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PREFACE

I t  i s  we lL  known tha t  the  t ime averaged energy  (En)  o f  one photon  is  io  i

i r  l h e  r n a g n i t u d e  (  I , i 3 )  )  o f  i t s  t i m e  a v e r a g e d  L i n e a r  m o m e n t u m  i s  l o / c r  a n d

r l  s  a n g u l a r  n o m e n t m ,  i r -  H e r e  i  ( h /  ( z r J  )  i s  t h e  r e d u c e d  P L a n c k  c o r ) s L a r i l  ( o r

r . , .  c o n s t a n t ) ,  l n  t h e  a n g u L a r  f r e q u e n c y  ( i n  r a d i a n s  s  1 )  o f  e l e c t r o m a g n e t i c
i l a l  i o n  i n  a  v a c u u m  ( " i n  v a c u o " ) ,  a n d  .  r s  t h e  s p e e d  o f  l i g h t  i n  v a c u o .
L l o w i n g  t h e  a r g u m e n t s  d e v e l o p e d  l n  t h e  f i r s t  b o o k  o f  r h i s  s e r i e s ,  " T h e  P h o r o n ' s

'  
I  J , . t i c  F i e l d i r ,  i t  i s  s h o v , n  t h a t  e L e c t r o d y n a n i c s  c a n  b e  d e v e l o p e d  i n  t e r m s  o f
, ,oveL fundanenta l  p roper ty  o f  e lec t romagnet ic  rad ia t ion :  d ]g  Photoo i?gneto l )

,  w h o s e  e x p e c t a r i o n  v a l u e  i s  t h e  n o v e l  m a g n e t i c  f i e l d  i n  v a c u o ,  l G ) .  I n

,  , rL .  o f  a ( t  ,  the  fundamenra l  p roper t ies  m€nt ioned above become.

En = no = 1 
/s 

( '  .s( ! )  . iv ,

,,.,= ",", #,

En
l p r ' l

( 1 )

( 2 )

( 3 )

, ,  r e  I 0  i s  r h e  v a c u u n  p e r m e a b i l i t y ,  y  t h e  v o l u m e  o . . ü f i e d  b y  o n e  p h o t o n  i n

L ,  r L o  a n d  8 r o )  i s  t h e  s c a l a r  m ä g n i t u d e  o f  l ( r '  l " r  , , r e  p h o r o n  i n  v a c u o .  I r  i s
( a g n € L i c  f l u x  d e n s i t y  a m p L i t u d e  l r i t h  t h e  u n i t s  ( ) l  t e s i a .

I n  l h i s  p a r t  o f  t h e  v o l u e ,  t h e  f u n d a n e n t a l  r h e o r v  o f  6 ß )  i s  d e v e l o p e d  i n
, ,  f o r m  o f  e i g h t e e n  s c i e n t i f i c  p a p e r s ,  e a c h  d c r l i n g  s i r h  a  d i f f e r e n !  a s p e c r  o f

L , i  p r o p e r t i e s  i n  t h e  q u a n t u n  a n d  c l a s s i c a l  t l , e ( , r y  o l  m a s s l e s s  a n d  m a s s i v e
l . t r o m a g n e t i c  f i e l d s .  T h i s  p a r t  o f  t h e  v o l u m . ' i s  t h e r e f o r e  a  r a d i c a L l y  n e w

i t , roach to  e lec t rodynamics  wh ich  uses  the  p l rc to  agneton  6 ! )  as  a  fundamenta l

, r i . e p t u a l  e n t i t y -  T h e  p ä p e r s  p r o v i d €  a  r i g o r o r L s  d e r i v a t i o n  o f  , 6 L r )  f r o m  t h e
i s L i n g  i d e a s  o f  e l e c t r o d y n a m i c s ,  s i m u l t a n e o u s l y s i l r p l i f y i n g a n d d e e p e n i n g t h e m ,

, k i n g  r h e n  m o r €  f u l l y  s e l f - c o n s i s t e n t  a n d  r i a o r o u s .  E q s .  ( 1 )  t o  ( 3 )  s h o a  t h a t

l r r ' )  i s  a L r € a d y  w e l l  d e f i n e d  e x p e r i n e n t a l l y ,  b u t  n e w  e x p e r i n e n t s  a r e  s u g g e s t e d
' ,  l o o k  f o r  e f f e c t s  s p e c i f i c  t o  a 1 3 )  v h i c h  m i t t , r  n o t  b e  e x p e c t e d  t o  b e  f o u n d  i n
i 1  e x i s t j . n f ,  a p p r e c i a t i o n  o f  e l e c t r o d y n a m i c s .  q u a n t u m  o r  c l a s s i c a l .  S o n e  o f

rL  s .  a re  to  be  found in  the  inverse  Far .aday  r r t r l  op t ica l  Faraday  e f fec t ,  and the
r  i c a l  B o h n  A h a r o n o v  e f f e c t .

I t  i s  a  p l e a s u r e  t o  a c k n o u l e d g e  t h €  i n v d l r L a b l e  v o r k  o f  D r .  L a u r a . l .  E v a  s ,
i , )  p repared the  nanuscr ip t  w i th  sk iL l  and pa t ienc€ over  many months  o f

,  I  i cu lous  work .  I , lany  p leasant  conv€rsa t ions  by  e  mai l  a re  hear t i l y  acknowl -
. l g e d .  A n o n g  t h o s e  w h o s e  i n p u t  h a s  b e e n  i n w a l u a b L e  a r e :  D r .  K e i t h  A .  E a r L e  o f

' , r n e l 1 ,  P r o f .  S t u a r t  K .  K u r : t z  o f  P e n n  S t a t e ,  a n d  P r o f .  J e a n - P i e r r e  v i A i e r  o f
I ' M C ,  P a r i s .  M a n y  o t h e r  c o l l e a g u e s  c o n t r i b u t e d  w i r h  m u c h  a p p r € c i a t e d  c r i t i c l s n

, (1  ideas  fo r  deve lopment .ISBN 981-02-166,1-5

t .  td  i  Arab la  and Eeypt
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l i l l ( . 1  o l  r r l )  i r i ( t  i r r ! '  { ) r  r t r (  I i h d a m e n t a l  s  o l

l  h (  o l d  Q u a n l  u m  T h . o r  y

l . o D t i t , ( l i D a l  ! i { , 1 . 1 s  i r  t r ( . ,  S | , , . ( .  a n d  t h e  D u a l' l r r i i , l o r m  
o f  S p e . i , l  l t l  1 , , r  i v i l y

'  , .  I  i l ' (  l ) L , r l l , , r r r . r r L , .  ^ t ) l , r ( ) , r ( . l r  t o  ( : ( r i l ) i ( , t ,
r  t !  '  r !  ' L t  , , \  r L r L  I  r v

' l l r ( .  
V r . t o r  l , o t e n t  i a l  r ) t  r l o )

' l l ' (  ( i o n , | l . t e  S . t  o I  c y , : l i ( . r 1 l y  s y D u r . t r i c  R e l a t i o n s  i n

('lropter I

III.] PIiOTON TIAS THREE POI.ARIZATIONS

U .  U .  E v a n s

v , g n F r i z . t  i o n  b y  l i g h .  d n  e x p p r i f l e n r d l l y  o b s e , v F d  p h p n o n e n o n .  i \
i , i t € r p r e t e d  t o  m e a n  t h a t  t h e  p h o t o n  h a s  t h r e e  p o l a r i z a t i o n s ,  r i g h t  a n d
le f t  c i rcu la r  and long i tud ina l  -  The th i rd  i s  acconpan ied  by  a  photo

nagneton  6 ! r  i rh lch  has  no  energy  or  l l  ear  monentun  and wh ich  is

| .nera ted  f rom photon  sp in .  Th is  i s  cons is ten t  v l th  photon  nass ,  hovever
srna l l  in  nagn i tude,  and \ r i th  P lanck 's  rad ia t ion  laa .  I t  imp l ies  tha t
rh . re  i s  an  an t i -photon ,  whose k lnemat ics  a re  the  same as  those o f  the
photon ,  bu t  whose concomi tan t  f ie lds  a re  changed in  s ign .  The photon  is
r l ie re fo re  ass igned a  nunber  F ' ,  ak in  to  charge,  baryon and lep ton  nurnber
, ,nd  s t rangeness .  Rev€rs ing  th€  s ign  o f  , '  p rodL lces  the  an t i  photon .

I t  h a s  b e e n  s h o m  r e c e n t l y  l r - 3 1  t h a t  m a g n e t i z : i r i o n  b y  l i g h t  [ 4 - 1 1 ]  c a n  b e
'  r ( , r p r e t e d  t h r o u g h  a  l o n g l t ü d i n a l  n a g n e t i c  f i e l d  o f  e l e c t r o D a g n e t i s m  i n  f r e e

. , ( . ,  c o n t r a r y  t o  t h e  s t a n d a r d  t h e o r y  1 1 2 - 1 5 1 ,  i n  \ ! h i c h  t h e r e  a r e  o n l y  l w o ,

'  i l a r ,  p o l ä r i z a r i o n s  T h i s  f r e 1 d ,  r ( " ,  h a s  b e e n  n a m e d  r i r e  E h ö s t  f i e l d ,  a n d

.  I  he  expec ta l ion  va lue  o f  the  nove l  long i tud ina l  p lb t . 'nag  e ton  o t  l ig l t t .  B t ' \
r ,  La t t€ r  i s  an  opera tor :  d i rec t l y  p ropor t iona l  to  the  angutar  monentu  (sp in )

I  the  photon  in  f ree  space.  and i t s  ex isLence shows rha t  the  photon  äas  rh ree
l A r i z e t i o n s ,  l e f t  a n d  r i g h t  c i r c L L i a r ,  a n d  l o n q i t t L d i D a l .  T h €  l a t t e r  h a s  e v a d e d
r . c t i o n  t o  d a t e  b e c a u s e  i t  i s  g e n e r a t e d  f r o m  t h e  p h o t o n  s p i n ,  w h i c h  i s

, ! l e p e n d e n t  o f  f r e q u e n c y  ( v ) .  T h e r e f o r e  6 r ' )  i s  a s s o c i a t e d  i n  t h e  q u a n t u m

r , (  o r y  l r i t h  z e r o  e n e r g y !  n v ,  a n d  z e r o  l i n e a r  E o m . n t u m  n v l c .  N e v e r t h e l e s s  6 ( r )
,  1 s  a s  a  n a g n e t i c  f i e l d ,  a n d  c a u s e s  m a g n e t i z a t i o n  a h e n  c i r c u l a r l y  p o L a . i z e d

| h t  i n t e r a c t s  v l t h  l i q u i d s  o r  s o l i d s .  I t  . a n n o r ,  h o v e w e r ,  b e  d e t e c t e d  i n
1 . , , , . k ' s  r a d i a t i o n  l a w  I 1 6 ,  1 7 1  b e c a u s e  i I  h a s  r ] o  P l a n c k  e n e r g y ,  , h \ , .

The ex is tence o f  61r )  makes a  fundamenta)  d i f f€ rence to  the  theory  o f
, l . c t r o m a A n e t i s m -  F o r  e x a m p l e ,  i t  s u p p o r t s  t h e  i d e a  o f  f i n i t e  p h o t o n  r e s t  m ä s s ,

.  a d v o c a t e d  b y  t h e  S c h o o l  o f  d e  B r o g l i e  I 1 8 1  .  a n d  v i g j e r  i 1 9 1 ,  b e c a u s e  n o n - z e r o

.  however  smal l  ,  neans  tha t  the  photon  has  th ree  po la r iza t ions .  Th is
, ' . l u s i o n  r e m o v e s  s o m e  o f  t h e  d i s c r e p a n c i e s  a n d  o b s c u r i t i e s  o f  t h e  e l e c t r o m a g ,

'  r  i c  par t  o f  f ie ld  theory ,  \ rh ich  is  based on  a  par : t i cLe ,  the  photon ,  v i th  on ly
k , ,  d e g r e e s  o f  p o l a r i z a t i o n ,  i . e .  a  d i ß e n s i o n a l i t y  o f  t w o  i n  t h r e e  d i n e n s i o n ä l

, . I i d e a n  s p a c e .  I n  p a r t i c u l a r ,  t h e  d i s c o v e r y  o f  6 1 r '  r e r n o w e s  t h e  n a j o r  p r o b l e D
l L , , r  e |  t h e  p o t e n L i a l  f o u r - v e c t o r  t h a t  d e s c r i b e s  { 2 0 ,  2 1 1  e l e c t ! o m a g n e t i s m ,
' , r  responds to  a  f i€ ld  wh ich  conv€nt iona l l y  has  on ly  two components .  Th is  i s  in
, , , , f 1 i c t  v i r h  r h e  B o h m - A h a r o n o v  e f f e c t  [ 2 2 ] ,  v h i c h  s h o \ r s  e p  r o  b e  p h y s i c a l l y
, ln ina fu l ,  r i th  four  components ,  as  fo r  any  phys ica l  four -vec tor  in  spec ia l
, . l a t i v i t y .  T h i s  h a d  a p p e a r e d  t o  b e  i r r e c o n c i l a b l e  s i t h  P l a n c k ' s  l a v .  v h i c h  v a s
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f i r s t  der ived  in  the  quantun  theo ly
p h o t o n  p o l  a r i z a t i o n s  o n l y .

The miss ing  I  ong i  tud lnaL 6 i "

The Photomagneton and Quantun FieA Theory llu' Photon Has Three Polaradions

where  i  i s  the  angu lar  nomenrm o f  a  photon  bean,  and where  B io )  i s  rhe  beam's
m a g n e t j c  f i € l d  a n p l i t u d e  i n  t e s l a .  F o r  o d .  p h o t o n ,  t h e . l a s s i c a l  e q u i v a t e l r  o f
E q  .  (  1 )  b e c o m e s  ,

b y  B o s e  [ ? 3 ]  o n  t h e  a d  h o c  a s s u m p t i o n  o f  t w o

i s  d e t i n e d  i l  3 l  b y

. 1 .  P .  v a n  d e r  Z i e l ,  P .  S .  P e r s h a n  a n d  L .  D .  } I a l m s L r o m .  P h y s .  R e v .  l e r r .  1 5 ,
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a l s o  R e v .  , 4 p p ] .  P l 1 y s .  I , 1 5 5  ( 1 9 1 2 ) .
' f .  l \ J .  B a r r e t t ,  l l .  w o h l t j e n  a n d  A .  s n o w ,  , , ' r a r u r e  3 O 1 .  6 9 4  ( 1 9 8 3 )
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v h e r e  . t  i s  a  u n i t  a x i a l  v e . r o r  i n  r h e  d j r e . r i o n  o f  r r a v e l  o f  r h e  l i g h r

There fore  the  f ie ld  ,91r r  i s  .a . r ied  br  ?hotoD sp iD in  f ree  space,  a  sp in  rh l . l j
becanes o ,  r f  in  .he  photon  w i th  nass ,  o r  + i  j , r  rhe  päoroD v i thout  nass .

T o  d a t e ,  c l e a r  e x p e r i m e n t a l  e v i d e , , . .  I o r  t h e  e f f e . t  o f  E ' ' )  a t
i s  a v a i l a b l e  f r o m  t h e  i n v e r s e  F a r a d a y  e f f e . t  [ 4  9 1 ,  w h i c h  i s  t h e  n a n e  g i v e n  t o
m ä g n e t i z a t i o n  b y  l i g h t .  T h e r e  i s  a l s o . v i d e n c e  f r o m  t h e  o p t i c a l  F a r a d a y  e f f e c t

[ 1 0 ]  a n d  l i g h t  s h i f t s  i n  a t o m i c  s p e c t r a  [ 1 1 1 .  S v n m e t r y  [ ] l  f o r b i d s  t h e  e x i s t e n c e
o f  a  r e a l  l o n g i t u d i n a l  e l e c t r i c  f i e 1 d ,  b u i  r h e r e  i s ,  i n  c L a s s i c a l  e l e c t r o d y n a D -

l c s ,  a  l o n g i t u d i n a l  r l ( ' '  w h i c h  i s  p u r e  i d a S i n n r y .  T h .  e x i s r e n . e  o f  i ! 6 ,  m e a n s

t h a t  t h e  P o y n r  i n 8  v e c t o r  ] v r ! )  =  8 ( ! ) ! ; ! r " / F u  v a n i s h c s ,  s o  r h a r  i 1 r )  d o e s  n o t
c o n t r : i b u t e  t o  c l a s s i . a l  e l e c t r o n a g n e r j c  e n ! r g y  l l u x  d e n s i i y .  l h j s  i s  e q u i v a l e n t
t o  t h e  t a c t  r l r r l  t h . r e  i s  n o  P l a n c k  c n e r g y  i n  r h e  q u ä i r r u m  r h e o r y .

