photeon
has mass, is now well defined in its rest [rame as the angular momenta 0, +k.
The field A'" becomes the Einstein-de Broglie puiding (or pilot) field of the
frequency independent photon (particle) spin. This makes a profound difference

to the basic theory of electromagnetism, for example A, becomes manifestly
covariant, with four components, as needed, and the obscure E(2) little group [4]
is replaced by 4 well defined and physically transparent rotation gproup in three
dimensions. These are two of the consequences of the existence of the
photemagneton ' of light; and the ghost ficld B its expectation value.
There is no alpebra akin to Eq. (2) for iE™  and it appears that this field
is unphysical. The photon spin cannot generate a longitudinal clectric field by
symmetry |19].

Further cxperimental work on the inverse and optical Faraday effects is
urgently required to elucidate the intensity dependence of the influence of 8%
The original cxperiment of van der Ziel et al |6)] showed a dominating second
order effect, but cffects at first order in A'" arc also expected.
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Chapter 3

THE RELATION BETWEEN TRANSVERSE AND LONGITUDINAL SOLUTIONS OF MAXWELL'S EQUATIONS
M. W. Ewvans

Abstract

It is shown that the antisymmetric part of the standard light intensity tensor
is proportional in vacuo to a longitudinal magnetic field, denoted B™ . This
means that the cross product of electric or magnetic components of the usual
transverse electromagnetic waves are linked to B The latter is a real,
physically meaningful, uniform magnetic field. It is shown by considerations of
energy conservation that its concomitant electric field is the imaginary BB
directed in the same, propagation, axis of the transverse plane waves. Thus,
B™ and iE' are shown to be consistent with Poynting's theorem and with the
inverse Faraday effect, the magnetization of material by circularly pelarized
light. The net contribution of B and iE™ to electromagnetic energy density,
U, is zero,

ge L gm.gmy Soipm. pm g
24, 2

where €, and p, are respectively the permittivity and permeability in vacuo.

1. Introduction

It is well known that Maxwell's equations are linear partial differential
equations in field vectors, charge density, and current density. The principle
of superposition therefore asserts that the resulting field vecter at a given
point is the sum of vectors produced at that peint by various sources [1-5].
Therefore Maxwell's equations also apply to sums of electric and magnetic fields
and waves. They are the four fundamental equations of electromagnetism, and
apply to electromagnetic waves and to uniform magnetic and electric fields in all
media {(including the vacuum) that are rest with respect to the coordinate system
used. In a vacuum two of the equations reduce to the differential forms,

V-E-0, (L
v-B-o0, (2)

where E is electric field strength in volts m” and B is magnetic flux density
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intesla, These conditions are satisfied by the usual transverse electromagnetic
waves in vacuo [1-5].

However , they are also satisfied by uniform, longitudinal E and B, for
example, Eq. (2) is satisfied by the Z axis field,

B® - goig (3)
where B is a scalar amplitude independent of 7 and where k is a unit axial
vector in Z. Furthermore, a uniform string of magnetic flux such as B'® exists
in vacuo, and is a "wave of infinitely low frequency". It is usual to develop

the theory of electromagnetic waves without specific regard for uniform fields.
The latter are removed customarily by setting them to zero, a procedure which is
equivalent to assuming that there is nc link between transverse electromagnetic
waves and uniform longitudinal fields of type (3). For example, in a textbook
such as that of Corson and Lorrain [1], on page 317, this habitual procedure is
embodied in the statement:

"Thus E, cannot be a function of 2. We shall set E,=0 since we are
Interested in waves and not in uniform fields".

Similarly, it is asserted that the longitudinal uniform magnetic field
which is a solution of Maxwell's equations in vacuo is zero. These arbitrary
assertions appear to be justified by experimental data, because light, unlike a
uniform electric field, does not appear to cause polarization to first order in

E, or magnetization to first order in B. It also appears possible to express
the Poynting theorem in Lerms only of the transverse electromagnetic waves [1-5].

However, it is known experimentally that light can magnetize [6] through
the inverse Faraday effect, cause shifts in atomic spectra [7], and in NMR lines
[8]. 1Indeed, the theory of these effects has been developed [9-14] in terms of
an effective, uniform, frequency dependent, magnetic field. 1In Sec. 2 of this
paper the optical property usually used to describe the inverse Faraday effect
[9-11], the antisymmetric part (Ifj) of the light intensity tensor, Iy, is
related directly to B'® of Eq. (3). This means that transverse electromagnetic
waves and unitform longitudinal fields are linked in free space. If it is
arbitrarily asserted that fields such as B™ are zero, then the transverse
electromagnetic waves also disappear. Section 3 shows that the existence of a
real B*Y implies that of an imaginary iE'™ in the same propagation axis (Z) of
the plane wave. The net contribution of B and jE™ to electromagnetic energy
density is therefore zero. The existence of these uniform, longitudinal fields
does not affect the Poynting theorem, Since E® ig imaginary, its real part
vanishes and cannot cause electric polarization at First order. On the other

hand B is real and can magnetize at first order. The experimental evidence
for this finding is examined with particular reference to the inverse Faraday

effect [6, 9-11]. Finally, in Sec. 4, it is shown that the existence of L-A}, the
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i i i 133
antisymmetric part of the light intensity tensor, implies the existence of a real B
in vacuo. The latter is a new fundamental property of light.

2. Link Between Longitudinal and Transverse Magnetic Fields

The antisymmetric part of the well known light intensity tfznsm" I;5, of
nonlinear optics [15, 16] is defined in terms of the product of a transverse

i : i i [£8)
solution of Maxwell's equations (for example the oscillating electric field, E
with its complex conjugate, denoted E . Thus,

o i Al gy g@ (%)
I, = 3€uka = EE“E x B,

where ¢; is the permittivity in vacuo. The conjugate preduct is i.magi..nary, but
can form a real interaction Hamiltonian by multiplication with the imaginary part

of electric polarizability [17]. In the inverse Faraday effect [9-11], a real
magnetic dipole meoment is induced from the preduct of x‘}’xx‘=’ with tl.'le
imaginary part of a molecular hyperpolarizability. The conjugate product is

independent of frequency, and as first shown by Kielich [18], it‘ is the quantity
responsible for static magnetization by circularly polarized light.
It is a simple matter to show [19] that the conjugate product can be

expressed in terms of the real longitudinal magnetic field, B™,

5
EW  p@ o iE§k= JoiB®Mz2g = joiglolgM o Lz, g (5)

Using the fundamental free space relation between e¢lectric and magnetic field
amplitudes in vacuo,

E, = cB™ ()
Tl = .
Eq. (5) leads to a cyclical relation between B!, the usual transverse magnetic
field B™, and the latter’'s complex conjugate B‘? . The three equations are
BW gl = jploige _ gy (7a)
B@ g - jguiglde - ;giv)g@E), (7b)
B g - ;g gde - jpw g, (7c)
and show that B® is linked to B™ and B®@ This means that it is not
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possible, as is the customary practice, to discard longitudinal solutions of
Maxwell’s equations in free space, or in matter. If an attempt is made to set B
to zero in Eq. (7). the transverse fields B and B® also vanish. Conversely,
if B and B are not zero, then B cannot be zero. Note from Eqs. (7) that g
has all the known properties of uniform magnetic flux density in tesla. The
equations (/) are invariant to motion reversal {5y parity inversion (£), and
charge conjugation (&), and form a Lie algebra because B, B® and B® are
proportional to rotation generators [20] of the three dimensional group 0(3).
In space-time, these rotation generators form a subgroup of the Lorentz group
through the same type of Lie algebra. The cyclical equations (7) are symmetrical
and are geometrical in nature [20, 21]. The customary assertion that B ig
zerc (see Introduction) while B and B% are non-zero is geometrically unscund
[20, 21}, both in three dimensional space, and four dimensicnal space-time. The
reason is that 8™, B@ and 8™ are each propertional to rotation generators,
and there are three non-zero rotation generators in space. The rotation
generators form the Lie algebra of ©{(3) in three dimensional space. In space-
time, the rotation gemeratours are well known [20] to be four by four matrices,
and the generators in this case obev a Lie algebra which describes a subgroup of
the Lorentz group. It is geometrically incorrect, either in 0(3) or in the
Lorentz group, teo assert that B'™ is zero while at the same time asserting that s®
and B'™ are non-zero. Unfortunately, these assertions have become so familiar
through habit that they are to be found in numerous textbooks on electrodynamics.

What is the experimental evidence for B ?

It is simple to see that experimental evidence for the existence of the
well known light intensity tensor is also evidence for the product icip!9p®
Is it then possible to argue that B is zero while at the same time accepting
the existence of I,-"J-? The ultimate answer to this resides in experimental
cbservation, and in this context it is known that circularly polarized light
magnetizes [6, 9-11] liquids and solids through the inverse Faraday effect. The
latter can be described theoretically [9-11] in terms of the conjugate product,
and therefore in terms of I/, the antisymmetric intensity of light, an axial
vector. It is well established therefore that there is experimental evidence for
the conjugate preduct E™ x E®  From Eq. (5) there is alsoc evidence for the

product ic?pi®B'™  Does this mean that there is evidence for B'®? Let us
consider the possibilities.

1. If B® =0, then the antisymmetric intensity of light is always zero. This
contradicts experimental data. Therefore B'™ 1is not zero.