F i n a l L y ,  i t  s e e  s  a p p r o p r i a t e  r o  a s : j o c i a r €  v i r h  t h e  p h o t o l  a n  " F  Ü n b e r ' ,
l ' h i c h  o n  r . v ( , r s a l  p r o d u c e s  t h e  a n t i  p h o t o n ,  w h o s c  k j n e m a t i . s  a . e  r h e  s a m e  a s
t h o s e  o l  1 l r  t ) h o t o n ,  b u t  \ r h o s e  f i e l d  i s  r e v e r r j e d .  T h .  . h a r g e  c o n j u g a t i o n

o p e r a t o r  i  r | v ( , r s e s  a  i n  l h e  s a n e  r a y  a s  i r  r . v . r s e s  c h a r g e ,  b ä r y o n  a n d  l e p r o n
n u n b e r s ,  s l  r r n f , . r ) e s s j  a n d  s o  o n ,  t o  p r o d u . e  a n t i  p a r r i c l c s .  T h e  . x i s t e n c e  o f

6 1 ' r  m c a n s  r  h ä r  t h e  p h o t o n  h a s  a l l  t h e  a r  L  r i b u t e s  o f  a  p a r t i c l e  i n  r h r € e

d i m e n s i o r : i  l r  t h e  E i n s t e i n  d e  B r o g l i e  t h e o r y  o f  1 l t h r ,  i r ' )  b e c o m e s  t h e  p i l o t
o r  g u i d i D p ,  l i { . l d  o f  t h e  p h o t o n  s p i n  i n  t h e  d i r o c t i o n  o f  p r o p a t a t i o n  o f  l i g h t  a s

a  n e e d L e  u a v r  ( N a d e l s t r a h l u n g ) .  T h €  d i s c o v e r y  o f  r i ' , )  m e a n s  r h a r  a  f u I l y
c o n s l s L e n t  r  h . r ) r ' y  e m e r : 8 e s  n a t u r : a 1 1 y .
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Chapter 2

'T]lE PHOTOI'AGNETON i(3) AND LONGIT.T]DINAL GHOST IrIEI) A(3) OF f,LECTROIIAGNtsTISI'

M .  W .  E v a n s

T h e  c o n c e p t s  a r e  i n t r o d u c e d  o f  t h e  l o n t i t u d i n a l  g h o s r  f i e l d  a t ! )  a n d  p h o r o

o a g n e t o n  6 1 r )  o f  e L e c t r o n a g n e t i s m :  a I r )  ( 6 r r ) )  =  E ( o )  ( ö / h  w h € r e  l , r o )  i s  r h e
nagnet ic  f . lux  dens i ty  anp l i tude and .?  rh .  anSu lar  nomentm op€raror  o f  a  photon
bean.  The major  inp l i ca t ion  is  thar  r l ( .  i r x l i v iduat  photon  has  .h ree  degrees  o f
p o l a r j z ä t i o n ,  t h e  l o n g i t u d i n a l  o n e  b . i n | l  a . . o m p a n i e d  b y  t h e  g h o s r  f i e l d  a ( ] )
rh ich  has  no  energy  or  l inear  rnd  i  s  tenera ted  f ron  rhe  angutar
nomentun o f  the  photon .

1 .  In t roduc t ion

I n  o r d e r  t o  d e r i v .  r i r l r o ü l  c l a s : , i ( . . , 1  , l ,  ( . l l o ( t v n a r i ( . : j  I ' t a n . k ' : r  r a d i a r i o n  l a v
t 1 l ,  S .  N .  E o s e  l 2 l  , , s e d  r h .  r , r  L , , L  r l L . , r  L r r , l , r  L d "  , , , ,  \ i  r w o  d e t r e e s  o f
p o l a r i z a t i o n  I r r  t h i s  . o n t e x r  l ) a i : ,  , J l  ! . t ( i , r l !  . x p l a i n s  t h a t  B o s e  u s e d  t h i s
n o t l o n  t o  d e r i v e  t l x  . o r r . . r  v a l u . ,  ( i t  r l , (  t , r . n t r r 1 l  i p l j e r  i n  t ' l a n c k , s  t a w ,  i . e . ,
o f  8 r v : / c ? .  l l . r .  v  i , i  r | l (  o s . i 1 l : , r , , ,  l r , l l , r ( , n . y  i  t h e  o t d  q u a n r l n n  r h e o r y  o f
1 i g h t ,  a n d  c  i s  t l r i  , : t n ( 1 1  , , t  1 i f l h r  i n  \ , , , . , 1 ( j .  A r  t h a t  t j m e  ( t 9 2 4 )  t h e  i d e a  r h a t
a  p a r t i c l e  ( u r ! t r . . r  r 1 , 1 .  I , t , , , r ( ) r  i , ,  l , r / r ,  t , , "  l . ( . w i : r )  . a n  h a v e  o n l y  t s o  p o l a r i z a r i o n s
i n  t h r e e  d i n . n s i o l r l  : r r ) ; , , . ,  w . 1 , ,  L , r t ' r  ( . ,  , , 1 i  , i r  (  d .  r n  E u c t i d e a n  a n d  M i n k o w s k i  s p a c e s
i t  i s  i  l u i r i v | l v , r t ) , , r ( , 1  r l , . L r  . ,  r ) , , 1 r i ( 1 .  h a v e  t h r e e  d e g r e e s  o f  s p a c e - 1 i k e
f r e e d o m .  l , a i s  l , r r t l t r  r  , , . , 1 r | , r , :  l  l l r . r t  r t r e r e  e x i s r s  n o  r e s t  f r a m e  f o r  p h o t o n
sp in  i - f  I I r '  ph . ) toD t : ;  r ) .1 r ; r ; l ,  j ; , ;  ; , r t r t  (  ( ) , , t , .D I )o rary  gauge invar iance neans rha !  the
s e p a r a t l o n  b e t w e . , , r  ( ) r l ) j l , , l  , i r r l  i n l r i n : j i c  ( s p i n )  a n g u l a r  n o m e n r u m  i s  a m b i g u o u s .
T h e  r e s t r i c t i o n  ( o  l w o  1 , , ) l r r  i z a t  i o n s  a t s o  m e a n s  t h a t  t h e  t i t r t e  g r o u p  o f  r h e
P o i n c a r 6  g r o u p  o f  e l { . r r o D , , l t i c l  i s ' n  [ 4 ]  i s  E ( 2 ) ,  w h i c h  i s  r r e t l  k n o m  l 4 ]  t o  h a v e
no phys ica l  meän inB.  Mo: i r  s . r ious ly ,  rhe  cus tor0ary  approach is  deep ly  f1a ! ,ed  in
L h a t  i t  l e a d s  t o  a  l o s s  o 1  m a D i f e s r . o v a r i a n c e  i n  s p e c i a l  r e t a t i v i t y ,  i n  r h ä t  r h e
four -po ten t ia l  Äp  must  g ive  a  f ie ld  r i th  on ly  rvo ,  t ransverse  conponenrs .  The
Bohn-Aharonov  e f fec t  l5 l  shows thar  ,ap  is  phys ica t ly  nean ing fu l ,  and so  nusr
have four  components  in  f ree  space_

In  th is  Le t te r ,  re  demonst ra te  the  fac t  rha t  in  rhe  c tass ica l  and quantum
theor ies  o f  e lec t ronagnet ism,  rhere  ex is r  the  long i tud ina l  Ehosr  f  rc jd
( c e s p e n s t e r s t r a h l u n g )  a ( ' , ,  v h i c h  i s  t h e  e x p e c t a t i o n  v a l u e  o f  t h e  l o n g i t u d i n a l
photonagnetoD EtsJ  :

The Photomagneton Et3) and Longirudinal Chost Field ..

fh , rs  B(3)  and <6r t )>  a r .  f requency  independent  magnet ic  f lux  dens i t ies  in  f ree

, r ) . r c e .  H e r e  , 9 r u r  i s  t h e  s c a l a r  a m p l i t u d e  o f  t h e  e l e c t r o o a g n e t i c  f l u x  d e n s i t y ,  t

, i  dx iä l  un i t  vec tor  in  the  propagat ion  ax is ,  i  the  bea 'n  angu lar  momentum and n

r l , - .  r e d u c € d  P l a n c k  c o n s L a n r ,  h / 2 n .  7 t  i s  s h o v n  t h a t  6 1 "  h a s  n o  c n e r g y j  n o
i n c a r  m o n € n t u m ,  a n d  d o e s  n o t  a f f e c L  L h e  P l a n c k  l a w  b e c a u s e  i r s  a s s o c i a l e d

) : i . i l l a t o r  f r e q u e n c y  !  i s  z e r o .  I t  o w e s  i t s  e x i s t e n c e  p u r e l y  t o  r h c  i n t r i n s i c

, ,p in  o f  the  photon ,  Dhose sca la r  Dagn i tude in  thc  quantun  theory  i s  n .  Thc

I t r o t o n r a g n e t o n  a n d  i t s  c l a s s i c a t  e q u i v a l - . n t ,  t h e  S h o s t  f i e 1 d .  c a n  n e v e r t h e l € s s  b e
( l . tec ted  exper imenta l l y  th rough i t  ab i l i t y  to  matnet ize ,  and phenomena such as

l r L  i n ! e r s e  E a r a d a y  e f f e c r  [ 6 - 1 ] 1 ,  a n d  o p r i c a l  l a r a d a y  c f f e c L  l L 4 ,  1 5 1  c a n  b e

, l , s c r i b e d  1 n  L c r m s  o f  B r r r  a t  f i r s t  a n d  h i g h e r  o r d e r s .  T h i s  p r o v i d e s  u n € q u i v o c a l

,  x p e r i m e n t a l  s u p p o r t  f o r  t h e  c x i s r e n c e  o f  - 6 c ) .  T h c  l a r t e r  i s  c o n s i s t e n r  w i t h
r h e  i d e a  t h a t  t h e  p h o t o n  m a y  h a v e  a  t i n y  m a s s  [ 1 6  1 8 1 .  H o w e v e r  s a a ] l ,  f i n i t e

l ) l ( ) ton  mass  means inmed iare ly  thar  tb€  phoron musr  häve rh ree  ve ]1  de f ined

I ' o L a r i z a t i o n s ,  a n d  c o n s e q u e n t l y ,  t h e  e x i s r e n c e  o f  ! ( r )  i r M a x r e l l i a n  t h e o r y a n d  , 6 r ' )
i r t  rhe  quanrun theory  means tha t  f in i te  photon  mass  is  a  cons is ten t  and na tura l

? .  C lass ica l  (Hane l r ian)  E lec t rodynan ics

W i l h i n  M a x w € l l i a n  t h e o r y  i n  I r e e  s p a c e ,  l h r :  U h . s L  f i e l d  B 1 1 )  i s  r e l a t e d

1 o  t h e  u s u a l  v , a v e  f i e L d s  a ( t  a n d  a o ,  b y  a  c y . l  i . a l  I - j e  a l g e b r a  [ 1 9 ] :

We asser t  there fore  Lhat  iD  c lass ica l

naqDet ic  .onpoDents  B t \ r ,  B t l t  and  Et ' t  o l  e

l h e s e  a r e  i n t e r r e l a L c d  i n  t h e  c i r c u l a r  b a s i s
I  he  Ahost  f  ie ld

- l ' .  t  t o d \ n d n t . -  I h - t r  
" t e , l r e e

t rave l  I  inE p lane vave iD  va .uo .

!  ( 1 )  ! Ä ( . )  :  r . 8 1 o ) 8 r . ) .

E { 2 )  r F ( 3 )  =  j B l o ) A ( 1 r !

a r ! )  x t ( 1 )  =  j a  r 0 ) E  ( 2 )  !

<2)

I l c r e  - B r r  a n d  B ( 1 '  a r : e  c o m p l e x  c o n j u g a t .  ! r v , ,  l i e l d s  ( t h e  u s u a l  m a g n e t i .
. o m p o n e n t s  i n  c i r c u l a r  p o l a r i z a L i o n  o I  l h .  . l ( . 1 | o m a g n e t l c  p l a n e  v a v e ) ,  a n d
r . p r e s e n t  r ! / o  L r a n s v e r : s e  m o d e s  v i t h  o r t h o g o n a l  ( ( : i r . u l a r )  p o l a r i z a t i o n s .  I n  t h e
s t a n d a r d  M a x v e l l i a n  t h e o r y  o f  c l e c t r o d ) n a m  ' r  2 l l  r h e s e  a r c  t h e  o n L y  t w o
p o l a r i z a t i o n s  c o n s i d e r e d ,  a n d  d e s c r i b e  1 . J  t  a n d  I j g h t  c i r c u l a r l y  p o l d r i  z e d  p l  a . e

v a v e s .  H o w e v e r ,  E q s .  ( 2 )  s h o w  c l e a r l y  t h a l  r | i s  p i . t u r e  i s  i n c o m p l e t € ,  ö e c a u s e

t  f  the  B lbs t  f  ie ld  B t ' t  B t '  . t i )d  E t^ )  wo l t ld  var ) i sh ,  and a l  I
. l  ec t ronagr re l  i s r  woLt ld  be  los t .

< J >_ iA ( ! )  =  E r o ) f  =  < 6 r r ) >  :  A ( o ) ( r )



me Pholomogneton ond Quantum FieA Theory

r , ,  _ r ; l? i i ; "  F 1" '  r , (  3 )

t  t , . t t  t t r t  ' , r / . p . r r . 1 - . r t  o f  p h a s e  [ 1 9 1  .
r J ! . o n s i d e r a t i o n s  o f  t h e  P l a n c k  1 a {  o f  r a d i a l i o n ,  u h i c h  i s  k n o v n  l l .  3 l  t o

l ) (  ! . , l i . i  e x p e r i m e n t a l l y ,  a n d  v h i c h  i s  b a s e d  o n  o n l y  t r o  p o l ä r i z a t i o n s  ( 1 )  a n d

( ? ) .  i r  t o l l o w s  t h a t  B ß ) c a n n o t  c o n t r i b u r e  r o  f r e e  s p a c e  e l e c t r o m a g n e t i .  e n e r g y

d r n s i l v  I t  c a n  b e  s h o w n  I 1 9 ,  2 3 1  t h a r  t h i s  i s  t r ü e  i f  a i f  i s  a c c o m p a n i . , d  b y

t h e  j n , a g i n ä r y  i t ( : '  ,  s o  r h a t ,

u 0 r  -  l ( . 0  1 g r : r  ' ; ! r ' r  -  r  e o r ' s o r )  o .

The Photonagncton 6t'and l"ongitudihal Ghost Field ..,

' ! ,  t h a t  t h e  P l a n c k  f r e q u e n c y ,  \ , ,  a s s o c i a t e d  v i t h  A ( : )  a n d  r ! r ' )  i s  z e r o .  T h i s
j . i  c o n s i s t e n t  w i t h  t h e  f a c t  t h a t  r h e s e  f i e l d s  d o  n o t  c o n t r i b u t e  t o  t h e  c l a s s i c a l
, , r , , i v a l e n t  o f  E q .  ( 6 ) ,  t h e  R a y l e i g h - E i n s t € i n - J e a n s  l a w .  N e v e r r h e l e s s ,  i n  t h e

t , ran tum theory ,  i t  can  be  shom f19 l  tha t  r ( . )  becomes rhe  pboronragneror  opera tor

'here i  is  the angular  rnonentu of  rhe photon beam For one photon,
, i g n i t u d e  o f  i  i s  n ,  s o  t h a r  t h e  e x p e c r a t i o n  v a l u e  < . 1 > / i = . k ,  t h €  a x i a l
v { , c t o r  t h a t  d e f i n e s  t h e  c L a s s i c a l  g h o s t  f i e l d  r ( ] )  ,

a ( r  =  < 6 r r , >  =  a ( o ) t .

moap,4r  0 .