2. There is undisputed experimental evidence for the product ic?B'B®  This
can be written out in three ways: (a) i(B'“2k): (b) iB(B'K;: and (¢)
(iB*%)k. The first is simply the conjugate product itself. The second is
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the real magnetic field B multiplied by jE‘J‘“’; and‘ the thu‘d is
equivalent to the first. The property appearing in cases i) and iii) can
produce the inverse Faraday effect as in standard theory [9—11]_A In Ca—si
ii), the same property has been expressed in terms of a real, tundamenté
vector B which has all the known properties of real uniform magnetic
flux density. In all three cases, the most fundamental eler.nent .'15 B“T,
which is therefore a fundamental property of light. The way in which this
property manifests itself experimentally can b? det?ermlnt.ed only Ey furtheg
investigation. In the absence of contrary indications, it must be as.sume
that the real part of B' is a magnetic field, and has all the assoc,‘latead
physical properties. The consequent spectroscopic effects expected from B
have been discussed fully elsewhere [22].

In the inverse Faraday effect, for example, it is expecte.d that B‘I”
can form a direct interaction Hamiltonian with a real e.lectrum.c magnetic
dipole moment, if non-zero, as in a paramagnetic. In this C.ase tha.are would
be magnetization due to ic?B{®B', proportional to light intensity, {ﬂus
magnetization due te 8%, proporticnal to the squ{a»r‘e root of lllght
intensity. The relative contributions would»depend |23] on the re ative
magnitudes of the property tensors mediating .the two me(?hanxsms. as
discussed elsewhere in detail. In the one available EX?Erllllent on U.le
inverse Faraday effect [6], (doped) CaF, glasses were investlgated.atﬁ liquid
helium temperatures. It is not clear whether these glasses cont.alned a net
magnetic dipole moment. The majority of data in the;e expemments.weie
obtained on diamagnetic liquids at room temperature, which were magne.tlca -
ly non-dipolar and in which an effect to first order' in .?‘3’ 1(1 not
expected because there is no net magnetic dipol{.: momen't with WhLCt‘l B‘ can
interact. If the glasses used in this pioneering (and .dlfflcult)
experiment did contain a net magnetic dipole mement, an effect is expected
which is proportional to B, because the latter ‘has all the known
properties of uniform magnetic flux density. The available data. [6] ce.m
be interpreted in terms of the product ic?p'9B™® whose magnitude (3)15
2Btz i e, propertional to the square of the fundamental property. B
The data in no way contradict the existence of B and the ava?_lable
results are unequivocal evidence for the existence of B'™ multiplied by

ic?pto

It is clear that the inverse Faraday effect is experimental evidence f.or
B . The next section shows that the existence of B"’. is consistent w.1th
experimental data concerning electromagnetic energy den.slt.y and the Poyntj._nﬁ
theorem, In other words there is no fundamental contradiction whatsoever wit

experimental data.
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1. Considerations of Electromagnetic Energy Density

The existence of longitudinal solutions of Maxwell's equations such as B¢
suggests a 50% increase in electromagnetic energy density (U). However, Planck's
radiation law [24] is derived from the transverse electromagnetic waves and is
known to account precisely for experimental measurements of light intensity,
Therefore the magnetic field B™ cannot contribute to U in free space. This
seems to contradict the fact that the total work which must be done to establish

a magnetic field in terms of the magnetic flux density in free space is the
integral,

L 3 .gM gy 8
Wy 2ugfa B gy, (8)

over the volume of interest, which can be taken to be the volume occupied by the
light beam. Here p, is the magnetic permeability in vacuo. The energy density
in free space associated with B™ is therefore

Uy .ﬂ‘?;_lgm.au), )
av 24,

at each point in space. This is not zero in general, and there appears to be a

contradiction with experimental data on light intensity and with the Planck law.

[t is shown in this Sec. that this contradiction can be resolved
through the fact that asscciated with B™ in free space is a pure imaginary,
uniform, longitudinal, clectric field ' .  The total encrgy density due to

B® and iE™ is sero,

= Zt BW .g) ;E“]‘zll).l‘gli)' (10)
3 ‘

in agreement with experimental data. The existence of jE™ can be deduced as

follows using a4 form of Lorentz's Lemma [1]. It is assumed that,
E, = E+ED, (11a)
B,=-B+p™, (11b)
where E and B are transverse electromagnetic waves. The uniform B igs real
and is defined by Eq. (%), and in general E®™ may be complex. Using the vector

identities

VAETxBY) = VAExB) +V-(ExBM) + V(B x B) + V-(E x p3)), (12)
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and
13
V(ExBW)= 80 (VxE)-E-(VxB™), 13y
and the Maxwell equation
Vx B - g Vg - -9B, (14)
' ot
leads to the Lorentz Lemma [1]
15
V(ExB®) = V-(ED xB). (15)
This can be re-expressed, using the Maxwell equations, as,
B _ 1 (. 0F (16)
. 1 B = b
B ar " CZB ot

from which it can be seen that the contributions o.f pr_oduct.s B“"B. jand x"’.‘-tﬁ
to electromagnetic energy density are zero. This is of course consistent wi
the fact that B'Y is orthogonal to B, and iE' is Orthogo.nal to E. Further-
more, integrating Eq. (15) over all space, and using the Divergence theorem,

[ExB® -~ E® xB)-ca - 0. an
i Taki ) i
This implies that the integrand is zero. Taking the B® and E® components,
for example,
EW B - g, gy (18)
and for the B® and E components,
B g3 - g, @ (19)
Using the definitions in circular polarization,
(0
EWL - &{i—ij)ej"‘, B - B i1 e, (20)
V2 V2

G B . : s : ; i
it follows that the postulated longitudinal electric field iE'® is imaginary if B
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Phiw vesult produces w=0 from Eq. (10), so the net contribution of B
and S E™ G is zero, even though the individual contributions are not zero
and ds consistent with Planck’s law. In arriving at it we have assumed only thaé
the Tongitudinal B®™ is accompanied by the longitudinal iE® ., The existence
ol a real 3™ and imaginary iE®™ is also consistent with the fact that ™ is

ub:;g-:'v.’;xhle through the inverse Faraday effect, while there is no evidence for
clectrie polarization by light apart from optical rectification [25]. The J:at:t.er
oceurs in chiral materials and is a second order process. The real part of ig®
s zero, and therefore there is no electric polarization. Furthermore, it is not
pessible to construct E* from vector cross products of transverse fields. such
as EW x g@ g, p@ and 5o on, because the vector products are T ne;;ative
while E® must be f positive if it is to be a real electric field. There is nc;
Lie algebra for a real E™ analogous with the Lie algebra (7) for ™
The main result of this section therefore is tha;t the Poynting th.eorem,

VN, - -5 m, ) Es, (21)
u

is unchanged by the existence of B™ and iE* . These fields do not contradict
the law of conseivalion of electromagnetic energy density in free space. From
the Lic alpebra €7) the source of B™ {s the same as that of B® and B'Y and
it is not pousible to assert that B cannotl exist because there is no seurce
for it in lrec space. Clearly if B™ vanished for this reason so would B and
B"." A veal B and an imaginary iE™ is consistent with experimental data
wl-n(-}n shows the cxistence of magnetizing elfects due to circularly pn].=n'1'79(‘1
ILgl:lj but no polarizing effects. {Optical rectification occurs in 1.inel.z«;r
polarization, but the inverse Faraday effect requires circular pelarization. In
ll:]:l(-ill" polarvization both B® and iE™ are zero, showing that optical rectifica-
tion is not duc to a longitudinal electriec field.) '

4. Antisymmetric Light Intensity and B3

The antisvinctvic part of the light intensity tensor

T, = €,CEE], (22)

1:5 défined in the literature, for example by Knast and Kielich [26] as the pure
imaginary axial vector -

.

R .
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1 — p—
L = Eexjk(rxj7 rjl) - leﬁc)'F"r\H(z) =1l,k (23)

where k is a unit axial vector in the propagation direction. The B®™ vector is
therefore proportional to the square root of 7.

g - L Vx| D Vg, (24)
€028, €, c’

0

The antisymmetric part of light intensity is also related to the third Stokes
parameter S, and it is well known that the lalter is non-zero only in circularly
or elliptically pelavized light. The field B*? is therefore zero in linearly
polarized or inccherent light, and by Eq. (18) so is the imaginary 1 By
Effects due to B™ are expected therefore only in circularly polarized light

interacting with matter. For example, the inverse Faraday effect is magnetiza-
tion due to cireularly polarized light, and the sign of magnetization reverses
experimentally with the sense of circular polarization [6, 9-11]. It can be said

that the inverse Faraday effect is magnetization due to the angular momentum of
antisymmetric light intensity, the latter can be expressed in terms of the
fundamental B . Unfortunately, the data available on the inverse Faraday
effect do not give a sufficient idea of whether the tield B™® can act directly,
to produce magnetization proporticnal to the square root of intensity. There is
in fact only one reported experiment [9-11], and most of the data from that study
were obtained in molecular liquids at room temperature. In these diamagnetics
there is no permanent net magnetic dipole moment . and the observed magnetization
is proportional to |B®™) and therefore to light intensity. Some data were
reported at low temperatures in doped CaF, glass. and appear at first glance Lo
be proportional to intensity. However a least mean squares fit would reveal
whether these data indicate the presence of a contribution from the square root
of intemsity. A recent reanalysis [23] of the inverse Faraday effect indicates
the orders of magnitude of contributions to the total magnetization from
ic?B!9B® gpnd from B, assuming that the latter acts as a magnetic field.
This assumption is analyzed in more detail in the following discussion.