I t  has  be€n sho\ rn  receotLy ,  howeve!

n a  I  a .  a P Ä [  -  0 ,

.t
t '

( 7 )

( 8 )( 4 )

S  n c c  A r t  i s  a  r e a l  m ä g n e t i c  f l u x  d . ' n s j l y  i t  . a u s e s  m a g n e t i z a t i o n ,  a s  o b s e r v e d
i n  t h e  i n v € r s e  a n d  o p t i c a l  r a r a d a v  . f f c . r s  l 6  l ) 1 .  l t  c a n  b e  s h o m  t 2 l l  r h a r  E h e

i n v € r s e  F a r a d a y  e f f e c t  v a x i s . h e s .  . o n r r a r v  r ( )  o l x j . r v a r i o n  6 - 1 1 1 ,  i f  l | ( ! )  =  0 .

I n  , o n r r . s - .  s r n , e  . . 9 ' ! )  i ,  i N ^ )  r r ' . , r \ .  r r  r \  , r \ . , 1 - . F d  . , o ,  r o  b "  d  p h y s i . - l
e l e c t r i c  f i € 1 d  s t r e n g t h .  a n d  t o  p r o d u . , . , , ( )  s t ) , . r r a 1  ( l t c . l s .  S i g D l I - i c a n t l y ,  n o
s p e c t r a l  e f f e c t s  d u €  t o  e  l ( ) n g j r r d i n i l  { . 1 ( . l r i .  l i f l d  o l  t h i s  t y p e  h a v e  b e e n
r e c o r d e d ,  1 n  c o n t r a s t  r o  t h e  n a S n ( . t i .  i r v . f : i .  r l ( l  ( ) t l  i . a l  l . a r a d a y  e f f e c t s .  T h e

e x p r e s s i o n  ( 4 )  i s  a L s o  c o n s i s r ( . n r  s i l h  r l r ( .  f a c t  t h . t  B { 1 )  a D d  t t r ' )  d o  n o t
c o n t r i b u t e  t o  t h e  P o y n l i , r l l  v r , (  r ( ) f ,  r r ! l  l l r ( r . f o r c  d o  n o t  . o n t r i b ü t e  t o  t h e

i n t e n s i t y  o f  r a d i a t i o n ,  / ( v ) .  r l !  ( l ( ' i r ; i r y  i ) l  s r a r e s ,  o r  t h c  l , l . n c k  I a r .  T h i s
a g a i n  i s  a s  o b s e r v e d  ( x | { . f i m , . D t , , l l \

h .  a re  led  to  the  canc lus ion  tha t  the  photoD has  th ree  deBrees  o f  po la r iza t ion .

ln  the  quantum theory  the  phoronagneron 6( r r  i s  phase f ree ,  and as  l re  have
l c e n  i s  a s s o c i a t e d  l r l t h  !  =  0 ,  i . e . ,  v i t h  z e r o  e n e r g y  ( ä v  )  a l d  z e t o  l i n e a r
d o m e n t l u !  ( h v l c ) .  I t  i s  d i r e c r l y  p r o p o r t i o n a L ,  h o w e v e r ,  t o  t h e  f r e q u e n c y
r r . iependent  photon  angu lar  monent ru ,  wh ich  is  o ,  j ; ,  no t  i i  as  in  rhe  or ig ina l

r h e o r y  o f  S .  N .  B o s €  { 2 1 .  B e c a u s e  o f  r h e  e x i s r e n c e  o f  6 , r r  ,  t h e  p h o t o n  b e c o n e s
, i  b o s o n  w i t h  t h r e €  d e g r e e s  o f  p o l a r i z a t i o n ;  a n d  t h i s  d o e s  n o t  a f f e c t  t h e  v a l i d j t y
, i i  t h e  P l a n c k  l a w ,  E q .  ( 6 ) .

4. The ßxistence of Photon Rest }{ass, r!.

A  b o s o n  r l t h  t h r e e  d e g r : e e s  o f  p o l a r i z a r i o n  i <  a  p a r t i c l e  i t h  n a s s .  A
boson w i th  t l {o  degrees  o f  po la r iza t ion  is  a  nass t€ss  par t i c le  ! ' i rh  on ly  t l {o
h e l i c i t i e s ,  t h e  l a t t e r  b e i n g  c o n p o n e n t s  o f  p a r t j ( : l c  s p i n  a l o n g  t h e  d i r e c t i o n  o f

r a r t i c l e  t r a n s l a t i o n .  I n  r h e  s t a n d a r d  P o i n c a r e  g r o u p  I l  l  t h e  h e l i c i t y  i s  r h €
ra t io  o f  th€  Pau l i  Lubansky  pseudo four  vec tor -  ro  rhe  genera tor  o f  space- r ime
l räns la t ion .  In  contenporary  gauge theory ,  how€ver ,  the  ex is tence o f  photon  ies t
Inass  is  usua l ly  no t  cons idered,  because the  gaugc invar iance cond i t ion ,

3 .  The f 'undarent  a  I  I ' ho to r , l f x  to l r  , t r l

T h e  1 r : a n s m L r l , , r  i ( ) ' ,  , , 1  r  1 , ,  , r  (  1 . , : , : i i . r l  i d e a s  r o  t h e  q u a n t u m  r h e o r y  t ä k e s
p l a c e  t h r o u g h  t h ,  , r : i , , : r l  t , | , 1  , l , t  r . , i t  t i l , o l o n  a n d  p h o l o n  s p i n .  S i n c .  l 2 4 l

v h e r e  p l v )  i s  t h e  d € , n : , i l y  o i  f r d i a t i o n  o s c i l l a t o r  s t a t e s ,  i l  i c  s e € n  t h a t  8 r t '

a n d  i l t ! '  d o  n o t  a f 1 . . r  t h .  I J l a n c k  l a r ,  b e c a u s e  t h e y  a d d  n o r h i n g  r o  i ( ! )

o r  t o  p  ( v )  .  I n  P l a n c k ' s  l a w .

( s )

( 6 )

i s  s o L v e d  b y  n o = 9 .
alLernat lve solut ior ,

( e )

(10)
p(!) *#(ory" JäJ

i s  cons is ten t  v i th  the  D i rac  cond i t ion ,  and impor ran t ly ,  l r i th
fac t  tha t  Ä !  i s  phys ica l l y  nean ing fu l  th rough the  Bohn-Aharonow

the exper ineDca l

€ f f e c t  [ 5 j .  r h e
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s o r u r i o n  ( 1 0 )  a l l o \ r s  m o  t o  b e  n o n , z e r o ,  a n d  t h i s  i s  c o r l s i s l e  t  w i L h  o u .  f i n d i n g
that  the photon has three degrees of  potar izar ion (1efr  and r isht  c i rc l lar  anal
I  o n E , i  t  u d  i n .  I  r .

T h e  € x t e n s i v e  a n d  d e t a i l € d  w o r k  o f  d e  B r o g l i e  l 1 6 l  a n d  V i g i e r  l 1 8 t  a n d
o t h e r s  o n  p h o t o n  m a s s  i s  r h e r e f o r e  s u p p o r t e d  s r r o n g l y  b y  t h e  e x i s r e r ( . .  o f  i , , r .
We note that  ther€ is  i r refutable exper inental  evidence for  the mag . ( iz ing
e f f e c t s  o f  6 ( r )  i n  t h e  i n v e r s e  F a r a d a y  e f f € c t  [ 4 ,  ] 3 1  a n d  o p t i c a l  F a r a d a v  e f f c c t
[ 1 4 ,  1 5 ] .  R e c e n r l y  t h e  o p t i c a l  C o r t o ü  M o u t o n  e f f e c t  h a s  b e € n  r € p o r t e d
e x p e r i n e n t a l l y  [ 2 6 ]  a n d  i n t e r p r e r e d  [ 2 7 l u i r h  B 1 ] ) , .  N o t e  a l s o  t h a r  i f  , 6 , , r  w e r e
z e r : o ,  a s  r e q u i r e d  b y  t h e  c u s r o n a r y  r w o  p o l a r i z a t i o l  m o d e L ,  t h e n  t h e  a n t i s v m m e t r i c
p a r t  o f  l i g h t  i n t e n s i t y  r r o u l d  v a n i s h  f r o n  E q .  ( : l ) ,  i n  c o n f l i c t  v i t h  e x p e r i m e n r a l
e v i d e n c e  f r o m  L i g h t  s c a t t e r i n g ,  f o r  e x : r m p l e .  T h e  S t o k e s  s r  p a r a o e t e r  w o u t d

The Photornagnebn E(3) and Longitudiaal Ghost Field ...

L r  M .  P l a n c k ,  i n  M .  v o n  L a u e ,  E d . ,  t I .  P l a t 1 . k ,  P h y s i k a i i s c h e  A b h a n d l u \ B e n  a n t l
vor t raAe (v leweg, Braunschweig,  1958 )  .

l l  S .  N .  B o s € ,  Z .  P h y . e .  2 6 ,  1 1 8  ( 1 9 2 4 ) t  r € v i e w e d  i n  R € f .  3 ,  c h a p L e r  2 1 .
] l  A .  P a i s ,  ? h e  S . i e D c e  e D d  t h e  L i f e  o f  A l b e r r  E i r s r e i n  ( O x f o r d  U n i v .  P r e s s .

w a n i s h  l 1 9 ,  2 5 1 ,  a n  i n c o r r e c t  r e s u l r l n  o t h € r  a o r d <  i f  r | ( t  = .  O .
8 ( 1 '  x  a ( 2 )  = ?  O , a n d  i t  i s  k n o m  e x p e r i m c n r a l l v  t h . r  ! ( r )  x  ! ( . )  i s  n o t  z e r o ,  s o B ( ] )

i s  n o t  z e r o ,  a n d  t h e  p h o t o n  h a s  r h r e e  p o t r r i z a r l o n s .
F i n a l l y ,  i t  a p p e a r s  t h a t  t h e  E i n s r e i n - d .  I l r o ! , l i e  r h e o r y  o f  t i g h t  1 2 8 1 ,  i n

w h i c h  w a v e s  a n d  p a r t i c l e s  i n  l i g h t  a r e  b o r h  r { r a l ,  a n d  c o  e x i s r ,  c a n  a c c o m o a l a t e

t h e  p h o t o n a g n c t o D  l i ' r r  r h r o u g h  r h e  e x i s r . n c .  o f  p h o t ( ) .  s p i n ,  v h i c h ,  i f  t h e  p h o r o n
h a s  m a s s .  i s  r i o r  s o l ]  d e f i n e d  i n  i t s  r e r j t  I  r a m .  ! s  t h e  a r g u l a r  r o n e n t a  o ,  1 i _

T h e  f i c l d  6 " '  b e . o ß . s  t h e  E i n s t e i n - d e  B . o r , , l  i .  t l , i ( l i n a  ( o r  p i l o r )  f i e l d  o f  r h e
f r e q u e n c y  i n { l e r ) . n d c D t  p h o t o n  ( p a r t i c l e )  s f i n .  T h i s  r o a k . s  I  p r o f o u n d  d i f f e r e n c e
t o  t h e  b a s i .  t h ! o r )  o f  e l e c r r o m a g n e L i s m ,  l o r  . x r o | l c  ^ r  b e c o o € s  m a n i f e s t l y
c o v a r i a n t ,  u i r l ,  l o u r  c o m p o n e n r s i  a s  n € e d e d .  a r  r l t r . o l ) s ( j 1 , r !  r j ( / )  t i t r L e  g r o u p  [ 4 ]
i s  r e p l a c . d  l , v , ,  w { , l l  d . f i n e d  a n d  p h y s i c a l l v  I  r a n . r l , i r ( . l r  r o t a t i o n  g r o u p  i n  L h r e €
d i m e n s i o n s  l l t r , : i ( .  a r e  t v o  o f  t h e  c o n s ( , q 1 r . . ' , . . : ,  ( ) l  r l t r ,  . r i s t e n . e  o f  t h e

p h o t o m a g n . l ( ) I  / l " r  o f  l i B h t j  a n d  r h e  g h o s r  1 i { l t l  a ( r ) ,  ! r s  , . x t , . . r . r r o n  v a t u e .

T h e r e  i s  r o  i t l l t ( l ) r ' a  a k i n  t o  E q _  ( 2 )  f o r  r r ( 1 ) .  i i r ü  i l  3 p p ( , a r : ,  l l , a t  t h i s  f i . t d
i s  u n p h y : ; i ( i l  l l , (  l ) h o t o n  s p i n  c a n n o t  g e n e r , r r (  r  l ( ) r U i r , ( t j r ) I I  { l i , . r r i .  t i e t d  b y
syErDet  ry  I  ' r  

l
f ü r r l x , r  , i t i o i d e n t a l  \ r o r k  o n  t h e  i n v i r . s ,  r r ( l  ( ) | r  i . i r l  l r r r i d a y  . i f e . r s  i s

u r g e n t l y  r r , r l u i r ( . ( l  t o  . L u c i d a t e  t h e  i n t e n s i r y  d e l ) e r l k n . .  o t  t h r  i r r l l L r o n c e  o f  , i 1 r r  .
T h e  o r i E i r r r l  ,  ! | ,  r  i n e n t  o f  v a n  d e r  Z i . 1  . l  i l  r , ,  s t ! ) w . ( l  r  d o m i l ! r i n g  s e c o n d

o r d e r  . l t ! (  l  .  l n , l  . l f e c t s  a t  f i r s t  o r d e r  i r r  r l  I  r r t  , t l : ! )  ( , x p . c r . . l .
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Chapter 3

'IHE REIATION BETIJEEN TRANSVERSE AND IiNGITTIDINAI- SOLIJTIONS OF I'AXWELL'S EQUATJONS

M .  H .  E v a n s

I t  i s  s h o m  t h a t  t h e  a n t i s y m n e l r i c  p a r t  o f  t h e  s t a n d a r d  1 i 8 h t  i n t e n s i t y  t e n s o r

is  p ropor t iona l  in  vacuo to  a  Long i rud ina l  mag e t ic  f ie ld ,  denoted  B( ! )  Th is

' . " " "  i t " t  the  c ross  produc t  o f  e l€c t r i c  o r  nagnet ic  components  o f  the  usua l

L r a n s v e r s e  e l e c t r o n a g n e t i c  l i n k e d  t o  r { 3 )  .  T h e  l a t t € r  i s  a  r e a l  '

phys ica l l y  mean ing fu l ,  un i fo rn  rnagnet ic  f ieLd  l t  i s  shown bv  cons ider^ t jons  o f

e n e r g y  c o n s e r v a t i o n  L h a t  i t s  c o n c o n i t a n t  e l e c t r i c  f i e l d  i s  t h e  i n a g i n a r y  r ! r t ) ,

d i rec ted  in  the  san€,  p ropaSat ion ,  ax is  o f  rhe  t ransvers€  p lane l tav€s  Thus '

! r t  and i !ß )  a re  sho\ "n  to  be  cons is ten t  l r i th  Poynt ing 's  theorem and w i th  the

inverse  Faraday  e f fec t .  the  nagnet iza t ion  o f  mater ia l  by  c i rcu la r ly  po la r ized

l igh t .  The ne t  con t r ibu t ion  o f  r { r }  and i ! ( : }  to  e lec t romagnet ic  energy  dens i ty ,

u =  L B ( ] t  r ( t + ! i ! ( t . r ' t ( t )  o ,

where €.  and F0 are respect ively lhe perni t t iv i ty  and peroeabi l l tv  in vacuo

1. Introduction

I t  is  t {e l l  known that  Maxvel l 's  equat ions are Linear part ia l  d i f ferent ia l

equat ions in f ie ld vectors,  charge densi ty,  and cur: rent  densi ty The pr incip le

of  superposl t ion therefore asserts that  the resul t ing f ie ld vector  at  a g iven

poinl  is  the suln of  vector :s produced at  that  point  by var ious sourc€s 11-51
Therefore l , taxwel l 's  €quat ions also äpply to suns of  e lectr ic  and magnet ic f ie lds

and vaves.  They are the four fundamental  equat ions of  e lectromagn€t isn,  and

apply to e lectromagn€t ic vaves and to uni forr  magnet ic änd electr ic  f ie lds in a l l

media ( inc luding the vacuum) that  are res!  v l th respect  to the coordinäte systen

used. In a vacuun two of  the equat ions reduce to the di f ferent ia l  forms,

( l )

( 2 )

n 'L  and ,E  is  nagnet ic  fLux  dens i ty

V  l  =  o ,

v  a  =  0 ,

, he re  r  i s  eLec t r i c  f i e l d  s t r eng th  i n  vo l t s
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r , '  r { : : l a .  I t ' e s .  c o n d i r t o n s  a r e  s , t i s f i e d  b y  t h e  u s u a l  t r a n s v e r s €  e t e c t r o m a g n e r i c
! , , v ( . : ;  i  r )  va .ü ( ,  I  t_5  ;

H o r e v e r ,  r h e y  a r e  a t s o  s a t i s f i e d  b y  u n i f o r m ,  l o n g i t u d i n a l  a  a n d  ! ,  f o r
c x a n p l . ,  E q .  ( 2 )  i s  s a t i s f i e d  b y  r h e  Z  a x i s  f i e L d ,

a r r  =  E  t 0 ) 1 , ( 3 )

The Rehtion Between Tra^s|erse and Loneitudinal...

:d r t i symet r ic  par t  o f  rhe  l igh t  in tens i ty  tensor ,  imp l ies  th€  ex is rence o f  a  rea l  a (1 '

i n  v a c u o .  T h e  l a t t e r  i s  a  n e w  f u n d a m e n t a l  p r o p e r t y  o f  l i g h t .

2- Link Beteeen Longitudinal and Transverse ltagnetic Fields

T h e  a n t i s y m m e t r i c  p a r t  o f  t h e  v e l l  k n o m  l i g h t  i n t e n s i t y  r e n s o r ,  I i r ,  o f

. o n l i n e a r  o p t i c s  I L 5 ,  1 6 1  i s  d e f i n e d  i n  t e r m s  o f  t h e  p r o d u c r  o f  a  t r a n s v e r s e

s o l , r r i o n  o f  M a x w e l l ' s  e q u a t i o n s  ( f o r  e x a ß p 1 e  t h e  o s c i l l a t i n g  e l e c t r i c  f i e l d ,  l 1 1 )

w i rh  i t s  complex  con jueaLe,  denoted  t ' , )  .  Thus ,

wlrer :€ s1d) is  a scaLar ampl i tude in. lependent oI  Z and where i  is  a unl t  axiat
v e c t o r  i n  Z .  F u r L h e r m o r € ,  a  u n i f o r m  s t r i n g  o f  m a g n € t i c  f t u !  s u c h  a s  a , r )  . x i s t s
i n  v a c u o ,  a n d  i s  a  " w a v e  o f  i n f i n i r e l y  r *  f . . q , . " . y . .  r r  i s  u s u a t  t o  d e v e l o p
th€ theor:y of  e lectromagnet ic waves wi thout  speci f ic  reSard for  uni torr i  f ie lds.
The lat ter  are renowed custonar iLy by set t lng rhem..  r . " . " ,  o proceOr:re which isequivalent  to assuming rhat  there is  no t ink bctveen t ransverse elecLlonaAnecrc
wav_es and uni forn lonAirudinal  f ietds of  type (3) .  ! .or  exampte,  in a textbook
s u c h  a s  t h a t  o f  c o r s o n  a n d  L o r r a i n  t 1 l ,  o n ' p a g e  3 1 7 .  r h i s  t u t i t u a r  p r o c e a u r e  i s
embodied in the starement:

" T h u s  r ,  c a n n o t  b e  a  f u n c t i o n  o t  a .  W a  s h a t t  s e t  , 7 = O  s i n c e  s e  a r e
l n t e r e s t e d  i  w a v e s  a n d  n o t  i n  u n i f o r n  f i e l d s "

S i n i l a r l y ,  i r  i s  a s s e r t e d  t h a r  t h e  L o n g i r u d i n a l  u n j f o r n  m a g n e t i c  t i e l d
w h i c h  i s  a  s o t u r i o n  o I  M a x w e l l , s  e q u a L i o n s  i n  v a c u o  i s  z e r o .  T h € s e  a r o l r r a r y
a s s e r t i o n s  a p p e a r  r o  b e  j u s t i f i e d  b y  € x p e r i m e n t a t  d a t a ,  b e c a u s e  t i g h r .  u n l i k e  a
u n i f o r m  e l e c r r i c  f i . l d .  d o e s  n o t  a p p e a r  t o  c a u s e  p o l a r i z a t j o n  t o  f l r s t  o r d e r  i n
A ,  o r  n t a A n e t i z a t i o D  t o  f i r s t  o r d e r  i n  A .  I t  a t s o  a p p e a r s  p o s s i b L e  t o  e x p r e s s
t h e  P o y n t i n g  r h . o f (  i r  r e r n s  o n l y  o f  t h e  r r a n s v e r s e  e f e c t r o m a g n e t i c  w a v e s  [ 1  5
.  

Ho$ever,  i r  is  kno! , .n exper in€ntal ty  that  t ight  
" . "  

, "g int i . .  t6 l  through
t h e  i n v . r s e  | a r . ( t n v  e f f e c t ,  c ä u s e  s h i f r s  i n  a t o n i .  s p e c t r a  p i ;  ,  a n o  r "  N f 4 R  l i n e s
[ 8 ] .  - , I n d c e d ,  

( 1 , .  r l , . o r y  o f  t h e s e  e f f e c t s  t , " .  l e e .  d e " e r . p . a ' i s  i a l  i "  t . , r "  
" ra n  e f f e c t i v F ,  ' r r r i l o r m .  f r e q u e n c y  d e p e n d e n t ,  ü r a g n e t i c  f i e l d .  r n  S e c .  2  o f  t h i s

paper the opr ' . . r1 I ) roperry usuat ty us€d to descr ibe the inverse Faraday €f fect
I 9 - 1 1 1 ,  t h e  a , r r  i : j v n n n e r r i c  p a r t  ( r ö )  o f  r h e  t i g h t  i n t e n s i t y  t e n s o r ,  r , j ,  i s
r e l a t € d  d i r . . r l v  r o  ! . )  o f  E q .  ( 3 ) .  T h i s  m e a n s  t h a r  r r a n s v e r s e  e r e c E r o n a g n e r r c
w a v e s  a n d  u t j l . r ü t  t t , D E j t u d i n a l  f i e l d s  a . r .  t i r * e d  i n  f r e e  s p a c e .  I f  i !  i s
a r b i t r a r i l y  a s s . ! t r . ( r  t h a t  f i e l d s  s u c h  a s  ! t 1 1 )  a r e  z e r o ,  r h e n  t h e  l r a n s v € r s e
e l e c t r o n a g n e t i (  v , , v { . l i  a t s o  d i s a p p e a r .  S e c r i o n  3  s h o w s  r h a t  r h €  e r r s t e n c e  o r  a
r e a l  l ( : )  i m p l  i e : j  r t ) , r r  o t  a n  i m a g i n a r y  j ! ( , '  j n  r h e  s a m e  p r o p a g a t i o n  a x i s  ( Z )  o f
t h e  p L a n e  w a v ( : .  t l r r .  I . t  c o n t r i b , , t i o n  o f  A ( 3 )  a n d  j r r r )  t o  e l e c t r o n a g n e t i c  e n e r g y
d e n s i t y  i s  t h e r . , l o r l  z (  r o .  T h e  e x i s t e n c e  o f  r h e s e  u n i f o r m ,  l o n g i r u d i n a l  f i e t d s
d o e s  n o t  a f f e c t  t h .  r , o y l r i n g  L h e o r e m .  S i n c e  i ! ( ' )  i s  r m a g i n a r t .  r t s  r e a r  p a r t
v a n i s h e s  a n d  c a n n o r  c a L r s e  e t e c r r i c  p o t a r i z a t i o n  a t  f i r s r . o r d e i .  o n  t h e  o t h e r

l . * : . " ' ^ i . .  
r € a l  a r d . r n  m a s n c r i z e  a t  f i r s t  o r d e r .  T h e  e x p e r i m e n r a t  e v i d e n c e

r o r  r n r s  r r n . l r n g  i s  r r a m i l € d  w i r h  p a r L i c u t a r :  r e f e r e n c e  r o  t h e  i n v e r s e  F a r a d a y
e f f e c t  [ 6 ,  9 - t 1 ] .  ! ' i n a l 1 y ,  i n  S e c .  4 ,  i r  i s  s h o l , n  r h a t  t h e  e x i s r e n c e  o t  i i .  r h €

t *  =  
l . . r r i ,  

=  ] e .E tL )  tE t ' t ,

! ( 1 )  x ! ( 2 )  =  i E : E  =  i c z a t o ) z k  =  r ' . 2 r t 0 ) a r ' )  =  c 2 a ( r )  ! 8 ( : )

U s i n g  t h €  f u n d a m e n l a l  f r e e  s p a c €  r e l a t i o n  b e l w . . r  e ] . . 1 r i ( :  l n d  m a g n e t i c  l i e l d

anp l  i  tud€s  in  vacuo,

( 6 )

E q .  ( 5 )  l e a d s  t o  a  c y c l i c a l  r e l a t i o n  b e t \ r e e r  a ( r ' ,  r l , e  u : I r a l  t r a n s v e r : s e  r l a g n e t i c

f i e l d  r { 3 ) ,  a n d  t h e  l a t t e r ' s  c o m p l e x  c o n j u g r t {  a o '  .  1 1 r !  t h r e e  e q u a ! i o n s  a r e

( 4 )

where €" is  the perni t t lv i ty  in vacuo. The conjugate producL is  imaginary,  but
. :an forn a real  interact ion I lami l tonian by nuLtrp l icat ion wi th the imaginary Part

" I  
e l e . t r i c  p o l a r i z a b i l i t )  [ 1 7 ] .  I n  t h e  i n v e r s e  l a r a d a y  e f f e c t  t 9 - f 1 1 ,  a  r e a l

magnet ic d ipole moEent is  induced f ron the product  of  t (1 '  x  !a)  t i th the
imaginary part  of  a molecular  hyperpolar izabi l i ty .  The conjugate product  is
i n d e p e n d e n t  o f  f r e q u e n c y ,  a n d  a s  f i r s r  s h o v n  b y  K i e l i c h  I 1 8 ] ,  i r  i s  t h e  q u a n t i t y
r e s p o n s i b l e  f o r  s t a t i c  m a g n e t i z a t i o n  b y  c i r c u l a r l y  p o l a r i z e d  l i g h L .

I t  i s  a  s i m p l e  m a t t e r  t o  s h o v  t 1 9 l  t h a t  t h e  c o n j u g a t e  p r o d u c t  . a n  b e

e x p r e s s e d  i n  t e r m s  o f  t h e  r e a l  l o n g i t u d i n a l  m a g n e t i c  f i . , l d ,  l ( r ) ,

( s )

8 ( 2 )  x ! ( t )  =  i F  ( o ) B  ( 1 ) .

E ( ! )  !  8 ( 1 )  =  i B ( 0 r D ( 2 ) '

and show tha t  a t1 )  i s  l i r ked  to  B t \ t  and

B I l t  x B r a t  ,  j A l D r ! ( t r  -  ; r L , ) t ( r '

! { r ) .  T h i s

(  7 a )

( 7 b )

( t c )

neans that  i t  is  not



l 5l 4 Ihe Photomagneto^ and Quantutn Field Theory

I f  l ( 3 )  r o ,  t h e n  t h €  a n t i s y m € t r i c  i n t e n s i t y  o f  l i g h t  i s  a l w a y s  z e r o .  T h i s
cont radrc ts  .xper i roenta l  da ta .  There fore  ! ( t )  i s  no t  zero .

There  is  und i  spu t€d  enper imenra l  ev idenc€ fo r  the  produc t  i c ,B{o)A( r .  Th is
c a n  b e  v r i t t e n  o u t  i n  t h r e e  w a y s :  ( a )  i ( E ( 0 , , r ) ) ;  ( b )  r s r o ) ( a r 0 ) - r ) ;  a n d  ( c )
( i8 (o) ' z ) t  The f i rs t  i s  s imp ly  the  con jugate  produc t  i rse l f .  The second is

'lhe 
Relation Befireen Transretse a l'ongitudinal...

p o s s i b l e ,  a s  i s  t h e  c u s t o m a r y  p r a c t i c e ,  t o  d i s c a r d  t o n g i t u d i n a t  s o t u t i o n s  o f
l ' I a x v e l ] ' s  e q u ä t i o n s  i n  f r e e  s p a c e ,  o r  i n  n a t t e r .  I f  a n  a t t e m p t  i s  m a d e  r o  s e r  B ( : )
L o  z e r o  i r i  E q  ( 7 ) ,  t h e  r r a n s v e r s e  f i e l d s  r a )  a n d . B ( , )  a L s o  v a n i s h .  c o n v . r s e t y ,
i f  t u )  a n d ! ( 2 r  a r e  n o t  z e r o ,  t h e n  B ( r )  c a n n o t b . z e r o .  N o t e f r o n E q s .  ( / )  t h a r  a r s r
h a s  a 1 l  t h e  k n o m  p r o p e r r i e s  o f  u n i f o r n  n a g n e t i .  f t u x  d € n s i t y  i n  r e s 1 a .  . l . h e
e q u ä t j o n s  ( 7 )  a r e  j n v a r i a n t  r o  n o t i o n  r e v e r s a l  ( i ) ,  p a r i r y  i n v e r s i o n  ( p ) .  a  d
c h a r g e  c o n j u g a t i o n  (  C ) ,  a n d  f o r n  a  L i e  a t g e b r a  b e c a u s e  a 6 )  ,  a o )  a n d  ! ( 3 )  a r e
p r o p o r t i o n a l  t o  r - o t a t i o n  g e n e r a t o r s  I 2 0 l  o f  t h e  r h r e e  d i n e n s i o n a t  g r o u p  o ( u )
In space-t i rn€,  rhese forar- ion generators forn a subgroup of  Lhe Lor€nrz grol lp
t h r o u g h  t h e  s a n e  t y p e  o f  L i e  a l g e b r a .  T h e  c y c L i c a t . q " u t t . " "  ( 7 )  a r e  s y m m e r r i c a l
a n d  a r e  g e o n e t r i c a L  i n  n a t u r e  t 2 0 ,  2 1 1  .  f h e  c u s t o m a r y  a s s e r t i o n  t h a t  r ( r '  i c
z € r o  ( s e e  I n t r o d u c t i o n )  v h i l e  ! ( t )  a n d  t ( 1 )  i s  g e o m e t r i c a l l y  u n s o u n d
I 2 0 ,  2 1 1 ,  b o t h  i n  t h r e e  d i m e n s i o n a t  s p a c e .  a n d  f o u r  d i m e n s i o n a l  s p a c e - t r n e .  . l . h e
r e a s o n  i s  t h a t  a ( t ) ,  a o )  a n d  8 ß )  a r e  e a c h  p r o p o r t i o n a t  t o  r o t a t i o r l  a e n e r a r o r s ,and the):e are rhree non zer:o rorat ion generar ors in space.  The rotat ion
generarors forn the Li€ a lgebra of  0(3)  in rhree dinensional  spac€.  tn space_
t ime, the rorar ion generarors are vel1 known t20l  to be four ty  r" , r  rnatr i " .s ,
and the generators in th is case obey a Lie a lgebra vhich aescr lbes a subgroup ot
t h e  L o r e n t z  g r o u p .  I t  1 s  g e o m e t r i c a l t y  i n c o r r e c t ,  e i r h e r  i n  O ( 3 )  o r  i n  t h e
Lorentz group,  to assert  rhat  ! (1)  is  zero vhi le at  the san€ t ime assert ing that  A(1,
and Ao) are Unfortunately,  rhese assert ions have become so tami l iär
through hablr  thar rhey are ro be found in nünerous t€xtbooks on electrodynamics.