5. Discussion

The quantity B'® has all the known properties of magnetic flux density,
i.e. it has the units of tesla, is an axial vector which is & negative, B
positive, T negative, and is a solution of Maxwell's equations. It is however,
a property of light, and is not a conventionally generated uniform magnetic
field, in the sense that it is not generated by an electric current, as in a
wound solencid, or a magnetic material such as an ordinary magnet. The conjugate
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product can be expressed in terms of B, and the latter is an elementary
property of circularly polarized light, or electromagnetic radiation. The source
of B® must therefore be thought of in the same terms as the source of B and g@
in free space, i.e. in terms of the source of electromagnetic radiation in free
space. The concept of B is therefore new to the theory of electromagnetism,
and its properties must be investigated experimentally in order to determine
whether it acts as a magnetic field or as part of the light intensity tensor.
In either case the Lie algebra (7) shows that B™ is linked to 8™ and 3@
which are of course magnetic waves. !
It is clear that B™ is not zerc, and it seems basically self contradicto-
Iy to assert that a quantity which has all the known properties of a magnetic
field cannot act like one experimentally. If such a paradox is confirmed
experimentally, it would indicate that electrodynamics is not complete, and not
self consistent. Since B™ has all the properties of magnetic flux density an
interaction Hamiltonian of the type, ’

AH = -m-B'™, (25)
is expected with a magnetic dipole moment m, and a variety of other effects
specifically due to B®™ repgarded as a magnetic field are listed in Refs.
[20-22]. An interesting example is the Bohm-Aharonov effect, in which a
circularly polarized laser guided through a 2 pm optical fibre is expected to
produce a fringe shift in interfering electron beams [27]. This shift would

indicate the cxistence of the vector potential due to the magnetic field 8%
generated by the circularly polarized laser passing through the optical fibre.

If no effect is observed then B®™ does not act as a magnetic field despite
having all the kunown properties of a magnetic field. This would be a fundamental
paradox in electrodynamics. If an effect is observed, the existence of B!
would be verificd Therefore, either way, the experiment is of great inlerest
[28].

The net contribution of B and iB™ to electromagnetic energy densily is
zero, as discussed in this paper. However, in Ref. 1], it is made clear Lhat
the assignment of an energy density from a magnetic or electric field 1o a point
in space is an entirely arbitrary procedure, which is described in Ref . |1] as
"meaningless” cxcept as a means of computing the averall magnetic or electric
energy . [t is also made clear that it is meaningless to discuss energy as
residing in a4 mapnelic or electric field. Argument s against the existence of
B® on the grounds of c¢lectromagnetic energy density are theretore not valid,
This conclusion is reinforced by the fact that it is the scalar part of light
intensity that is normally associated with electromagnetic energy density, and
not the antisymmetric part, which generates B®. The latter is not therefore

expected to contribute to electromagnetic energy, and this result is reinforeced
by the calculations of this paper, which show that B® ig accompanied by an
imaginary iB"™ . The dot product of the complex vector (B'™ /p/% + ieul"zz"’) with
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itself is zero, and we define this dot product as the (zero) centribution of B!
and 7E™ to electromagnetic energy density in vacuo.

It is clear that if B is a magnetic field, it is uniform and independent
of frequency, and as such is a legitimate solution of Maxwell’s equations. The
imaginary iE® is similarly a solution of Maxwell's equations, but having no
real part, is not conventionally expected to produce physical effects such as

clectric polarization. Therefore it is not possible to assert that B® is not
a magnetic field because it is not a solution of Maxwell's equations. It has

been shown recently [2/] that B is also a zero frequency solution of Proca's
cquation for electromagnetism, first suggested in 1930, and extensively developed
by de Broglie and his School [28]. The B*® from Proca‘s equation is for all
practical purposes the same as the B from the d’'Alembert equation. and
therefore from Maxwell's equations. This reinforces the expectation that 8%
is a physical magnetic field. Longitudinal solutions of the Proca equation were
tirst proposed by de Broglie and Schrédinger [28], but are tiny at finite
{requencies because they are multiplied by a factor (m,/v)? where m, is the mass
and where V is the frequency of the longitudinal photon. The Maxwellian B is
recovered as the mass and frequency both go to =zero, so that this factor
approaches unity. It is clear therefore that B in this limit is not a minute,
uncbservable field.

Finally, there is no reason to assert that B! cannot exist on the grounds
of symmetry, as in a recent suggestion [29], because it is defined according to
the Lie algebra (7), an algebra which conserves &, B, and T [30]. In quantum
field theory B becomes the operator

A1 - B“’"i:, (26)

where J is photon angular momentum. This equation also conserves &, P, and T,
and in particular, B%' is generated from quantized photon angular momentum
through the intermediacy of the scalar magnitude 5'® in tesla, a & negative
quantity.

In conclusion there is ne conventional reason Lo assert that B is not
a magnetic field, and available data, for example from the inverse Faraday
effect, are consistent with the existence of B™ . The antisymmetric tensor T/
and the Stokes parameter S, can both be expressed in terms of B, and this
shows that B™ 1is non-zero. Unfortunately there are no data available to show
unequivocally whether or not B can act as a magnetic field, for example in an
optical Bohm-Aharonov effect. BSuch an experiment would be of central importance
therefore in any further investigation of B®'. This paper has shown that B!
and iE'™ are consistent with electromagnetic energy density consideratiomns.
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Chapter 4

THE ONE ELECTRON INVERSE FARADAY EFFECT: THE ROLE OF THE LONGITUDINAL MAGNETIC
FIELD B

M. W. Evans

Abstract

It is shown that the effect of a circularly polarized laser field on an electron
can be deseribed in terms of a latent or equivalent magnetic tfield B defined
through the vector product E®™ x E'® of the rotating electric field E™ and its
complex conjugate E®  The study of the intensity dependence of the magnetiza-
tion in a onc clectron plasma reveals whether the field B™ has an intrinsic
meaning in free space, or whether it becomes effective only when the laser beam

interacts with matter. In the former case, there is a square root intensity
dependence present in addition to the intensity dependence normally expected
through the inverse Faraday effect, In both cases, the field B™ is the

fundamental property responsible for magnetization by light, and is defined
through the product EWQ x E@

1. Introduction
It is well known that the inversc Faraday effect is magnetization by

circularly polarized light [1-3] and was first observed by van der Ziel et al.
[2, 3] in molecular 1iquids and doped glasses. The effect was firsl observed in

plasma by Deschamps et al. [4]. Its influence on ferromagnetism has been
observed by Santord et al. [5] and on conductivity in phrhalocyanines by Barrett
et al. [6]. 1L is well established theoretically [/-12]. Recently {12], it has

been expressed in terms of the vector product of the rotating electric field B
of the circularly polarized light beam with its complex conjugate EB@ . This is
an axial vector which can be expressed as the product g8 B™  yhere B® ig
the scalar magnetic flux density amplitude of the light beam and where B is
a quantity which has the units and symmetry of a phase independent magnetic field
{13-17]. The interaction of the light beam with a single electron has been
investigated theoretically by Talin et al. [18], who considered the angular
momentum of an electron driven in a circular orbit by the rotating electric field
of the light beam. From relativistic electrodynamics this angular momentum is
proportional to the square of the amplitude E'® of the electric field strength
of the laser in volt m™.

In this paper it is shown that the results of Talin et al. [18] can be
expressed in terms of the magnetic field B'™ . From first principles, it is
clear that the effect of a rotating electric field, driving an electron around
in a cireular orbit, is entirely equivalent to that of a magnetic field, T1f the
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mse of the electron’s motion were not known, it would not be possible to know
tnether 1t was a rotating electric field or a magnetic field. This statement is
mivalent to the relation,

EW  g@ - jorgiogla (1)

1ween the conjugate product and B, The question addressed in this
rmmunication is that of the dependence of the magnelization on laser intensity.
his addresses the fundamental question of whether the conjugate product
cnerates the magnetic field B'™ in free space, so that the photon may be
"hought of as carrying an intrinsie elementary unit of magnetic flux density.
It s0, it is shown from first principles in Sec. 2 that the magnetization in the
e electron inverse Faraday effect (IFE) would be a sum of two terms, one
jroportional to the square root of the light intensity {(watls per square meter)
il one proportional te the light intensity, as described by Talin et al. [18]).
wetion 3 makes a careful distinction between the physical magnetic field
senerated in free space by E™ x E™ | and the effective magnetic field through
which the TFE is usually described. Tt is shown that the results of Talin et al
18] can be expressed in terms of an effective magnetic field, through which the
mapnetization is generated via a susceptibility. The physical magnetic field (if
11 exists) is proportional to the square root of light intensity and the
‘ifective magnetic field to the light intensity itself.

7. Motion of An Electren in a Rotating Electric Field

From fundamental relativistic electrodynamics, Lhe rotating electric field
i a circularly polarized light beam drives an electron in a cirecle with radius
187,

{a}
¢ ow BEB (2
myw?y

where e is the charge on the electron, ¢ the speed of light in vacuo, B!" the
magnetic flux density amplitude of the light beam, m, the electron rest mass,
the angular frequency of the light, and y is a relativistic factor,

¥ =1 ( ek ] (3

m,cu

AL visible frequencies and for an intensity of say 1.0 watt per meter squared the
factor ¥y is unity to an excellent approximation, and will henceforth be taken
4s such. §.I. (mks) units have been used in these equations. The transverse
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momentum of the electron is given from these first principles as

B ecB o) 4
Pem =g “

so that the angular momentum of the electron is

Iy = 1o, = S p0n, ()
m, u

and is proportional to B!®%. Finally the induced magnetic dipeole mement is the
gyromagnetic ratio multiplied by the angular momentum,

i 2
m, = -=5-g,= -5 g g, 6)
2m; w?

The magnetization is proporticnal to the square of B'" through a one electron
hyperpolarizability and is therefeore proportional teo the laser intensity. This
is the calculation of the TFE from first principles [18].

It is shown in this section that the action of the rotating electric field
is entirely equivalent to that of a magnetic field, leading to a first order
inverse Faraday etfect. Tn the magnetic field By, the radius of the electron’s
circular orbit is, from first principles [19],

_ Vo €D
o Q

where v, is the initial transverse velocity defined by Landau and Lifshitz {19]
and Q is the frequency defined by the Lorentz equation,

- 8
Q mU\a,\. (8)

This angular frequency is the ratio e/m, multiplied by the magnetic field B.
The transverse momentum of the electron is [19]

pe = o1, B| (9

and the angular momentum of the electron in By is

L, = erf |By] (10)
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v angular momentum L, is therefore er; multiplied by the magnetic field Bg.
v magnetic dipole moment induced by By is therefore

2,2
4

wre the quantity in brackets is the one electron susceptibility.

The result (6) for the one electron Faraday effect is the traditional
theory (18], expressed in terms of the product B'B™ through Eq. (1). It is
vcond order in the magnetic flux density amplitude of the beam (89 ). However,
fecause B is non-zero by Eq. (1), and has the units and symmetry of magnetic
Inx density there is an additional first order inverse Faraday effect, given by
. (11) with By identified as B

e’ rl
my'! = _[ --‘-’]IB"'|. (12)
N 2m,
‘e magnetic dipole moment induced by the beam is therefore the sum of first and
cvond order effects,
eirg etel amn
m=- B¥ - — = gt g,
2mg 2m; w'

1w about 10*® rad. sec™’; and for a first order electron radius of about 10
1107 m) this is, roughly,

m~ -10 2Bt 1 25t g (14)
ot a beam intensity of about 10™ watts m?: 8" is about one tesla, and the
ceond order effect is ten times bigger than the first order effect. It would

ippear in this case that there were only a second order effect present, but under
litferent conditions, the first order effect should become visible superimposed
i the second order induced dipole moment. The latter is proportional teo the
sjuare root of light intensity. Therefore the complete effect is a sum of (6)
el (12), which is the conclusion of this section.

i The "Effective" and Physical Magnetic Fields

From Eq. (6) it is seen that the second order effect can expressed through
o "effective™ magnetic field B, defined by,
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[{:2]
Bup= ?Bjﬁ]sm_ (15)
£E [ (Jmo

This effective magnetic [ield is what is usually referred to in the literature
on the inverse Faraday effect, and was first mentioned in refs. (1) to (3). The
physical magnetic field 8™ is an elementary ficld carried by the electromagnet-
ic wave. It is clear that the inverse Faraday effect for one electron depends
on a non-zero B'™ . however both at first and second orders. In linear
polarization, the net B™ is zero, because there is 50% of 8™ and 50% of -8™
present in the beam. Therefore no inverse Faraday effect occurs in linear
polarization. From Eq. (1) it is seen that B is the elementary unit of the
conjugate product, and therefore of the antisymmetric part of light intensity
[20] in frec space. As always, radiation becomes manifest only when it interacts
withmatter, and similarly for B . FromEq. (15), if B!® did not exist, then B,
would also vanish, so the effective magnetic field depends on B™ . In setting
up the effcet of Eq. (12), we have simply assumed that the physical magnetic
ficld causes magnetization at first order through a one electron susceptibility.
This appears to be reasonable, but since B® is a property of light, it is

clearly not an ordinary magnetostatic field. The hypothesis (12) does not
contradict laws of conservation of enerpy and momentum because B', being a
magnetic field, docs not contribute to the Poynting theorem through the usual
term E-J [?1]. We have simply assumed that there is a first order inverse
Faraday cffect corresponding to the usual second order effect described by Eq.
(6). This hypothesis, must be tested experimentally, but it is clear without
further data that the fundamental entity responsible for magnetization by light

is the elementary magnetic field B* of the photon. Without this, the effective
field B, would be zero, and se would magnetization by circularly polarized
light. 1t is physically transparent that magnetization by light is due to the
magnetic (icld B3,

4. Discussion

Talin et a!. [18] have discussed Lhe conservation ol energy in the inverse
Faraday effcct, showing that the circularly polarized laser gives up angular
momentum to the electron, which acquires orbital angular momentum as we have
seen. When the laser field is switched on, a current is induced because the
electron is driven around in a circular orbit. |If the eleclromagnetic field is
switched on adiabatically (constant entropy) then the final orbital electronic
angular momentum at the end of the switching procedure can be expressed in terms

of the work done during the adiabatic switching, which is f!'<j> dt, where <J>
is the induced current. The energy density stored in the medium is therefore

fx-<j>dc. The induced current <F» can be expressed in terms of material
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polarization and magnetization,

Ay = %’wxu, (16)

el se the field B' appears in the definition of <J> because M is defined in

terms of B® . We see that B does not add anything more to the free space
vnergy demsity [22],

Uy = % e, EW g, L gw.gaw) an

o

md for this reason does not upset the Planck radiation law and conservation of
«lectromagnetic energy density in free space. It is also clear that M can be
mide up of terms to any power in B'™ without affecting the law of conservation
f energy in any way. B™ simply results in a redistribution of the energy
density stored in the medium., When the latter is one electron, B™ pravides the
‘lectron with orbital angular momentum and rotational kinetic ecnergy, which is
accounted for in Poynting's thecorem by the term [E-<Jj>dt. The latter is present
nnly when there is interaction of an electromagnetic beam with matter.

In this sense, therefore, B™ is a stored magnetic field carried by the
«lectromagnetic wave, a field which is switched on when the wave interacts with
matter, in the simplest case one electron. Since B'™ in free space is "latent™
i unused then it does not contribute to free space electromagnetic encrgy
density, The latter exists in the absence of matter, and decfines the beam
intensity, to which B®® does not contribute.

The additional effects expected in the inverse Faraday effect to first

order in B® have been treated in Ref. {23|, and although the inverse Faraday
vi{fect has been observed on several occasions [2-6(] there is still only one study
available of its intensity dependence, the original series of experiments by van

der Ziel et al. [2, 3],

4.1. Demonstration of Conservation of Energy in the First Order Interaction

[t is well known [20] that light intensity is tensor gquantity, with
wvmmerric and antisymmetric components. If ¢, is the free space permittivity,
the light intensity tensor is

_ _ 1 . . (5} -
Iy5 = €oCByE; = S ecF BN + B E(V). (18)

In vector notaticn, the antisymmetric component EIE‘J-{"' is expressed through the

vector product on the right hand side of Eq. (1), and .is therefore directly
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proportional to B'*. The total magnitude of the light intensity is made up of
50% symmetric and 50% antisymmetric contributions,
€

€,0

T (B -E@® —{|E@) x E@ |y = 2% g 45 <€, c B0, (19)

where S, and 8, arc the zero’ith and third Stokes parameters, and it is this
total magnitude that appears in the usual [21] expression for electromagnetic
energy flux density in free space. The vector B is, in this sense, already
included in U,. Quite simply, therefore, B'? is the fundamental vector quantity
that defines the antisymmetric part of light intensity in free space. Since B™
is already included in U, and in Poynting’'s theorem, it is incorrect to assert
that B®™ would add anything more to electromagnetic energy density. For the
same reason, B'® is already included in Planck’'s radiation law. Also, if B!
were zero, as recently asserted [24], the antisymmetric part of light intensity
would wvanish, an incorrect conclusion.

For a circularly polarized laser interacting with ene electron, the induced
rotational kinetic energy can be expresscd as

1

Eplind plindl gz - _plindi gt (20)

2

where 1'#"® ig the beam induced moment of inertia of the electron,

plndt ool (21)

This beam induced rotational electronic kinetic energy is proportional to -l

gp Uindt — _[ C/I'E'!]B,f“-’_ (22)

2m,

P
The factor i, can be expressed as

B = |- iBW xB@| - |30 BM], (23)

and contributes, as we have argued, to the antisymmetric part of light intensity.
[n a circularly polarized laser beam this is of course non-zero, and acts upon
the electron through the fundamental field B .