I " Ihat  is  the €xper inental  evidence for  , ( r )?
I t  is  s i rnple to see that  exper iDentat  evidence for  the existence ot  rhe

t e 1 1  k n o m  l i 8 h t  i n r e n s i t y  t e n s o r  i s  a t s o  e v i d e n c e  f o r  r h e  p r o d u c t  i c 2 B \ a t B t " .
Is  i t  then possibLe to argue that  ! (3)  is  zero vhi t€ at  rhe säne r ime ac.ept ing
the existence of  i3? The t r l t imat€ änsrer to th is resides in exper in€nral
observatron.  and in rh is conrerr  i t  is  knom that  c i rcular ly  polar ized t ight
magnet izes 16,  9- l1 l  t iquids and sot ids through rhe inv€rse Fa;aäay ef fecr .  ihe
l a t t e r  c a n  b e  d e s c r i b e d  t h e o r e t i c a t t y  [ 9 - 1 1 ]  i n  t e r m s  o f  t h e  c o n j u g a t e  p r o d u c t ,
and ther€Jore in terms of  r ,1,  the ant lsymnetr ic  inrensl ty of  l ight ,  an axia l
vector .  I t  is  wel l  establ ished rherefore that  there is  exper i rnental  evidence for
the conjuaate producr ! { r )  x  r rz) .  Fron Eq. (5)  there is  atso €vidence for  the
product  jc2r j ro)B(t .  Do€s th is mean rhat  there is  evidence for  ! ( i )? Let  us
c o n s i d e r  t h e  p o s s i b i l i t i e s _

t h €  r e a l  m a g n e t i c  f i e l d  B ( 3 )  m L l t i p l i e d  b y  i a ( 0 )  a n d  t h e  t h i r d  i s

e q u i v a L e n t  t o  t h e  f i r s t .  T h e  p r o p e r t y  a p p e a r i n g  i n  c a s e s  i )  a n d  i i i )  c a n

produce th€  inverse  Faraday  e f fec t  as  in  s tandard  theorv  [9 -1r ]  ln  case

i i ) ,  the  same proper ty  has  been exPressed in  te rms o f  a  rea l ,  fundanenta l

vec tor  86)  vh ich  has  aL l  the  knom proper t ies  o f  rea l  L ln i fo rD nagnet ic

fLux  dens i ty .  In  a l l  Lhree  cas€s ,  the  nos t  fundanenta l  e lenent  i s  a ( t r ) ,

| /h lch  is  there fo .e  a  fuDdanenLa l  p roper r r  o f  l ig f i t .  The way in  wh ich  th is

proper ty  man i fes ts  i t se l f  exper inenta l l y  can  be  de termined on lv  by  fu r ther

i n v e s t i g a t i o n -  I n  t h e  a b s e n c e  o f  c o n t r a r y  i n d i . a t i o n s ,  i t  m u s t  b e  a s s ü m e d

r h a t  r h e  r e a l  p a r t  o f  a ( t  i s  a  m a g n e t i c  f i e 1 d ,  a n c t  h a s  a l l  t h e  ' s s o ' i a t e d

phys icaL proper t ies .  The consequent  spec t roscop ic  e f fec ts  exPer : ted  f rom a( "

h a v e  b e e n  d i s c u s s e d  f u l r y  e l s e w h e r e  [ 2 2 ]

I n  t h e  i n v e r s e  F a r a d a y  e f f e c t ,  f o r  e x a n p l e ,  i t  i s  e x p e c t e d  t h a t  B { r )

can fo rm a  d i recr  in te rac t ion  Hami l ton ian  \d i th  a  rea l  e lecr ron ic  magnet ic

d ipo l€  moment ,  i f  non 'zero ,  as  in  a  Paranagnet ic  ln  th is  case there  wouLd

b e  m a g n e t i z a t i o n  d u €  L o  i c 2 B ( o ) D r ! )  ,  p r o P o r t i o n a L  t o  l i g h t  i n t e n s i  r y  p l ! r

magnet iza t ion  due to  .E(3) ,  p ropor t io .a l  to  th€  square  roo t  o f  l igh t

i n t e n s i t y .  T h e  r € l a L i v e  c o n t r i b u t i o n s  w o u l d  d e p e n d  l 2 l  o n  t h e  r e l a t i v e

magn i tudes  o f  the  proper ty  t€nsors  med ia t ing  the  two mechan lsms as

d iscussed e lsevhere  in  d€ ta i l .  ln  the  one ava iLab le  exper iment  on  the

i n v e r s e  F a r a d a Y  e f f e c t  t 6 L ( d o p e d )  c a F ,  S l a s s e s  w e r e  i n v e s t i g a t e d  a t  l i q u i d

h€ l iun  tempera tures .  1 t  i s  no t  cLear  vhether  rhese gLasses  con la ined a  ne t

nagn€r ic  d ipo le  ßonent .  The mäjor i t y  o I  da ta  in  these exper iments  were

ob ia in€d on  a l iamagnet ic  l iqu ids  a t  room t€npera ture ,  vh ich  vere  magner icaL-

1y  non-d ipo la r  and in  vh ich  an  e f fec t  to  f i rs t  o rder  in  a (3 '  i s  no t

expec ted  because there  is  no  ne t  magner ic  d ipo l .  moment  w i th  wh ich  l (1 )  can

i n t e r a c t .  I f  t h e  g l a s s e s  u s e d  i n  t h i s  p i o n e e r i n g  ( a n d  d i f f i c u l r )

exper i r0ent  d id  conta in  a  ne t  magnet ic  d ipo l .  moment ,  an  e f fec t  i s  expec ted

l rh ich  is  p ropor t iona l  to  ! ( ' )  ,  because th .  La t te r  has  a l  I  the  knom

p r o p e r t i e s  o f  u n i f o r m  n a g n e t i c  f l u x  d e n s i r y  T h e  a v a i l a b l e  d a t a  [ 6 ]  c a n

b€ in te rpr€ ted  in  te rms o f  the  Prod, ( : l  i . ' :E ld )a{ ' '  whose matn i tude is

. 2 8 ( o r 2 ,  i . e .  p r o p o r t i o n a l  t o  t h e  s q ü a r e  0 1  l h e  f u n d a m e n t a l  p r o p e r t y  ! r r )  '

T h e  d a t a  i n  n o  t a y  c o n t r a d i c t  t h e  e x i s t . ' n c c  o f  t G ) ,  a n d  t h e  a v a i l a b l e

r e s u l t s  a r e  u n e q u i v o c a l  e v i d e n c e  f o r  r h .  c x i s t e n c e  o f  t ( 3 )  m u l t i p l i c ' d  b v

I !  i s  c lear  tha t  the  inverse  Faraday  e f le . t  i s  exper imenta l  ev ider rce  fo r

! ( 3 ) .  T h e  n e x t  s e c t i o n  s h o w s  t h a t  t h e  e x i s t c n c e  o f  a ( 3 )  i s  c o n s i s t e n t  1 { i t h

exper imenta l  da ta  conc€rn ing  e lec t romagnet ic  e .e rgy  dens i ty  änd the  Poynt ing

theor :em.  In  o ther  vords  there  is  no  fundamenta l  con t rad ic t ion  whatsoewer  v i th

exp€r imenta l  da ta .2 .

1 .



t.' The photomagneton and euantum Field Theory

I  ( ;q rs idera t ions  o f  E lecr roDagnet ic  Energy  Dens i ty

T 1 , .  e x i s t e n c e  o f  l o n g i r L r d i n a l  s o l u r i o n s  o f  M a x w e l t , s  e q u ä t i o n s  s u c h  a s  A r 3 ,s u S i ] ( , s t s  a  5 0 2  i n c r e a s e  i n  e l e . r f o
radia, i on raw l 24 r i s u".,".0,."1'?I'.".".,'J"?:J.:":TI:J.:HI""J;J;";;. :' :fi 

-; 
:knor.rn to account precisety for  exper imentaL neasuremenrs # Lignr lntensjry.

Therefore rhe nagner ic f ie ld r ( r )  cannot conrr ibure to U in f r€e spac€.  Thisseens to contradict  rhe fact  rh.r  the !ora1 woik which musr be done to estabLisha  r ä g n e t i c  f i e l d  i n  r e r n s  o f  r h e  m ä g n e t i c  f l u x . t e n s i r y  i n  f r e e  s p a c €  r s  r n ei n t e g r a l ,

The Relation Between Tra^sverse ond Lofigiludinal...

t ' ' !  
, .  f a i ! )  s r ! ' , 1 r ,

o v e r  t h e  v o l u n e  o f  i n t e r e s r ,  { h i c h  c a n  D e  r a k € n  r o
l i g h t  b e a m .  H e r e  F 0  i s  r h e  n a g n e r i c  p e r m e a b i L i t y
i n  f r e e  s p a c e  a s s o c i a t e d  w i r h  ! | { i )  i s  r h e r e f o . e

( 8 )

be  the  vo lune occup ied  by  the
in  vacuo.  The energy  dens iLy

V . ( r x r { r , )  =  a r , ) . ( V x  a )  l  ( V x a ( , ' ) ,

and the l laxvel l  equat ion

v x  l { r

l e a d s  t o  t h e  L o r e n t z  L e n m a  [ 1 ]

o ,  V \ E  - AB
a t '

V ( r xa (3 ) )  =  V  ( t ( ' )  x r ) .

T h i s  c a n  b e  r e - e x p r e s s e d ,  u s i n g  t h e  M a x s e l l  e q u a t i o n s ,

9 r r ,  d a  -  l -  s o r  '  d l  o ,

(  1 4 )

( 1 5 )

( 1 6 )

( 1 3 )

( 1 8 )

( 1 e )

7f,t" '  ' ' " ( e )
f ron  rh ich  i t  can

to  e lec t romagnet ic

the  facr  tha t  a (3)

more ,  in tegra t ing

e r t  ,  B l ' . '  
1 . ; t *  1 1 e ' t ,

a t  e a c h  p o i n t  i  s p . ( : e .  , f h i s  
i s  n o r  z e r o  i n  l }  n e r a t  ,  a n d  t h e r e  a p p e a r s  t o  b e  a

c o n t r ä d i c t i o n  w i r h  e : p e r j m e n r a l  d a t a  o n  l i g h t  i r r r € , n s i L y  a n d  ! i t h  r ; e  p t a n c k  1 a v .
I r  i : r  : i h ( ) v n  i n  t h i s  S e c .  t h a t  t h i s  , : " I t r : , A i c t t o r  c a n  b e  r e s o t v e d

t h r o u A h  t h . r  l r . t  I  l u r l  a s s o c l a t e . t  w i t h  r c )  i l  f r e e  s p a c c  j s  a  p u r e  r m a a i n a r y ,
u n i f o r m .  l o l J l i l r k t i I a l .  c L e c t r i c  f i e l d  i r 1 3 ) .  t . h .  t o t a t  e n c r g y  d e n s r r y  d u e  L o
A o t  a n d  i ! ( ' ,  i : :  r {  r . o .

( 1 0 )

(11ä )

( 1 t b )

be seen tha t  the  cont r ibu t ions  o f  p roduc ts  a { t  a  and tc '  !

e n e r g y  d e n s i t y  T h i s  i s  o f  c o u r s e  c o n s i s t e n t  t i t h

is  o rLhogona l  to  a ,  and i l r ' '  i s  o r thogona l  to  r ' .  Fur ther -

E q .  ( 1 5 )  o v € r  a l L  s p a c e ,  a n d  u s i n g  t h e  D i v e r g e n c e  t h e o r € m ,

u =  L a o t . r ( . )  + , l  € o ; a ( ! )  .  i r ( 1 ) ,

i n  a g r e e m e n l  r i r I  e x p e r i m e n r a l  d a t a .  T h e  e r i s t e n . .  o f  j ! { 3 )  . a n  b e
f o l l o w s  L r s i n t  , ,  l o r n j  o f  r . o r e n t z , s  L e m n a  I f J .  r ,  i .  u " . , , . a . n ^ i ,

E o - E + E o ) ,

B a - B + 8 t t t ,

where  t  and I  a .e  r  r . i sverse  e lecr romagner ic  aaves
a n d  i s  d e f i n e d  b y  F l ( i  ( ! ) .  a n d  i n  S e n e r a t  r ( i )  n a y  b e

V  ( ! o x a d )  :  V  { r x B )  + V . ( r x r r ! ) )  +  V . ( ! ( 3 }  x a )  +  V . ( r o ,  x E ( r ) .

/ ( ! ' s c )  
r ( 3 )  x s )  . r d  o .  

( 1 7 )

Th is  imp l ies  tha t  the  in tegrand is  zero-  Tak inß the  8( t )  and ! ( r )  conponents ,

! ( 1 )  x ! { 1 )  :  ! { ! )  ! t o '

a n d  f o r  t h €  t o )  a n d  l o )  c o n p o n e n t s ,

! ( . )  x t ( ! )  -  t € )  ! a ( 2 )

U s i n g  t h e  d e f i n i t i o n s  i n  c i r c u l a r  p o L a r i z a t i o n ,

' fhe uni forrn r (1)  is  real
c o n p l  e x .  U s i n g  t h e  v e c r o r

su, = !e,1 i11.,t (20)

is imginary i f  aß'i t  fo l lo rs  tha t  the  pos tu-1a ted  long i tud ina l  e1€c t r : i c  f ie ld  i !€ '
( 12 )
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l r L L  , 1  . , , 1 r  l | i x t u . e s  r / = o  f r o m  E q  ( f 0 ) ,  s o  t h e  n e t  c o n t r i b u t i o n  o f  A ( 3 r
. , r i L t ' r '  | 1 ,  r ,  i , j  , : c r o ,  c v e n  r h o u g h  r h €  i n d i v i d u a l  c o n r r i b u t i o n s
' , r l  , r .  , ( " ) r i : r l r n r  w i r h  I r t a n c k , s  1 a w .  I n  a r r i v i n g  a t  i t  w e  h a v e  a s s u n e d  o n t y  t h a t

l l , ,  l , , D | i l r l l i n a l  a ( r )  i s  a c c o n p a n i e d  b y  t h e  t o n g i t u d i n a t  j ! ( ' ' .  T h e  e x i s r e n c e
, r l  , ,  r r . l l  a i r )  ; r n d  i n a g i n a r y  i ! ( ! )  i s  a t s o  c o n s i s r e n t  w i t h  t h e  f a c t  r h a r  8 ( ] )  i s
( ) l ) s (  r ' v a b l e  I h r o u g h  t h e  i n v e r s e  F a r a d a y  e f f e c t ,  w h i t e  t h e r e  i s  n o  e v i d e n c e  f o r
(  I r . t r i c  p o l a r i z a t i o n  b y  l i g h r  a p a r t  f r o m  o p t i c a l  r e c r i f i c a t i o n  [ 2 5 ] .  T h e  L a t L e r
o ( : . ' , r s  i n . h i r a l  m a t e r i a l s  a n d  j s  a  s e c o n d  o r d e r  p r o c e s s .  T h e  r e a l  p a r t  o f  r . r ( l )
r s  z e r o ,  a D d  t h e r e f o r e  r h e r e  i s  n o  e l e c t r i c  p o l a r i z a r i o n .  F u r r h e r n o r e ,  i r  i s  n o t
p o s s i b l e  t o . o n s l r u c t  ! { r }  f r o m  v € c t o r  c r o s s  p r o d u c t s  o f  L r a n s v e r s €  f i e l < i s .  s u c h
; rs  8 r l )  x  t {2 }  !  ! {1 )  x  D( : ,  a r ld  so  on ,  because rhe  vec tor  p roduc ts  a re  i  negat iwe
, h i l e  l r t  m u s t  b e  i  p o s i t i v e  i f  i t  i s  t o  b c  a . e a ?  e L e c t r i c  f i e l d .  T h e r e  i s  n o
l , i c  n l g e b r a  f o r  ; r  r c a l  l { r )  a n a l o g o u s  w i t h  r h e  i , i e  a t g e b r a  ( 7 )  f o r  , ( ! ,

T h e  m a i n  r e s u l l  o f  t h i s  s e . r i o n  t h e r c f o r e  i s  r h a t  t h e  p o y n t i n g  r h e o r e m ,

rk  ]2 . , , k \ r , ,  r j , )  ie^c)F .Bt t t  =  i t ,E ,

w h e r e  t  i s  a  u n i t  a x i a l  v e c t o r :  i n  t h e  p r : o p a g a l  i o n  d i r e c l i o n .

r l , e r e f o r e  p r o p o r t i o n a l  t o  t h e  s q u a r e  r o o t  o t  / r '

,," = (.".1r, )* - (.J: 1'" (24',)