Therefore the antisymmetric contribution to the electromagnetic energy
density in free space is transferred into electronic rotational kinetic energy
through B* . There is conservation of energy.
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Chapter 5
LONGITUDINAL SOLUT10NS OF MAXWELL'S EQUATIONS IN THE LORENTZ GAUGE 1IN FREE SPACE
M. W. Evans and F. Farahi

Abstract

It is shown that there exist real magnetic and imaginary electric longitudinal
components of electromagnetism in free space. These phase independent electric
and magnetic fields are shown to be rigorously consistent in the Lorentz gauge
with the concepts of relativistic quantum field theory, in which admixtures of
the time-like and longitudinal space-like photon polarizations may be physically
meaningful ,

1. Introduction

In the contemporary theory [1] of massless gauge fields relativistic
quantization of the electromagnetic field in the Lorentz gauge leads to the
result that the photon has one time-like and three space-like pelarizations, a
total of four polarizations in free space. On the other hand, well known [1]
considerations of the Poincaré group in the massless limit lead tec the conclusion
that the photon can have only two helicities, +1 and -1; conventicnally
identified with the two transverse space-like polarizations (1) and (2) and known
as the left and right circularly polarized components of the electromagnetic
field. What, therefore, is the physical significance of the time-like
polarization (0) and the longitudinal space-like polarization (3) of the photon,
and what do these mean in the classical theory cof electromagnetic fields?

In this letter, it is shown that the photon polarizations (0) and (3) can
be interpreted classically in terms of imaginary electric and real magnetic
longitudinal components of the electromagnetic plane wave in free space, defined
in the circular basis by

B = jpig)  pin - plig 1)

where 8@ is a unit vector in the circular basis in the propagation axis of the
wave. Here B™ and iE‘® are longitudinal magnetic and electric components
respectively and B'® and E!© are time-like scalar amplitudes. In this
interpretation, valid in the Lorentz gauge, manifest covariance {1] is retained,
and all four polarizations (0), (1), (2), and (3) are physically meaningful. The
two helicities of the photen are related to the polarization states (0) and (3)
through the equation [2, 3],

(o)

~ B
B = B = S—<wde>, (23
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flere > 1is an eigenstate of the photon field, and B/? has become the
cxpectation value of the single photon operator B The quantity B is a
scalar magnetic flux density amplitude for one photon, and J, is the angular
momentum operator of one photon. The eigenvalues [4] of J, are +1 and -1,
corresponding with the two photon helicities. Therefore it is possible to relate
the two allowed photon helicities to the (0) and (3) polarizations equally as

well as to the (1) and (2) polarizations. This removes obscurities [1] of
conventional interpretation, in which the (0) and (3) polarizations are "non-
phiysical™. The conventional interpretation however allows admixtures of the (0)

and (3) polarizations to be physically meaningful, but the (0) and (3) states
taken separately have no physical significance. This is the result of the need
to reconcile four polarizations to two helicities.

?. Background in Relativistic Quantum Field Theory

In special relativity there exists in the lLorentz gauge the well known
potential four-vector [5],

A, = @A, i), (3)

whose vector part A has three space-like compenents and whose scalar part has
one time-like component. In this gauge,

b = |al, 2l

because the photon travels at the speed of light in free space. Equatlion (4) is
4 direct consequence of Eq. (3) for the photon in free space. In the Coulomb or
radiation gauge ¢=0 and A0 in free space, so the Coulomb gauge in a rigorous
interpretation is inconsistent with special relativity. It may be argued that ¢
and A are not observable quantities, but it is well known through the Bohm-
Aharonov effect that in the quantum field these quantities too have a physical
cffect. If a four-vector A, is defined as such, then Egq. (4} is a logical
consequence for the photen in free space.

In the Lorentz gauge, the Maxwell equalions in free space reduce to the
well known d'Alembert equation [1],

Da, = o, (")

which in the Lorentz gauge quantization of the quantum field theory, becocmes the
well known [1] Gupta-Bleuler condition,

a,.ﬁ(‘}pl‘lw =0, (6)
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where A% is an operator. The condition (6) leads directly to the result [1],

(A D) y> =0, (&P

where &% and 4'V are photon annihilation operators corresponding to polariza-
tions (0) and (3). Equation (7) leads to [1],

CPlEE O Y = a3 a D g, (8)

where &° and &'"* are photon creation operators. In the conventional
interpretation [1] Eys. (/) and (8) are physically meaningful admixtures in the
manifestly covariant Lerentz gauge. Furthermore, the Hamiltonian operator in the
quantized field is proporticnal to an integral [l] over the sum,

3

L (g'Mgm ,é(ﬂ:.a«un)' (9)
A=1

so that the contributions of the (3) and (0) photon states cancel, leaving only
those from the (1) and (2) states. In other words, the (0) and (3) states do not
contribute to the electromagnetic energy density.

3. Classical Interpretation

In this section it is shown that the results (7) to (9) imply the classical
Eq. (1), which means that there exist physically meaningful longitudinal magnetic
and electric field components of the clectromagnetic wave in the c¢lassical
theory. The starting point of the demonstration is the definition of the
oscillating electric and magnetic field components associated with the usual
transverse pelarizations (1) and (2),

g - BT LiJ‘ e g @:‘_E’.,u}m it (10a)
2 7

B - 73‘”_’_(.1‘%1'1) e""r g - B® :/_ii) e’“, (10b)
A 2

where d=wt-x'r is the phase (not to be confused with the scalar potential).
Here E™ and 8'® are defined in Eq. (1):; 1 and § are unit vectors mutually
orthogonal to the propagation axis Z of the eleclromagnetic plane wave in free
space. The angular frequency of the plane wave is given by @ at the instant ¢
and its wave vector by x at the peint r in free space. HNote that E™ and E®
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ire complex conjugates, as are B and B, . )

Having defined the fields associated with the transverse pOlST'l.Zat ions (1)
and (2) our task is to find the fields associated with the po]_ari?at.um!-‘l. (0) and
(3). The latter is a space-like polarization in the propagatu)rl_ axis. ‘_The
| ransverse unit polarization veclors in the circular basis are defined as [7]

}u»m, an

aw = L1y, 8@
Ve V2

and the longitudinal unit vector in the circular basis is found through the cross
product

10 5@ = i = ik (12)
where 8™ is a unit vector in the propagation axis 2. [l is clear that the
longitudinal unit vector 8™ is the natural third component of the set

1it

(8™, 8@, §®) in the circular basis. _
It follows that longitudinal pelarizations can be generated algebraically
through cross products such as,

BEW L g@ = jplzga By g@ - jpoizgy (13)
{ rom which
4
EW (@ = o2l gy, (14)
It is clear that
B BG . jpg™ (15)
where
B = gigm (16)

can be a real magnetic field because [3] the parity inversion (#) and motion

reversal (7)) symmetries of the right and left hand sides are the same (B=+, T=-).
However, if we attempt the definition,

B g o jpto) g3 (17)
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where

E™ = gloiga (18)

then the cross product EW x B'® cannct produce the real electric field B™
because such a field requires negative £ and positive ¢ symmetry [3]. None of
the possible cross products between £ E® B® and B produce the
necessary fundamental symmetries of a longitudinal electric field of the Lype
(18). Hewever, we shall see later that an electric field of the type {E can
be defined through considerations of Lhe clectromagnetic energy and momentum
density of the classical field, considerations akin to Eq. (92) of the gquantum
tield.
Equations (16) and (18) can be rewritten as

EQ B -9, g0 _(gW| _ g, a9

which are the classical counterparts of Eq. (7) that we are seeking. To see
this, recall that the classical and quantum {iclds are related through the field
operators

€,V €,V !
0 o 20)
1 5 1
g ( 2pohw ]‘éfo: £ [ Zl‘n}’“’]’ﬁc.w
v : v !
where pue, = 1/¢" as usual; and where v is the well known quantization volume [6,
71. From Egs. (20),
(B9 RU | = (B B[y = (4™ -0 |4 - 0. (21)

It is therefore clear that the classical results corresponding Lo the admixture
(7) of the quantum theory are the Eqs. (16) and ¢(18). llere B and iE" are
related to the longitudinal space-like polarizations and 59 and E'® to the
time-like component ol the admixture in quantum theory. Tt is easily checked
that iB® and B™ are solutions of Maxwell's equalions in free space, because,

V-EQ - g.p(n a_xnj = ag ™ 0 (22)
at aL

and
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a)
VxE® - _9B =0, VxB® - e,

ED _ (23)
at

Lo ®

Ihe key to Egs. (22) and (23) is that iE'™ and B™ are independent of the phase
.

Another manifestation of the fact that B'® and B™ are admixtures [1] is
the existence [3] of four-vectors in vacuo,

- ; (24a)
B, = (8™, iB™),

ind

E; & (B, jpt), (24b)

in the Minkowski space-time of special relativity, meaning that B'™ and B(.:” are
components of the same four-vector. In free space, electromagnetic radlatlc.m
i ravels at the speed of light, and Eqs. (24) are conscquences of Egqs. (19) in
pscudo-Fuclidean geometry. From Eqs. (19) and (?24), it is obvious that

pllz_gO) g _ g, glez_pgi».gm _ g, (25)

and this is the classical equivalent of the quantum condition (8), i.e.

<‘l’\5(°]'5‘°)'5”"5“’|'~Iﬁ“ = 0, (26)

'rom the condition (9) of the quantum field, it becomes clear that the correct
combination of iEB® and B cannot contributc to the electromagnetic energy
density. The same conclusion was reached by Farahi and Evans A[S] from
considerations of the continuity equation linking the electromagnetic energy
density and momentum density. These considerations led to the results that both iB®
.nd B are in general complex quantities. (but if B is real and physical,
iE™ is imaginary and unphysical).

{3}
E = -E%(i <138 B -B\/; (i+1)8M,  E xB@ =gt g, 27
2 ]

nnder which neither iE™ nor B™ if corrcetly used in combination, contribute
to the classical electromagnetic energy density. Equation (27) shows that if
there is a non-zZero B'® there must also be a non-zero iE'™ . This classical
result [8] is consistent with the relativistic quantum field cquatio'n (9?,
because from Eqs. (20), annihilation and creation operators can be defined in
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terms both of magnetic and electric time-like and longitudinal field operators.

In the Coulomb gauge, the scalar part of A, is set to zero, so from the
requirement (%) of special relativity, it follows in our rigorous interpretation
that A must vanish in free space, meaning thal there can be no electromagnetic
wave or fields. Customarily, however, ¢ is set to zero in the Coulomb gauge,
and A is set to non-zero. This leses manifest covariance, and is from our point
of view especially unsatisfactory in that the significance of standard equations

of the relativistic quantum field becomes clouded. In quantum mechanics,
furthermore, the potentials A and ¢ have physical! and measurable effects,
recorded in the well known Bohm-Aharcnov experiment. The relativistic quantum

field is the most rigorous contemporary description. In our interpretation, the
Coulomb gauge used in free space is inconsistent with special relativity and the
covariance of physical laws. However, i%'"™ and B are by any reasonable
definition electric and magnetic fields which are rigorously defined in the
quantum and classical theory of the electromagnetic field.

4, Discussion

{3)

It is possible to construct quantities IGSJ and By using other cross

{ ! i
products, for example, of E,m = 71%(_{ + e and R‘“’ = ET(; (I-if)ei*, to give,

B = ploiotieg, (28)

However, B is no longer the complex conjugate of E{Y, and Ef does not obey
the fundamental cquations (7) to (%) of relativistic quantum field theory, nor
does it obey the classical equivalents (19) and (21). Furthermore, quantities
of the type (28) do not obey Gauss's theorem in free space, i.e.

VES e o, (29)

(The time-like creation or annihilation operator corresponding to the hypotheti-
cal electric ficld (28) cannot by definition depend on space coordinates, and
cannot depend thercfore on the phase. It follows thal the quantized version of
Eq. (28) cannot obey Eqs. (7) to (9) of the quantum field theory.)

Therefore quantities such as E®, in contradistinetion to iE'™ and B
are not reasonably definable as electric fields in free space. The removal of
the phase ¢ in the cross product (15) and, more indirectly, in Egq. (27), is a
critically important element in our analysis. This type of cross product is
often referred to in the literature [9] as thc "conjugate product" because it is
the cross preduct of a vector with its own complex conjugate vector. Note that
such a cross product is possible only if the vector is complex, i.e. if the
electromagnetic wave is a travelling wave. In a standing wave, such cross
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products are zero. In a linearly polarized travelling wave the cenjugate preduct
is also zero, because,

EW g - _g@ ,gal, (30)

by definition, and switching from right to left circular polarization means that
ﬁ‘”4~3‘” and E® - B I follows from Eq. (30) that the sum of EY x E® and
E® »x B' vanishes, linear polarization being a sum of equal parts of right and
left circular polarization. In other words iE™ and B'® vanish by cancellation
in linear polarization because conjugate products vanish in linear polarization.

The existence of a physically meaningful, real B® in circular or
clliptical polarization means that there should be physically meaningful effe?ts,
for example magnetization at first and higher orders in this field. Magnetiza-
tion due to BY at second order has already been observed in the well known
inverse Faraday effect [10], whose original theory did not however, propose the
cxistence of B™ explicitly. There should alsc be magnetization due to B™ at
{irst order, and it would be interesting to repeat the iunverse Faraday effect
experiment with this in mind. Recent tentative ecvidence for magnetization by
light has been described through small but real shifts in NMR frequencies induced
by a circularly polarized laser, shifts which vanish in linear polarization G
Such effects are also present in theory in ESR [17] and in magnetic resonance
imaging [13].
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Chapter 6

IRREDUCIBLE TENSORTAL REPRESENTATIONS IN R(3) OF THE LONGITUDINAL GHOST FIELDS
OF FREE SPACE ELECTROMAGNETISM

M. W. Evans

Abstract

Experimental observation of the inverse Faraday effect (phase frec magnetization
by light) is shown to be proporticnal to the conjugate product of oscillating
magnetic field components B@ xB@ =;ig®pg®™  yhere BY is a longitudinal
magnetic field associated with free space electromaguetism and where B'® is the
scalar amplitude. It is demonstrated rigorously that the field B can be
cxpanded in terms of irreducible compound tensors, the wvector spherical
harmonics, which are eigenvectors of the rotation operator for a veecter field.

Such an analysis implies that the neglect of B** in standard electrodynamics is

cquivalent to a violation of fundamental group theory. The inclusion of B¢
implies that in the quantum field, the photon becomes a rigorously well defined
hoson, with three eigenvalues, as for any boson of unit spin angular momentum.
lhe field B is linked geometrically to the transverse wave fields B and 8@
in free space, but is phase free and has no Planck energy. It is therefore a
phost field of electromagnetism which cannot be absorbed or re-emitted in field-
matter interactions.

|. Introduction

1t has been shown recently [1, 2] that the cxperimentally observed [3-10]
inverse Faraday effect is directly proportional to the longitudinal ghost field,

B of free space electromagnetism. At sccond order,

M(0D) = ABI B (1)

where M{(0} is the real, phase free ("static" [Ll, 2]) magnetization due to a
vircularly polarized light beam, A is the ensemble averaged magnitude of a
molecular or atomic property tenser, and B is the scalar density of magnetic
flux in the light beam. The ghost field [11-14], B®™, is the expectation value
ot the longitudinal photomagneton, B, which is direetly proportional to the
photon angular momentum operator, J, in free space,

503 = B[m-g, (2)




42 The Photomagneton and Quantum Field Theory

where % is the reduced Planck constant. From Eq. (2) in Egq. (1),

Lo (3

M{0) = <M(0)>=ABV* ==

showing that the magnetization at second order in B'® (first order in the light
intensity) is directly proportional te photon angular momentum.

This novel analysis of a well known, experimentally verified, phenomencn
[3-10], magnetization by light, demonstrates that there is a need to improve the
standard approach to electromagnetism to account for the existence of the ghost
field B . In this paper, it is shown that B can be represented by a
combination of irreducible spherical tensors of the full rotation greup, R(3),
i.e. irreducible compound tensorial representations, the vector spherical
harmonics [15]. Therefore, any attempt to assert [16] that B™ =7 ¢ violates the
symmetry of R(3), i.e. violates fundamental group theory. A rigorous demonstra-
tion of this result is necessary because the standard approach to free space
electromagnetism [17—-19] uses only the transverse, oscillating, magnetic, wave
fields B and B . These are complex conjugates in a circular basis defined
by the unit vectors,

am - Lyg-iyy, e@-Ld.ify, eP-=k (&)
VZ V2

where 1, § and k are Cartesian unit vectors in Euclidean space. In this basis
the transverse fields B® and B®@ are linked geometrically to Bf? through a
cyclically symmetric Lie algebra [11-14],

Bl 5 gt - jpigas {(9)
and cyclic permutations of (1), (2), and (3). Here * denotes "complex
conjugate", and,

Bl - gl _ igto) g (1) o-id, B3 - gloig (6)

where ¢=wt-x-r is the phase of the plane wave in free space; © being the
angular frequency of the beam at an instant t, and x its wave vector at position
r. From Bq. (5), with B® =B®* it is seen that Eq. (1) can be written as [1,
2],

H(O) ;,l’A_B(i)XB(Z)' (7)

where B xB™@® is referred to as the "conjugate product™ in the literature on
nenlinear optics [20]. The experimental observation of M(0) [3-10] therefore
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rmplies that of B™ | the ghost field, so-called because it is phase free, so
that B being direcctly proporticnal to JF, has no Planck energy. In
onsequence, B8 takes no part in energy transfer from field to matter, i.e.
!5 not abserbed or re-emitted. Its interaction with matter is "purely elastic",
ind invelves the transfer oniy of photon angular momentum as described by Eq.
(1). The field B"™ is therefore very much more difficult to detect experimen-
lally than the waves B*Y and B®@, which carry Planck energy proportional to
their angular frequency w. It can be shown [11-13| that B/ adds nothing to
cight intensity in vacuo, and thercfore does not affcet the Rayleigh-Jeans law,
the classical limit of the Planck radiation law [20]. In the quantum theory,
therefore, the illusion is created that the photon can be described by two
transverse space polarizations only. This long-standing difficulty in the
quantum theory of light is neatly removed by the realization that B is linked
1o B® and B® by Eq. (5), and is phase free. For this reason,

BO 2, vV-B =g, (8)

15 required by one of the Maxwell equations in free space (and in matter).
tonsiderations of fundamental symmetry [l1-14] and special relativity show that
B is accompanied by an imaginary, longitudinal, electric field, iE'®, which
produces no physical electric polarization in fiecld-matter interactien. The
contribution of B and iE™ to light intensity is =zero, becausc their
contribution [20] to the Poynting vecter is zero (B' being parallel to iE® ),

N - lgm, jptn g 9

Ho

The longitudinal flux density of electromagnetic cnergy, N'®, in free space is
zero, and the asscciated, zerc light intensity is simply the time average of
N  Formally, we also obtain [21],

g3t = 1 gy . gim e, iE - iED g, (10)
Ky

where U' 1is the longitudinal free space electromagnetic energy density (watts
).