T h e  a n t i s y m n e t r i .  p a r t  o f  l i g h r  i n t e n s i t y  i s  a l s o  r e L a t e d  t o  t h e  t h i r d  s t o k e s

p a r a m e r e r  s , ,  a n d  i t  i s  v e l l  k n o w n  t h a t  t h e  L a t t e r  i s  n o D _ z e i o  o n l y  i n  ' i r c u l a r l y

o r  e l l i p t i c a t l y  p o t a r i z e d  L i g h r .  T l i e  f i e l d  . B ( 3 )  i s  r h c r r f o . e  z e r o  i n  l i n e a r l v

p o l a r i z e d  o r  i n c o h e r e n t  l j ! , h t ,  a n d  b y  E q  ( 1 8 )  s o  i s  t h .  i m a g i n a r v  i l € ' '

E f f e c t s  d u e  t o  8 { 3 )  a l e  e x p € c t e d  t h e r e f o r e  o n l y  i n . i r c L r l a r l y  p o L l r i z e d  L i S l ' r

i n t e r a c t i n g  w i t h  $ a t t e r .  F o r  e x a n p l e ,  t h e  i n v e r : r .  t a r a d a v  e f f e c t  i s  m a g n e t i z a

r i o n  d u e  t o  c l r c u L a r l y  p l ) l a r i z e d  l i 8 h t ,  a n d  t h .  s i l l n  o f  m a g n c t  i z a r j o i  r e v e r s e s

e x p e r i n e n t a t l y  w i l h  t h e  s e n s e  o {  c i r c l l a r  P o l a r i 2 ä t i o n  1 6 .  9 - 1 1 I  I r  ' : n  b e  s a i d

t h a t  t h e  i n v e r s e  F a r a d a y  e f f e c t  i s  n a g n e t i z a t i o r r  ( l L t e  l o  t h .  a n g r r l a f  m o m e n t u m  o I

a n r i s y n m e t r i c  l i g h t  i n t e n s i t y ,  L h e  l a t t e r  . a n  l ) .  e x P f . s s e d  j o  l . r m s  o f  t L e

f u n d a r e n L a l  B o ) .  U n f o r L u n a t e l y .  t h e  d a t a  a v a i t , L l e  o n  L h e  i n \ ' ' f s e  l ' a r a d a y

e f f e c t  d o  n o t  S i v e  a  s u f f i c i e n t  i d e a  o f  w h e t h c r  l h e  f j e l d  r ( 1 )  . a n  a c l  d i r e c t L y .

t o  p r o d u c e  m a g n e t i z a t i o n  p r o p o r t i o n a l  t o  t h e  s r l r r a r e  r o o l  o f  i n t e n s i r y  T h ' r e  j s

i n  f a c t  o n l y  o n e  r e p o r : t e d  e x p e r i r n e n t  [ 9  1 l l ,  l r d  ß ) s t  o f  t h e  d a t a  f r o n  t h a l  s t u d v

w e r e  o b t a i n e d  i n  m o l e c u l a .  l i q u i d s  a t  r o o m  t . m P e r  : r t  u r e  t n  t h e s e  d - i d m a g n e t i c s

t h e r €  i s  o  p e r m a n e n t  n e t  m a g n e t j c  d i p o l e  m o n r e , , l  a n d  t h e  o b s e r v e d  ü a g n e t r z a l r o n

i s  p r o p o r t i o n a L  t o  l ! ( ! ) l r  a n d  t h e r e f o r e  t o  I  i S l r t  i n t e n s i r y  S o m ' r  d a r a  w e r e

r e p o r t e d  a t  l o v  t e m p e r a t u r e s  i n  d o p e d  c a F ,  ß l a s s .  : ] n d  a p P e a r  a t  f i r s t  g L a n c e  t o

b e  p r o p o r L i o n a L  t o  l n t e n s i r y .  H o w e v e r  a  L . r s r  m . ' a n  s q u a r e s  f i t  u o r r l d  r e v e a l

w h e t h e r  t h e s e  d a t a  i n d i c a t e  t h e  P r e s e n c €  o l  , r . o r ) t r i b u t i o n  f r o m  t h e  s q u a r e  r o o t

o f  i n t e n s i t y .  A  r e c e n t  r e a n ä 1 y s i s  [ 2 3 ]  o f  l h { '  ! n v e r s €  F a r a d a v  e f f e c t  i n d i c ä t e s

the  orders  o f  magDi tude o f  con t r ibu t ions  I  o  I  he  to ta l  magnet i  za t ion  f rom

i c ' z B t o t A t 3 )  a n d  i r o m  a 6 )  ,  a s s u m i n g  t h a t  t h ( '  l a l  t e r  a c ! s  a s  a  m a g n e t i c  f i c l d '

T h i s  a s s u n D t i o n  i s  a n a l v z € d  i n  m o r e  d e t a i l  i r ,  l l i e  f o l l o w i n g  d i s c l l s s l o n

5. Discüssion

The Rekttion Between Traisvetse ond lnngitudinal...

T h e  q u a n t i t y  r ( t  h a "  a L l  t h e  k n o v l  t I o P . , r t i e s  o f  m a g n e t i .  f L u x  d € n s i t y

i . e .  i t  h a s  r h €  u n i t s  o f  r e s l a .  i s  ! n  a x l a l  v e c t o r  \ ' v h i c h  i s  ö  n e g ä t r v e ,  P

p o s i t i v e ,  i  n e g a t i v e ,  a n d  i s  a  s o l u t i o D  o f  M l x w € L L ' s  e q u a t i o n s .  I t  l s  h o s e v e r ,

a  p rop€r ty  o f  l igh t ,  and is  no t  a  conv- 'n t iona l l y  Senera ted  un i fo rm magnet ic

f i e l d ,  i n  t h e  s e n s e  t h a t  i L  i s  n o t  g e n e r a l { : d  b y  a n  e l e c t r i c  c u r r e n t  a s  - i n  a

wound so leno id .  o r :  a  masnet ic  mater ia l  such as  an  ord inary  magnet  The con jugate

l 9

(23)

T h e  l ( : )  v e c t o r  i s

V f,o 
urL no i ,*"""' ( 2 1 )

r s  ' t r ' c h : " , 1 1 { ( l  l , \ ' l h (  . : { i s t e n c c  o f  ! ( ] )  a n d  t t r t .  l t r c s e  f i e t d s  d o  n o r  c o n t r a d l c t
l h .  l r v  o l  ,  ( , , , : i ü ! , t i ( ) , r  o f  e l e c r r o n a g n e r i .  . , n . r e , y  . l e n s i t v  i l l  t r e e  s p a c e .  F r o m
l h e  L i , ,  r l l r . 1 , r , ,  ( / )  l l r r  s o u r c e  o f  a { 3 )  i s  t t i e  s a r n e  a ! i  t l r a r  o f  ! 1 1 )  a n d  B ( . )  a n d
i 1  i s  r ! , 1  t i , , , . : i l ) 1 ,  r t ,  a s s e r r  r h a t  r ( 3 ,  c a r t r r o l  e x i s t  b e . a u s r  l h e r e  i s  ! o  s o u r c e
t o r  i r  i r  l r , (  r t , ! r  ( t L e a r l y  i f  . B { 3 )  v a n i s h . d  f o r  t h i s  r e a s o n  s o  w o u l d  ! ( 1 )  - n d

: r : ) I  
^  r , . , 1  a ( , )  . , r r l  a n  i m a g i n a r y  i r ( . ,  i s  c o r t s i s L e n r , i r h  e x p e r  r n x . n r : 1 t  ( i r t a .

: f i : h  
, , 1 , , , ' , ,  r r ' r  , r i : ; r . n c e  o f  n a s n e t i z i n s . l f ! . t s  d u c  r o  c i f c u L a r l y  p o t a r j z e d

l i g h l  h , r  , r , ,  l , , , l . i r  i z j n g  e f f e c t s .  ( O p t i c a l  r . c t i f i c a t i o n  o c { : u r s  r n  l i n e a r
p o l a r i / . t r  i , i , ,  l r l r  r l r .  j n v e r s €  F a r a d a y  e f f e c t  r e q u i . e s  . i r . u l a r  p o t a r r z a t  i o n  t n
l i r r € , a f  t ( , 1 , , r  i . : , L r  i , , r  b o 1 : h  B ( 1 )  a n d  i ! ( ' )  a r e  z e r o ,  s h o r j l l t  t h a r  o p t i c a t  r e . t i f i c a
t r o l  r s  [ ( ) t  , 1 1 i r .  r , ,  . r  ]  o n g i r u d i n a l  e t e c r r l c  f i e l d .  )

4 .  A n t i s y t u . t r i {  l . i l i h t  I n t e n s i t y  a n d  a ( r )

T h .  , , n r  i , : , " D r r (  r I  i , .  p 3 . t :  o f  t h e  l i g h t  i n t e n .  v  l c n s o r

r t )  =  e a c E t E l ,  ( 2 2 ,

i s  d e f i n e d  j n  t h e  l i r ( . r a r ü i e ,  f o r  e x ä n p t e  b y  K n a s t  a n d  K i e l i c h  I 2 6 J  a s  r h e  p t r r e
inag inary  ax i  a l  ve . l  o r
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I , rodLr . t  can  be  expressed in  te r rs  o f  9 t : r ,  and the  la r te r  i s  an  e len€ntarv
p r o p e r t y  o f  c i r c u l a r l y  p o l a r i z e d  l i g h t ,  o r  e l e c t r o m a g n e t i c  r a d i a r i o n .  T h e  s o u r c e
of  Er l )  nus t  there fore  be  thought  o f  in  the  same rerms äs  the  source  o f  A(1)  and E(1)
i n  f r e €  s p a c e ,  i . € -  i n  r e r n s  o f  t h e  s o u r c e  o f  e l e c t r o m a g n e t i c  r a d i a t i o n  i n  f r e e
space.  The concept  o f  a (3)  i s  rhere fore  new to  the  th€ory  o f  e tec f , romagneLrsm,
anc t  i t s  p roper t ies  must  be  invesr iga ted  exper inenta l ty  in  o rder  !o
rhe ther  i t  ac ts  as  a  r0aAnet ic  f ie td  o r  as  par t  o f  rhe  l ighr  in rens i ty  rensor .
ln  e i ther  case lhe  L ie  a lgebra  (7 )  shows rha t  r ( r )  i s  t inked to  D(1)  and a(2)
vh ich  are  o f  course  nagner ic  waves .

I t  i s  c l e a r  t h a t  a ( 3 )  i s  n o r  z e r o ,  a n d  i t  s e e n s  b a s i c a l l y  s e l f  c o n t r a d i c t o -
ry  to  asser t  tha t  a  quant i t y  vh ich  has  a l l  th€  knovn proper t i€s  o f  a  nagnet ic
f ie ld  cannot  ac t  l i ke  one exper imentaLty .  I f  such  a  Däradox  is  cont i rmed
e x p e r i m e n t a l l y ,  i t  \ r o u l d  i n d i c a l e  r h a t  e L e c r r o d y n a m i c .  i .  n " t  c o m p t e t € ,  a n d  n o t
s e l f  c o n s i s t e n t .  S i n c e  a ß )  h a s  a L l  t h e  p r o p e r t i e s  o f  m a g n e t i c  f l u x  d € n s i t y  a n
in te rac t ion  Han i l ton tan  o f  the  ty !e ,

( 25 )

l s  e x p e c t e d  w i t h  a  m a g n e t i c  d i p o l e  m o n € n t  D ,  a n d  a  \ , ä r i e r y  o f  o r h e r  e f f e c r s
s p e c i f i c a L l y  d u e  t o  . a i l )  r e g a r d e d  a s  a  m a g n e t i c  f i e t d  a r e  l i s t e d  i n  R e f s .
1 2 0 - 2 2 1 .  A r  i ' r r . r c s t i n s  e x a n p l e  i s  t h e  B o h m  A h a r o n o v  e f f e c r .  i n  w h i c h  a
c i r c u l a r l y  p ( ) l a r i z e d  l a s e r  g u i d e d  t h r o u g h  a  2  F n  o p t i c a l  f i b r e  i s  e x p € c t e d  t o
p r o d u c e  a  f r  i r r i ] 1 :  s h j f t  i n  i n r e r f e r i n g  e l € c r r o n  b e a r n s  l 2 l 1 .  T h i s  s h i f r  w o u l d
i n d i c a t e  t h r  . x i : j r . n . c  o f  t h e  v € c t o r  p o r e n r j : i l  d u e  t o  r h e  m a s n e r i c  f i e L d  A { r )
g e n e r d l e d  h v  r l r ,  ,  r r ,  r l  , r l \  p o l d r i z e d  l d s ,  r '  t - s , i . r q  

. h r o u g h  . n ,  L p . r . -  , i b r - .

I f  n o  e f f e c i  i : J , ) h s . r \ ' € d  r h e n  a ( ' )  d o e s  n o t  a c t  a s  a  n a g n e t i c  f i e l d  d e s p i r e
h ä v i n g  a l t  l h .  k r ! ) w r !  p r o p e r r i e s  o f  a  m a g n e t i c  f i e L d .  T h i s  v o u l c l  b e  a  f u n d a n e n t a l
p a r a d o x  i n  r , l . c l r i ( l y n a r n i c s .  I f  a n  e f f e c t  i s  o b s e r v e ( 1 ,  r h e  e x i s t . n c e  o f  B r r )
w o u l d  b e  v . r - i l  i , ( l  T h e r e f o r e ,  e i t h e r  w ä y .  t h e  . x p € r i m e n t  i s  o f  s r e a l  i n t . r e s t

2 8 .
T h e  n e t  c o r r t  I  i b , , t  i o n  o f  A ( 3 )  a n d  i ! r . )  t o  e t  e c t  r o m a S  e t  i c  c n e r B v  ( t e , r s i r ,  i s

z e r o ,  a s  d i s . , r s : ; t ( l  i n  t h i s  p a p e r .  H o v e v e r ,  i n  R e 1 .  l l .  i t  i s  m a d c  c t - . a r  r h a t
t h e  a s s i g m e n l  ( , 1  r D  e n e r g y  d e n s i t y  f r o o  ä  m a g n - l i c  , ,  F t F L t r r r  f j . l d  t o  a  p o i n t
i n  s p a c e  i s  a r  d i r  i r r L y  a r b i r r a r y  p r o c e d u r e .  a h i c t r  i s  d e s . : r i b ( . 1  j t r  t { e f  .  I t l  a s
" m e a n i n g l e s s "  { r ( . (  r ) l  ; , ! i  a  n e a n s  o f  c o m p u t i n g  t h e  . v e r a l t  r n 3 l n e t i .  o r  e L e c r r : i c
e n e r g y  l t  i s  a l s ( )  m r d e  c L e a r  t h a r  i t  i s  m e a n i D s l e s : i  r . ,  ( l i : ; . u s s  e n e r g _ v  a s
r e s i d i n g  i n  a  m i i ! , ,  l i ( . o r  e l e c t r i c  f i e l d .  A r g u n e h t  s  a . p , r i n : j r  r l , c  e x i s t e n c e  o f
A t t  o n  t h e  A r o ' | n l i i  , ) l  (  I e . t r o m a g n e t i c  € n e r g y  d e  s j l y  , , r { .  r } r ( . r ( . l o r e  n o t  v a t i d .
T h i s  c o n c l u s i o n  i s  r (  i r ) l o r . e d  b y  t h e  f a c r  t h a t  i l  i s  t h e  s ( : a l a r  p a r t  o f  l i g h t
i n t e n s i t y  t h a t  i s  n o r m ! l l y  a s s o c i a t e d  w i t h  e l e c t  r o D . l ! , , i e t  j c  e n e r A y  d e n s i r y ,  a n d
n o t  t h €  a n t i s y m e r r i c  p a r r ,  w h i c h  g € n € r a t e s  A ( t .  T h e  l a r r e r  i s  n o t  l h e r e f o r e
e x p e c t e d  t o  c o n t r i b u t e  r o  € l e c i r o m a g n e t i c  e n e r g y .  a r l d  r h i s  r e s u l r  i s  r e i n f o r . e d
by  the  ca lcu la t ions  o f  th is  paper ,  r ,h ich  show rhar  aß)  i s  acconpan i€d  by  an

i r D a g i n a r y  t ! ( t .  T h €  d o r  p r o d u c r  o f  t h e  c o n p l e x  v e c t o r  ( s ( ' ) / F o l / ,  +  j € o r l , ! ( ' )  w i t h

The Relation Bebreen Traatverse and I'oneitudiaal...

i r  s . , l f  i s  z e r o ,  a n d  v e  d e f i . e  r h i s  d o t  p r : o d u c t  a s  t h e  ( z e r o )  c o n t r l b u t i o n  o f  a ( : )

. ,nd  iEßt  to  e lec t romagne! ic  energy  dens i ty  in  wacuo.