Equations (8) and (9) reveal that in the quantum theory, Planck’s law can
be derived, as first shown by Bose [22], with the use of only two, transverse,
polarizations. This corresponds in the classical theory to the usual assertion
that plane wave solutions of Maxwell’s equations are transverse. The recently
discovered [11] Eqs. (5), however, show that the usual transverse wave solutions,
B and B@ | are linked to the phase independent ghost field B™ . From Eq.
(1), the assertion B*? =70 means that there is no inverse Faraday effect to any
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order in B'®, contradicting experience [3-10]. Furthermorc, the existence of
B! and iE'® is consistent with special relativity; the first paper on which
by Einstein [23] shows that there is a four-tensor F,, in Minkowski space-time

which defines the Maxwell equations. For exanmple,

¥ . (11)

dx,

is a concise way of writing two of the Maxwell equaticns in free space-time.
Here x,=(x, Y, Z, ict) as usual. In 8.1. units, if e, is the permittivity in
vacuo,

0 CH, B, iE, I

B e -¢B, U By LEy i' (12)
WS eB, -eB, 0 -iE,
iE, iE, iE, o |
in a Cartesian basis. Here, the longitudinal B,=B* and iE,=iE'" . From Egs.

(10) and (11), it is clear that the Maxwell equations in free space-time are
satisfied in general with a non-zero longitudinal B® and iE®™ . This was
realized in 1905 by Einstein to be compatible with Planck’s radiation law of 1900
[24]), and classical counterparts, the Rayleigh-Jecans and Wien laws. It is also
apparent that if B'* is pure real, then /E®™ is purc imaginary, a result which
is consistent with the fact that in special relativity [23], the square ol the
complex vector ¢B'® + [E is a Lorentz invariant.

Remarkably, the cxistence of the Lie algebraic |11-13] Eq. (Y) appears to
have gone unrealized until 1992 [11], but it is clear that Eq. (5) is consistent

with the 190% equation (10). We arrive at the conclusion that the photon, like
any particle, has three space-like dimensions, or polarizations, in Euclidean
space, and that classically, transverse solutions of Maxwell’'s cquations in vacuo
imply the existence of longitudinal seclutions which are phase free through Eq.
(5) in free space (more properly free spacc-time) One of them, B, is real
and physical, the other, iE® | is imaginary and unphysical . (We follow the rule
that pure real tields are physical, pure imaginary oncs are unphysical.)

This paper deals, essentially, with the peometrical foundations of B,
i.e. with the self-evident tri-dimensionality of Euclidean space. From Eq. (6b),
it is clear that B -7 0 implies € =7 0, and unnaturally reduces space to a
plane. It is nccessary to mention this wholly obvious deduction because in

electrodynamics, it has become habitual to consider [26] only the wave fields
BW and B@ . Howcver, the existence of the ghost field B means that it
becomes necessary to investigate its symmetry representation in R(3), meaning
that the irreducible representations of e® itself must be developed specifical-
ly. The important aim of such a theory is to demonstrate rigorously that the
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neglect of B® (e.g.B™ =2 0) in electrodynamics violates the fundamentals of
wroup theory itself,

In Sec. 2, the real, physical, B' is expressed in terms of the rotation
yenerator, J of three dimensicnal space, a pure imaginary operator [27].
I'his procedure clarifies that the existence of 8™ is compatible with the fact
that in the quantum theory, the eigenvalues of photon spin angular momentum
rintrinsiec spin} become -%», 0, h. The photon becomes a rigorously well defined

foson.  This differs from the conventional approach, in which there are only two

cipenvalues, namely -h and h. An important property of the field B* is that
it also exists, after quantization, for the zero rest mass photon. More
renerally, the zero rest mass photon is the my=0 limit of the theory of finite
photon rest mass, m; [28], in which the d’Alembert equation is replaced by the
I'oca equation. The latter gives [11-14] the longitudinal magnetic field in the
photon rest frame,

2
e—zmjcz/'nk = H‘“'k, (13)

B - por[ M
-0

€

which reduces to B® in the limit of identically =zero rest (m,=0), when the
premultiplying factor reduces to unity by the de Broglie guiding theorem,
nw, = mec?, and the phase dependence disappears. The cxistence of B and three
leprees of photon polarization in the zero mass limit is therefore fully
compatible with the existence of finite photon rest mass, experimental evidence
lor which is reviewed in Ref. [14].

In Sec. 3, the fields B™  B@ and B™ .are expressed in terms of
irreducible representations of the rotation group R(3), using the vector
wpherical harmonics [15]. This development shows that B is directly
proportional to sums of vector spherical harmonics, i.c. to sums of irreducible
representations of the full rotation group. These irreducible representations
ire non-zero vector functions in Euclidean space, and can be expressed in terms
o1 the well known Clebsch Gordan coupling cocflicients or Wigner 3-j symbols.
'herefore the conventional assertion B'™ -2 0 violates the fundamentals of group
theery. Furthermore, Sec. 3 shows that B, B® and B are related linearly,
a5 well as mon-linearly through Eq. (5) in Euclidean space. These linear
rvlations occur through the corresponding link belween e, @@  and e!® |

e = 2 g _p_og@ g . 2 g0 p gt ecaj_ga(s(xhe(z))+b’ (14)

V2a VZa

where a and b are defined in Sec. 3 in terms of combinations of wvector and
wcalar spherical harmonics. These linear relations show that each of the fields
B®™ . B™W and B is defined through combinations of the other two. In
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particular, B can be expressed as a sum over B and B®, showing conclu-
sively that a) it is non-zero; b) it is part of the fundamental symmetry group
R(3).

Section & shows, finally, that the expansion of the electromagnetic field
in terms of the vector spherical harmonics, deseribed for example by Silver [15],
can be augmented using the results of Sec. 3 to ineclude the expansion of the

longitudinal field B .

2. The Eigenvalues of the Massless and Massive Photons

It is customary to assert |27 that the massless photon has two eigenvalues
of intrinsic (spin) angular momentum, namely -h and % In units of ® these are
-1 and +1. The eigenvalue 0 is missing from the standard theory, despite the
fact that the photon is a spin one boson. The eigenvalues -h and h correspond
to the two senses of circular polarization in the classical theory, and originate
in the theory of vector fields, described for example by Silver ([15]. In
Euclidean space, rather than Minkowski space-time, the eigenvalues -1, 0 and +1
are derived from eigenequations of the type,

Gl o aygill, Flg@ @, FUlgl) oge, (13)
where J* is the rotation operator
P ,
o fo
FO = je¥ x| i 0 0 (16)
00 o

There is no paradox in the use of e as an operator as well as a unit vector,
in the same sense that there is no paradox in the use of the scalar spherical
harmonics as operators. This is discussed by Silver following Eq. (5.5} of Ref.
[15]. The rotation operators in Euclidean space arc first rank T operators
[15], which are irreducible tensor operators and under rotations transform into
linear combinations of ecach other. The T operators are directly proportional
to the scalar spherical harmonic operators. The rotation operators, J of the
full rotation group are related to the T operators as follows,

o= iFm, 7 g i £ - g (17)

and to the scalar spherical harmonic operators by
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P12 L 335 p1. If 3sgm pro A4 3 s (18)
toryam ’ ¥R J ! r J '

'his implies in turn that the fields B™ , B and B are also operators of the

full rotation group, and are therefore irreducible representations of the full

rotation group., Specifically,

B = _pmGitiens = B’-O’r(%)‘?“n“‘.
A1) - _glo 3@ g-te o Bro)r(‘iaﬂ)‘i Pie it (19)
B - gEepe = (200,
which shows that B%' =28 [16] wviolates the fundamentals of group theory,
fssentially, Eqs. (19) represent B, A® and A in spherical  polar

coordinates (r, 0, ¢ ), where ¢ in this context should net be vontuscd with rhe
phase ¢ of the plane wave.

We arrive at the conclusion that 8, % and A' in operator torm are all
non-zero components of the same rank one scalar spherical harmonic vy,
M= -1z By 1

Furthermore, since the operators J'V, 7% and J9' are components in a
vircular basis of the spin, or intrinsic, angular momentum of the vector ftield
representing the electromagnetic field, the fields A, % and 8' themsclves
are components of spin angular momentum. It is also clear that ' is a
lowering (annihilation) operator,

TN e - 11g®, 30 g o _ g1 G g1 L g @ (20)
and that % is a raising (creation) operator,
G e Lgelt G g - _jgqm Gl gt - L gtd (21)
I'he total angular momentum J2 is also an eigenoperator, for example,
J2e™ = 11+ 1)e™, I=1. (22)

'he rotation operators therefore operate on the unit vectors ™, e® and e,

I'he operator J*' is therefore also an intrinsic spin and can be identified in
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the quantum thecry as an intrinsic spin of the massive photon, with eigenvalues
-h, 0, and »; or -» and %, for the massless photon.