I t  i s  c l e a r  r h a t  i f  , B ( ' )  i s  a  m a g n e t i c  f i e l d ,  i t  i s  u n i f o r n  a n c l  i n d e p e n d e n t

, , f  I r e q u e n c y ,  a n d  a s  s u c h  i s  a  l e g i t i m a t €  s o L u t i o n  o f  M a x w e l l ' s  e q u a t i o n s .  T h e

i m a g i n a r y  i a ß )  i s  s i m i l a r l y  a  s o l u t i o n  o f  M a x w e l l ' s  e q u a t i o n s ,  b u t  h a v i n g  n o

r ( :aL  par t ,  i s  no t  convent iona l l y  expec ted  to  p roduce phys ica l  e f fec ts  such as

. l e c t r i c  p o l a r i z a t i o n .  T h e r e f o r e  i t  i s  n o t  p o s s i b l e  t o  a s s e r t  t h a t  A ( t  1 s  n o t

, ,  m a g n e r i c  f i e L d  b € c a u s e  i t  i s  n o t  a  s o l u t i o n  o f  M a x w e l l ' s  e q u a t i o n s .  I t  h a s

b e e n  s h o m  r e c € n t r y  [ 2 / ]  t h a r  a { 3 )  i s  a l s o  a  z € r o  f r e q u e n c y  s o l r r t i o n  o f  P r o c a ' s

e q u a t i o n  f o r  e l e c l r o m a g n e t i s m ,  f i r s t  s u g g e s t e d  i n  1 9 3 0 ,  ä n d  e x t e n s i v e l y  d e v e l o p e d

b ) ,  d e  B r o g l i e  a n d  h i s  S c h o o l  [ 2 8 ] .  T h e  t ß )  f r o m  P r o c a ' s  e q u a l i o n  i s  f o r  a l l

p rac t ica l  purposes  the  same as  the  lc )  f ron  the  d 'A lember : t  equat ion .  and

t h e r e f o r e  f r o m  t { a x w € 1 1 ' s  e q u a t i o n s .  T h i s  r e i n f o r c e s  t h e  e x p e c t a t i o n  t h a t  B { t )

i s  a  phys ica l  nagnet ic  f ie ld .  Long i tud ina l  so lu t lons  o f  the  Proca equar ion  v 'e re

f  i r s t  p r o p o s e d  b y  d e  B r o g l  i e  a n d  S c h r ö d i n g € r  l 2 8 l  ,  b u t  a r e  t  i n y  a r  f i n i t e

l r c q u e n c i e s  b e c a u s e  t h e y  a r e  m u l t i p l i e d  b y  a  f a c t o r  ( . n " / t ) '  w h e . e  n o  i s  r h e  m a s s

and vher :e  t  i s  the  i requency  o f  the  long i tud ina l  photon .  The Maxwel l ian  l ( r '  i s

recovered as  the  mass  and f requency  bo th  go  to  zer .o ,  so  tha t  th is  fac to r

a p p r o a c h e s  u n i t y .  1 t  i s  c l e a r  t h e r € f o r e  t h a t  A ( t  i n  t h i s  L i m i t  i s  n o t  a  m i n u t € ,

unobservab le  f ie ld -

F ina l l y ,  there  is  no  reason to  asser i  tha t  Br r )  cannot  ea is t  on  the  Srounds
o f  s y m m e t r y ,  a s  i n  a  r e c e n t  s u g g e s t i o n  [ 2 9 ] ,  b e c a u s e  i t  i s  d e f i n e d  a c c o r d i n g  t o

t h e  L i e  a l s e b r a  ( 7 ) ,  a n  a l g e b r a  v h i c h  c o n s e r v e s  a ,  p ,  a n d  i  [ 3 0 ] .  I n  q u a i t l r m

f ie ld  theorv  a r3)  becomes the  oDera tor

( 2 6 )

w h e r e  . ?  i s  p h o t o n  a n g u l a r  s o m e n t u m .  T h l s  e q u a r i . n  a l s o  c o n s e r v e s  d ,  F ,  a n a  i ,

and in  par t i cu la r ,  B '  '  i s  genera ted  f rom quaür  i z . :d  photon  angu lar  momenrum

through th€  in te rned iacy  o f  the  sca la r  magn i tudr  . ' r1o)  in  tes la ,  a  Ö negat ive

I n  c o n c l u s i o n  t h e r e  i s  n o  c o n v e n t i o n a l  r f . s o n  t o  a s s e r t  t h a t  a ( t  j "  n o t

a  nagnet lc  f ie ld ,  and awai lab le  daLa,  fo r  example  f rom the  inverse  Faraday

e f f e c t ,  a r e  c o n s l s r e n t  w i t h  t h e  e x i s ! e n . e  o t  . F i l ) .  I h e  a n t i s y n n e t r i c  t e n s o r  r ;

and the  Stokes  paraneter :  s r  can  bo th  be  expressed in  te rms o f  a t3 ) ,  and th is

sho\ . rs  tba t  8ß)  i s  non-zero .  Unfor tunate ly  the te  a re  no  dä ta  ava iLab le  to  shov

unequ ivocaL ly  \ . the ther  o r  no t  ! ( ! )  can  ac t  as  a  nagnet ic  l ie1d ,  fo r  exa f lp le  in  an

opt ica l  Bohm Aharonov  e f fec t .  Such an  exper jment  vou ld  be  o f  cen t ra l  impor tance

there fore  in  any  fu r ther  inves t iga t ion  o f  '86) .  Th is  paper  has  sho} 'n  tha t  l r l r

and i ! {3 '  a re  cons is ten t  v i th  e lec t r :omagnet ic  energy  dens i ty  cons idera t ions

6  i : r  =  6  r o r  : 1 ,
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Chapter 4

THE ONE ELf,CTRON INVERSE FARADAY ETFECT: TUE ROI_E OF THE I,oITCITIIDINAL ITAGNETIC

FIEI_D A(3)

M. l r .  Evans

I t  i s  s h o v n  t h a r  t h e  e f f e c r  o f  a  c l r c u t a r l v  f o l a r i z e d  l a s e r  f i € l d  o n  ä n  e L e c l r o n
c a n  b c  d . s c r i b . d  i n  r e r m s  o f  a  l a t e n t  o r  . < t u i v a i e n t  m a g n e t i c  f i e t d  r ( ! ) ,  d e f i n e d
t h r o u g h  r h e  v c c l o r  p r o d u c t  . E ( t ) x r r e )  o f  l h c  r o r a t i n t  e t e c t r l c  f i e t d  A ( 1 '  a n d  i t s
c o m p t . x  c o n j ( I a r c  t r , , .  T h e  s t u d y  o f  r b e  i n r e n s i t y  d e p e n d e n c e  o f  r n e  m a g n e r r z a
t i o n  i n  a  o n .  . l c . ( r o n  p l a s n a  r e w e a l s  w h e t h e r  t h e  f i e L d  a { ' ,  h a s  a n  i n t r i n s i c
n e a n i n g  i n  1 r . (  s p r . e ,  o r  v h e t h e r  i t  b e c o m c s  e f f e c r i v e  o n l y  v h e n  r h €  t a s e r  b e a n
i n t e r a c L s  w i t h  n l r l t c r .  l n  t h e  f o r n c r . a s e ,  t h . r e  i s  a  s q u a r e  r o o t  i n t e n s l t y
dependen. .  p rcs .n t  in  add i t ion  ro  the  in t  cns i  t y  dependence nornat fy  expec te i
t h r o u g h  t h .  i n ! , ( , r s e  F a r a d a y  e f f e c r .  r n  b o L h  c a s e s ,  r h e  f i e l d  ! ( ! )  i s  t h e
f u n d a m e n t ; r l  p r o p . r t v  r e s p o n s i b l e  f o r  m a g n e t j z a r i o n  b y  1 i g h t ,  a n d  i s  d e f i n e d
t h r o u g h  l l t  p r o ( l u c t  a ( 1 )  x ! ( . ) .

l -  ln t rodu. : t  ion

I t  i : i  u (  L l  k n o ! , m  t h a t  t h e  i n v e r s e  t a r a d a y  e f f e c t  i s  m a |  . t i z a r i o n  b y
c i r c u l a r l y  l , o l a r i z e d  l i g h t  [ 1 - 3 ]  a n d  w a s  f i r s t  o b s e r v e d  b y  v a n . t c r  Z i € l  e r  a l .
[ 2 ,  3 l  i n  m o l o ( ] u l a r  l i q u i d s  a n d  d o p e d  g l a s s c s .  T h e  e f f e c t  w a s  f i r s L  o b s e r v e d  i n
p l a s m a  b ]  l ) r ' s . h a m p s  e t  a l .  I 1 + ) .  r t s  j n f l t l e n c e  o n  f e r r o m a g D . t i s m  h a s  b e e n
o b s e r v e d  b y  s a l l o r d  e r  a l .  t 5 l  a n d  o n  c o n a r u c t i v i t y  i n  p h t h a L o c y a n i n e s  b y  B a r r e t r
e t  a l .  l 6 l .  1 r  i s  w e l l  e s t a b l i s h e d  r h e o r e t i c a L t y  t / - 1 2 1 .  R e . e n t L y  1 1 2 1 ,  i r  h a s
b e e n  e x p r e s s r d  i n  t e r m s  o f  t h e  v e c t o r  p r o d u c t  o f  L h e  r o t a t i n g  c t . c t r i c  f i e l d  A l 1 )
o f  t h e  c i r c u L a r l l  p o L a r i z € d  l i g h t  b e a n  ' i r h  i t s  c o m p l e x  c o D j u g a r e  r ( 2 ) .  T h i s  i s
a n  a x i a l  v e . t o f  w l i i . h  c a n  b e  € x p r e s s e d  a s  t h e  p r o d u c t  i . _ : a 1 0 ) a ( ' , ,  w h e r e  E ( o )  i s
the  sca lä r  nagnet  i c  f lux  dens i ty  aop l i tude o f  rhe  t ighr  b€am and l rhere  a{1 ,  i s
a  quant i t y  wh ich  has  the  un i rs  and symet ry  o f  a  phase jndependent  nagnet ic  f ie td
[ 1 3 - r 7 ] .  T h e  i n t e r a c t r i o n  o f  t h e  l i g h t  b e a m  v i r h  a  s i n g t €  e t e c t r o n  h a s  b e e n
i n w e s t i g a t e d  t h e o r e r i c a l l y  b y  T a l i n  e r  a I .  I 1 8 1 ,  w h o  c o n s i d e r e d  t h e  a n g u L a r
nomentm o f  an  e fec t ron  dr iven  in  a  c i rcu la r  o rb i t  by  the  ro ta t ing  e tec t r i c  f ie ld
o f  the  l jgh t  beam.  [ ' ron  re la t i v is t i c  e lecr rod lEn ics  rh is  angutar  nomenrum is
propor t iona l  to  the  square  o f  the  anp l i tude ! (o )  o f  th€  e lecr r i c  f ie ld  s t rength
o f  t h e  l a s e r  i n  v o l t  m  r -

In  thLs  paper  i t  i s  shown rha t  the  resu t rs  o f  Ta l in  e r  a i .  t18 l  can  be
e x p r e s s € d  i n  t e r m s  o f  t h e  m a g n e t i c  f  e l d  a 1 3 ) .  F r o m  f i r : s r  p r i n c i p l e s ,  1 r  i s
c lear  tha t  the  e f fecr  o f  a  ro tä t ing  e l€c t r i c  f ie ld ,  d r iv ing  an  e1€. t ron  around
in  a  c i rcu la r  o rb i t ,  i s  en t i re ly  equ iva len t  ro  lha l  o f  a  magnet ic  f ie td .  I f  the
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, , ( .  o f  t h e  € l e c t r o n ' s  n o t i o n  v e r e  n o r
r l , . r  i t  w a s  a  r o t a t i n g  e l e c t r i c  f i e l d

E t r t  x E ( 2 t  =  i c 2 B \ a ) E t ] \

' ^ " " \ ,

knom,  i t  vou ld  no t  be  poss ib le  to  knou
o r  a  m a g n e t i c  f i € l d .  T h i s  s t a r e m e n t  i s

( r )

<2)

,  rw .en  the  con jugate  produc t  and t ( ' )  .  The ques t ion  addressed i i r  th is
, rü rn ica t ion  - i s  tha t  o f  the  dependence o f  the  n lagnet izar ion  on  las€r  in t€ns i ry .

r r i  a d d r e s s e s  t h e  f u n d a m e n l a ]  q u e s t i o n  o f  w h e t h e r  t h e  c o n j u g a t e  p r o d u c t

,  J i , . r a t € s  t h e  m a a n e t i c  f i e l d  t ( ' )  i n  f r e e  s p a c e  i  s o  r h ä i  r h e  p h o t o n  m a y  b e
i , , , r8h t  o f  as  car ry ing  an  in t r ins ic  eLementary  un i t  o f  magnet ic  f lux  dens i ty .

I  1 ; o .  i t  i s  s h o m  f r o m  f i r s t  p r i n c i p l e s  i n  S e c .  2  t h a t  r i r e  m a g n e t i z a t i o n  i n  r h e
, L '  . , l e c t r o n  i n v e r s e  F a r a d a y  e f f e c t  ( I F E )  w o u l d  b e  a  s u n  o f  t w o  t e r m s ,  o n e

r , ( ) p o r t i o n a l  t o  t h e  s q u a r e  r o o t  o f  t h e  l i g h r  i n r e n s i t y  ( w a t r s  p . r  s q u a r €  n e t e r )
, , 1  o n e  p r o p o r t i o n a L  t o  t h e  l i g h t  i n L e n s i t y ,  a s  d e s c r j b e d  b y  l a l i l  e r  a / .  [ 1 8 ] .

'  . 1  i o n  3  m a k e s  a  c a r e f u t  d i s t i n c t i o n  b e t v e e n  t h e  p h y s i c a L  m a g n c l i c  f i e l d

, ,  , ! . r a t e d  i n  f r e e  s p a c e  b y  ! t r )  x  t r t ) ,  a n d  t h e  e f f e c t i v €  n a g n e L i ( :  f  i e l d  r h r o u g h
, . l , i . h  t h e  I F E  i s  ü s u a ] ] y  d e s c r i b e d .  I t  i s  s h o \ r n  L h ä t  r h e  r e s u L t s  o f  l a l i n  e t  a l

l l l l  c a n  b e  e x p l e s s e d  i n  L e r m s  o f  a n  e f f e c t i v e  r n a g n e r i c  f i e l d ,  t h r o u g h  w h i c h  t h e
, t r r L i z a t i o n  i s  g e n e r a t e d  v i ä  a  s u s c e p t l b i L i t y .  T h e  p h y s i c a l  n a g n e t i i :  { i . l d  ( i f

L r  e x i s t s )  i s  p r o p o r t i o n a l  t o  t h e  s q u a r e  r o o t  o f  l i g h r  i n r e n s i r y  a r ) d  r h e
/ r " r v e  m a g n p r , -  l ' i p l d  r o  r h "  l i g l , r  i n  e n s ' r )  r r s " l r .