For a classical wvector field, its intrinsic (spin) angular momentum is
identifiable with its transformation properties under rotatioms, and within a
factor % the rotation operators J are spin angular momentum cperators of the

spin one boson. Recognition of a non-zero B' is therefore compatible with
three eigenvalues -%, 0, b of spin angular momentum for the massive photon, or
two eigenvalues, -h and %, for the massless photon.

The conventional assertion that there are only two quantized eigenvalues, -h
and h, of spin angular momentum for the massless photen, is therefore compatible
with the classical B The experimentally observed phenomena |[3-10] of
magnetization by light shows the presence of B®,

3. Expansion of B® in Terms of the Vector Spherical Harmonics

The vector spherical harmonies [15] are specific vector fields which are
eigenvalues of j? and j,, where j is the operator for wvector fields of
infinitesimal rotations about axis (3). They have definite total angular
momentum and occur in sets of dimension (27 + 1) which span in standard form the p¢?
representations of the full rotation group, and are therefore irreducible tensors
of rank j. Defining the total angular momentum as the sum of "orbital" angular
momentum [ and intrinsic (spin} angular momentum J, we have,

3=1+3 €3

and the vector spherical harmonics are compound irreducible tensor operators
(131,

% =7 ® ol (24)

They are formed from scalar spherical harmonic operators ¥, which form a

complete set for scalar functions, and the &'" operators, which form a complete

set for any vector in three dimensional Euclidean spacc. Therefore the vector

spherical harmonics form a complete set for the expansion of any arbitrary
classical vector tfield,

A=A d+A.1+Ak, (25)
(in a Cartesian basis). For this vector the [, operates on the A,, A, and A,.

The operator J, on i, §, and k. Therefore [, cperates on the spatial part of
the field, and J,(=JF%') on the vector part.
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Therefore the operator [15] for infinitesimal rotations about the 2z axis
contains twe "angular momentum" operators, [ and J, analogous to orbital and
spin angular momentum in the gquantum thcory of atoms and molecules. The
infinitesimal rotation therefore formally [15] a coupling of a set of spatial
lields transforming according to D' with a set of three vector fields, (@,
e, &™) transforming according te D'

Equation (24) is an expression of this coupling, or combining, of entities
in two different spaces to give a total angular momentum. It follows from these
considerations that the vector spherical harmonics are defined by:

Yhi =Y <21mn|111M ¥, ey, (26)
where <IimnjI1IM> are Clebsch Gerdan, or coupling. coefficicents [E5]= For
photons, regarded as bosons of unit spin, it is possible to multiply Egq. (26) by
<110M|11LM> and to sum over L [15]. Using the orthogonality condition [157]:

(27)

i

" f. | oo o P i 3. ¥
Y <Gymjmemi| G Gadmy <Gy dadmldymim m - o,
i

it is found that

i+l

Yo (8, dray - ?: <l1oM| 1M Yy, (28)
r=[7-1|

which is an expression for the unit vectors e, in terms of sums over vector
spherical harmonics, i.e. of irreducible compound tensors, representations of the
full rotation group of Euclidean space.

It is usually asserted in the conventional approach that in the theory of
free space electromagnetism, the transverse components of e, are physical, but
the longitudinal component M=0¢, is unphysical. This deductien corresponds to
only two states of polarization, left and right circular, in the classical theory
of light. However, we see from our previous considerations that this assertion
amounts to e,=e@ =7 0, meaning the incorrect disappearance of some wvector
spherical harmonics, and meaning in turn a violation of fundamental group
theoretical principles, because some irreducible representations are incorrectly
set to zero.

Since this point is fundamental to the B theory, it proves convenient
to emphasize it in this section by expanding e in terms of Wigner 3-j coeffi-
cients, through which Clebsch Gordan coefficients are usually defined. This
analysis shows clearly that the vector B'® (or the operator 8%) is experimen-
tally and theoretically not equal to zero, whatever its physical significance,
and has all the known properties of uniform magnetic flux density. Since unit
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vectors in the circular basis M= (0), (1), {(2) arc linear combinations of vector
spherical harmenic functions and therefore of irreducible compeound tensor
operators in R(3), then all three fields B®  B®@ and B™® are non-zero, and all
are made up of combinations of irreducible representations of the R(3) symmetry
group, weighted by Clebsch-Gordan coefficients, which are 3-j symbols. Any
assertion to the contrary breaches the structure of R(3). Specifically, from Eq.
(28),the e‘? vector can be expanded as

(-1 11 1+1Y 1., T T RS, B (R,
e =g = o RESEN I | e e iR R R i, 29
o * z
for integer I1-=0, 1, ..... For example,
- 011
10, eWw- LUI‘ \,3( ]yuu’i J (29a)
¥, U
-13)¢ L 12 110
121, e . {=1)? 5[ ] a ( o | (29b)
vl 1500 Yisaf g 1 i Pe
i i35 o degad] B 1 ,3) 5 _[2 1), (29¢)
1-2, e e V7 o e B Yo +vV'3 5% B ¥oa1 |
in terms of various non-zeroc Wigner 3-j symbols. The lalter arise from the
coupling of two anpular momenta, the eigenfunctions |jm> being basis functions
for representations of the group R(3). The coupled states span the direct
product representations of R(3) in standard form. Evaluating the 3-j symbols

finally gives @ and B'® directly in terms of the vector spherical harmenics,

" o R o
B} _ gog@ -ZB“”& = L“‘M_‘l, etc. (30)

v 3 Yo

In the simplest case it is seen that the field B™ is non-zero and proportional
to the vector spherical harmonic ¥a,, which is ol course, also non-zero. There
is no way of asserting that B is zero without destroying the fundamentals of
group theory.

Finally it is clear that since all the three veclors e®, @ and €™ can
be expressed in terms of vector spherical harmonics, they are linked linearly,
as well as non-linearly, in Euclidean space. For example, the B field can be
expressed in terms of the transverse fields by
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B - e o V2 hi gl 4oty L giip . - V2 plodgit _gl))iginng, (31)
2 2

Where Lhe coefficients are defined by the following combinations of scalar and
rctor spherical harmonics,

1 1
_ 2 Yo ] " Yo (32a)
V2l v - v VLY v
¥+ T Y - ¥
b*\-"é 111 111 , d_vrz 111 111 s (32b)
¥l - v v+ v
B
his result shows that B is not zero because B'Y and B arc not zero.
. Extension of the Standard Theory
The conventional theory is described by Silwver (chaptor 29 of Rel. [15]),
md concerns itself with the multipole expansion of a planc light wave in terms
4 the vector spherical harmonics. 1In this approach, there are considered to be

nly two physically significant values of M in Eq. (78], corresponding to M- +1]
md -1, which translates into our notatien as follows:

= _g 2} = gV = g™ 33
e,=-8®, e, =@, g = (33)

o our mew approach, which considers the experimentally proven existence of B,

‘hiere is a need to consider the case M=0, which is longitudinal. Therefore
thiere 1s a need to amend the statement by Silver [15%| that "The only values of M
1t are physiecally significant for a wave in the X direction are M=z1, in

+iich case L cannet be zero, since the only allowable M value for L=0 is M=0."
[l experimentally verified existence of B®™ mcans that the values of L and M
. be considered are: =1, M=-1, 0, +1. These are the "natural™ values, 1.e. M

s from -L to L from fundamental theory. Thus, the expressions given by
lver for @® and e 1in terms of the vector spherical harmonics are augmented
I'g. (29) of this paper. This leads to the deduction that the value of M in
Ilver's Eq. (29.5) must also run over -1, 0 and +!. not -1 and +1 as in the
randard (transverse) theory. In consequence, there is an additional pure real
gnetic 2f-pole component of the electromagnetic plane wave in  wvacuo,
orresponding to B The longitudinal 2"-pole clectric compeonent is pure
wipinary from fundamental considerations [11-13, 21|, but is also non-zero.

Furthermore, the statement by Silver [I5] that "The vector spherical

rmonics ¥e,, with 1=1L, are transverse fields...." must be modified in light
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of the fact that the vector e'® which is Jongitudinal, can also be expressed
in terms of the L=1, M=0 vector spherical harmonics as in Eq. (29) of this
paper. This result simply augments Silver’s Eq. (28.15), where are displayed
other, transverse, combinations of vector spherical harmenics. Equation (29) of
this paper shows that the longitudinal e? (and therefore the longitudinal B )
can be expanded for all integer 1 of that equation in terms of vector spherical
harmonics. Since B® and fE'™ satisfy the four Maxwell equations in vacuo, so
do these combinations of irreducible representations. As for the transverse

fields [15], each wvalue of ! for M=0 in Y5, defines a different ncn-zero
irreducible component of B® and iE'"™ . Therefore, the r=1 components in the
expansion of B are dipolar fields. It also follows that the discussion on the
coherency matrix given by Silver [15]|, using irreducible tensorial sets, must
also be augmented to include the experimentally verified existence of B™ , which
implies the existence of the unphysical but non-zero iE® . This is outside the
scope of the present paper, but will be the subject of future work. In general,
the whole of classical and quantum electromagnetic field theory should in
principle be augmented to consider B® and JE' . This process will in the end
analysis produce a strengthened and more internally consistent appreciation of
electrodynamics.
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