? .  l to t ion  o f  An E lec t ron  in  a  Rota t ing  E lec t r i c  F ie ld

F r o m  f u n d a n e n t a l  r e l a t i v i s t i c  € l e c t r o d y n a n i c s ,  r h .  r o t a t i n g  e l e c r r i .  f i e L d
, l  a  c i r c u l a r t y  p o l a r i z e d  L i g h t  b e a m  d r i v e s  a n  { ' L . . t r o n  i n  a  c i r c l e  v i t h  r a d i u s
1 8 1 ,

, l r e r e  e  l s  t h e  c h a r S e  o n  t h €  e l e c t r o n ,  c  t h e  : j l ) ! . ( l  o f  t i g h r  i n  v a c u o ,  8 1 0 )  t h €
f r g n e t i c  f l u x  d e n s i t y  a m p l i t u d e  o f  t h e  l i g h r  b ( i a m ,  ' , ,  t h e  e l e c t r o n  r e s t  m a s s ,  o
r l r e  a r g u l a r  f r e q u e n c y  o f  t h e  l i g h t ,  a n d  y  i s  a  r e l a l  i v i s t l c  f a c t o r ,

Y '=1 .1  :E ' " 1  1 .  ( r )

4(  v is ib le  f requenc ies  and fo r  än  in tens i ty  o f  say  1  0  aa t t  per  meter  squared the
lac tor  y  i s  un i ty  to  an  exce l l€n t  approx imat ion ,  and w i t l  hencefor th  be  taken
: i s  s u c h .  S - I .  ( m k s )  u n i t s  h a v e  b e e n  u s e d  i n  t h e s e  e q u a t i o n s .  T h e  t r a n s v e r s e
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nonentun of the electron is given froß thes€ l irst principles as

'Ilte 
One Eleclron Inveße Faraday Enect: The Rolc oJ...

1, ,  a r la t11ar  rnomentum I ,z  i s  there fore  e .o 'z  nu l t ip l ied  by  the
'  ' n , g r o r  i ,  d i o o l r  m o m " n  i n d u . e d  b  B ,  i s  h p r F f o ' p

27

m a g n e L i c  f i e l  d  4 , .

( r l )

( r 2 )

( r : l )

- t a ,

so tha t  the  angu lar  momentum o f  the  e lec t ron  is

a n d  i s  p r o p o r t i o n a l  t o  B r o ) ' ? .
gyronagnet ic  ra t io  mu l  t ip l  ied

( 4 )

( s )

( 6 )

( 1 )

( 8 )

Fina l l y  the  induced magner  i c  d ipoL€ non.n t

by  the  angu l  a r  monentumi

i (  r .  t h e  q u a n t i r y  i n  b r ä c k e i s  i s  t h e  o n e  e l c c t r o n  s u s c c p t j b i l i t v .
T h e  r e s u l t  ( 6 )  f o r  t h e  o n e  e 1 € c t r o n  F a r a d a y  c f f e . t  i  s  t h e  t r : a d i t i o n a L

i (  o r y  i 1 8 1 ,  e x p r e s s c d  i n  t c r m s  o f  t h c  p r o d u c t  8 1 0 ) a { 3 }  t t r o u g h  l q .  ( 1 ) .  I t  i s

'  r ' o n d  o r d e r  i n  t h e  m a g n e t i c  f L u x  d e n s i t y  a m p l i t u d e  o f  t h e  b e a n  (  a ' o ' ) .  l l o w . v e r ,

,  - i ! i s . '  a r : )  i s  n o n  z e r o  b y  E q .  ( 1 ) ,  a n d  h a s  t h e  u n i t s  a n . l  s y m m . t r y  o f  m a g n e t i c
, . ,  d F n s i t y  t h c r e  - L s  a n  a d d i t i . o r a L  f i r s t  o r d e r  i D e e . s .  i n r a d a y  e f I e c t ,  g i v e n  b y

( 1 r )  w i t h  a ,  i d e n t i f i e d  a s  a ( ' r  ,

-'- l";;:),"

"  [  
' , . ' ,J rB, , ,

L ,  m a g n e r i c  d i p o l e  m o m e n t  i n d u . e d  b y  t h e  b e a m  i s  t h e r c f o r .  r l , .  s , n  o l
,  {  o n d  o r d e r  e f f e c t s ,

l  e. r , l, l_t),_ l#.;1",,,"
r  ( o  a b o u t  l 0 t 5  r a d .  s e c ' ) ;  a n d  f o r  a  f i r s t  o r d ! r  e l e . r r o n

i l 0 '  m )  t h i s  i s ,  r o u g h l y ,

9 l  t : s , o t ,

The magnet iza t ion  is  p ropor t jonaL to  the  square  o l  a (o)  th rough a  one e lec t ron

h y p e r p o l ä r i z a b i l i r y  a n d  i s  t h e r e f o r e  p r o p o r t i o n a l  t o  t h e  I a s e r  i n r e n s i t y .  T h i s

i s  t h e  c a l c u l a t i o n  o f  t h e  I F E  f r o m  i i r s t  p r i n c i p l e s  [ 1 8 ] .
I t  i s  s h o m  i n  t h i s  s e c t i o n  t h a t  t h e  a c t i o n  o f  t h e  r o t a t i n g  e l e c t r i c  f i e l d

1 s  e n t i r e l y  e q l l i v a l e n t  t o  t h a t  o f  a  r n a g n e t i c  f i e l d ,  l e a d i n g  t o  a  f i r s t  o r d e r

i n v e r s e  F a r a d a y  e t f e . t .  I n  t h e  m a g n e t i c  f i e t d  a r ,  t h €  r a d - i u s  o f  t h e  e L e c t r o n ' s

c i r c u l d r  o r b i r  r . .  ' r o m  f i r s t  p r i n c i p l e s  [ l q l .

_ L , 7 -  =  -  e ' c '  u t .  
" o t 1 .2no ' 

zn,1a]

." :i'

o = 
-: la'

This angular  I  r . :qu.ncy is  the rat io e/ 'o mul t ip l ied by the
T h e  t r a n s v e r s .  o n e n t u m  o f  t h e  e L e c t r o n  i s  I L 9 l

and the  anALr la r  momentum o f  the  e lec t ron  in  B ,  i s

r,, = etl a"

w h e r €  v . , ,  i s  r l r e  j n i t i a L  t r a n s v e r s €  v € l o . i t y  d e f i n e d  b y  L a n d a u  a n d  L i f s h i r z  i r 9 l
and O is th.  f requency def ined by the Lorentz equat ion,

D  _  1 O  2 d ! ( r r  _ 1 0  , , / r  , a r r )

r a d i u s  o f  a  l ) o i r l  l 0

( 1 4 )

ef fe . t  can  expressed rh rough( 10 )

' r  a  b € a m  i n t e n s i t y  o f  a b o u t  1 0 "  w a L t s  n  r i  / r  " r  i s  a b o u t  o n e  t e s l a ,  a n d  t h e
, . o n d  o r d e r  e f f e c t  i s  t e n  t i m € s  b i g g e r  t h a n  l h (  l i l s t  o r d € r  e f f e c t .  l t  w o u l d

r , t , ( a r  i n  t h i s  c a s e  t h ä t  t h € r e  w e r e  o n l y  a  s € . , , r r l  , , t 1 . .  € f f e c t  p r c s e n t ,  b u t  u n d e r
L L l i . r e n t  c o n d i t i o n s ,  t h e  f i r s t  o r d e r  e f f e c t  s h o ü l d  b e c o m e  v i s i b l c  s u p e r i m p o s c d

L  l h e  s e c o n d  o r d e r  i n d u c e d  d i p o l e  m o m e n t  l l L ,  l .  t . r  i s  p r o p u r t i o n a l  t o  t h e

|  , r e  r o o t  o f  l i g h t  i n r e n s i r y .  T h e r e f o r e  t h ( , ( : o , n p l e t e  e f f e c t  i s  a  s u m  o f  ( 6 )

,  ( l  (  l 2  )  .  w h i c h  i s  t h e  c o n c l  u s i  o n  o f  t h i  s  s e . 1  i  o i  .

t  The -E f fec t iwe"  and Phys ica l  I tag .e t  i  c  F ie lds

l . r o n  F a  r r )  i r  i s  c F A n , h , r  r h e  s e c o n d  o  d e

, ,  " e i f e c t i v e "  m a g n e l i c  f i e l d  a . ! ,  d e f i n e d  b y ,
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FieU meory

( 1 5 )

T h i s  e f f e c t  i v e  m a g n e t i c  I - i e 1 d  i s  v h a t  i s  u s u a l l y  r . f e r r e d  r o  i n  t h e  l i t e r a t u r e

o n  t h e  i n v e r s c  ! ' a r a d a y  e f f e . t ,  a n d  w a s  f i r s t  m e n t  i o n c c l  i n  r e f s .  ( 1 )  t o  ( 3 )  T h e

p f i y s i . a l  n a g n e t i c  f ' e ] d  a ( t  i s  a n  e l e m e n t a r y  f i . l ( l  . a r r i e d  b y  t h e  e l e c t r o m a g n e t

i c  \ r a v € .  I t  i s  c L e a r  t h a t  t h e  i n v e r s e  l ' a r a d a y  e t l e c t  f o r  o n e  e l e c t r o n  d e p e n d s

zera  Bt ' '  ,  however  bo th  a t  f  i  r s t  and second orders  In  l  inear :

p o l a r i z a t i o n ,  t h e  n e t  a { ' )  i s  z e r o ,  b e c a r r s .  t h e r e  i s  5 0 %  o f  a t ' )  a n d  5 0 %  o f  a ( t

p r e s e n t  i n  t - h c  b e a m .  T h e r e f o r e  n o  i n v e r s e  l a r a d a v  e f f e c t  o c c u r s  i n  I i n e a r

p o l a r i z a t i o n .  F r o m  E q .  ( 1 )  i t  i s  s e e n  t h a l  A r ' )  i (  t h e  e l e m e n t a r y  u n i t  o f  t h e

c o n j u g a t e  p r o d u c t ,  a n d  r h e r e f o r e  o f  t h { :  a r r r j s y m m e t r i c  p a r t  o f  l i 8 h t  i n t e n s i t y

[ 2 0 ]  i n  1 r . .  s p a . e .  A s  a l v a ) . s ,  r a d i a L i o n  b . ( i o n e s  m , n i f e s t  o n l y  w h e n  i t  i n t e r : a c t s

w i t h  m a r t e r .  a n d  s i n i L a r l y  f o r  r r ' ) .  F r o m E q .  ( 1 5 ) ,  i f  a € '  d i d  n o t  e x i s t ,  r h e n  B . ! !

v o t 1 1 d  a l s o  v a n i s h .  s o  t h e  e f f e c t i v e  m a t n . t  i .  l i e l d  d e P . n d s  o n  a t "  I n  s e t t i n g

u p  t h e  e f l ( . . r  o l  [ q .  ( 1 2 ) ,  w e  h a v e  s j  p l y  a : ; s r ü n ( ] d  L h a t  t h e  P h y s i c a L  m a g n e t i c

f i c ] d . , 1 , : ; e : ,  d . U r e t i z a l i o n  a t  f i r s t  o r d e r  i h r o ü 8 h  I  o n e  e l e c t r o n  s u s c e p t i b i l i t y

T h i s . p p . n r s  l o  b e  r e a s o n a b l e ,  b u t  s i n ( : .  t b '  i s  ä  p r o p e r t y  o f  l i g h t ,  i t  i s

c l e a r l y  n o t  a I  o r d i n a r y  m a g n e t o s t a l  i c  l i . l d .  T h e  h ) ' p o t h e s i s  ( 1 2 )  d o e s  n o t

cont rad ic t  l r rs  o t  .onserva t ion  o f  ener l ' , v  and monrentüm because a( ' r  '  be ing  a

m a g n e t i .  f i e l c i ,  ( l o ( . s  n o t  c o n t r i b u t e  t o  l h .  l ' o y n t i n g  l h e o r e m  t h t o u g h  t h e  u s u a L

r e r m  s  . 7  L 2 l  l .  ! , J e  h ä v e  s i m p l y  a s s u n r e d  l h a t  t h . r e  i s  a  f i r s t  o r d e r  i n v e r s e

F a r a d a y . , i f ( ( : l  . ( ) f r e s p o n d i n g  t o  t h e  u s , , a l  : r e . o r x t  o r ( l e r  e f f e . t  d e s c r i b e d  b y  E q

( 6 ) .  l h i s  ) r ) ' t ) ! t | . s i s ,  m u s t  b e  t e s t e d . x P { ' r i n t e n t a l L l ' ,  b u t  i t  i s  c l e a r  w i t h o u t

f u r : t h e r  d a l r  l h , r l  l h e  f u n d a m e n t a l  e n t i t y  r . : r f o n s i b l c  t o r  m a S n e t i z a L i o n  b y  l i g h t

i s  t h e  e l e t u , , l , , r v  m a g n e t i c  f i e l d  a ( 3 '  o f  t t i ( '  f l ( r l o r .  W i t h o u l  t h i s .  t h e  e f t e c t i v e

f i e l d  s . r .  w , ) ! l ( l  b e  z e r o ,  a n d  s o  w o u l d  ! , a l t r r e l  i z a t i o n  b v  ( : i r c u l ! r l v  p o L a r i z e d

l i g h t .  l l  i r  l ) l , y s i c a l  1 y  t r a n s p a r e n t  t h a r  ß . S n e l i z a l i o t i  b y  I i g h t  i c  d r r ' r  t o  r h e

m a g n e t j .  I  i (  l ( l  a ß '

T a l  i n  , , r  . ? l .  t f 8 l  h a v e  d i s c u s s e d  t h e  ( , o t , : ; c r v a l i o r r  o l  e n e t g v  i n  t h e  i n v e r : s e

F a r a d a y  c 1  I . . l  ,  s l i o w i n g  t h a t  t h e  c i r c u l a r l y  p o l , r  i r ( ' d  1 r s . r  8 i v e s  t 1 p  a n g u - L a r

n o m e n t u n  r o  r h .  { , l e c t r o n ,  w h i c h  a c q u i r e s  o r b i r . l  a n g r r l a r  f t ) m e n t u n  a s  r ' r e  h a v €

s e e n .  l , J h . r n  l h (  l . s . r  f i e l d  i s  s v i t c h e d  o n ,  : r  c u r r c n l  i : r  i n d u c e d  b e c a u s e  t h e

e l e c t r o n  i s  d r i v . , n  a r o u n d  i n  ä  c i r c u l a r  o r b i t .  l {  t l , e . l e c t r o m a g n € t i c  f i e l d  i s

s w l t c h e d  o r  a . l i a b a l  i c a l l y  ( c o n s t a n t  e n t r o p y )  t h e D  t h (  l i ! r ; r l  o r b i t a l  e l e c t r o n i c

a l lgu la r  momentun a l  the  €nd o f  the  sv i tch ing  Proce( t r1 re .a r )  be  expressed in  te rms

o f  t h e  r o r k . l o . e  d u r i D g  t h e  a d i ä b a t i c  s v i t c h j n 8 .  w h i c h  i s  
/ r  

< J > . t t .  w h e r e  < J >

is  the  induc€d cur renr .  The energy  dens i ty  s to r .d  in  the  med iun  is  there fore

I t  , J , a t .  T h e  i n d u c e d  c u r r : e n t  < J >  c a n  b e  e x p r e s s € d  i n  t e r m s  o f  m a t e r i a l

nte One Electron lnrerse Farad6! Efect: The Role oJ...

t i )  l a r i z a t i o n  a n d  n a g n e t i z a t i o n ,

" ' =  
# r *o ' " ,  

( 16 )

L , i ( l  s o  t h e  f i e l d  A ß '  a p p e a r s  i n  t h e  d e f i n i t i o n  o f  < J >  b e c a u s e  x  i s  d e f i n e d  i n

r (  r m c  o f  a t ' , .  l r e  s e e  t h a l  B o ,  d o € s  n o t  a d d  a n y t h i n g  m o r e  t o  t h e  f r c €  s p a c €
,  , ) (  r sy  dcns i t y  I 22L

u , =  \ k " t , ' ,  .  s r . r  * - L e , ' r . e , ' r ] ,

29

( 1 7 )

. , , ! t  f o r  t h i s  r e a s o n  d o e s  n o t  u p s e t  t h e  P l a n c k  r a d i a t i o n  l r w  a n d  c o n s e r v a t i o n  o f

l . c t r o n a g n e t i c  e n e r g y  d e n s i t y  i n  f r e a  s p a c e .  1 t  i s  a l s o  c l . n r  t h a t  x  c a n  b e

i . , r l e  u p  o f  t e r m s  r o  a n y  p o v e r  i n  a r ' '  r i t h o u t  a f f e . t i n g  t h e  l a w  o f  c o n s e i v a t i o n

, l  e n € r g y  i n  a n y  w a y .  l ' ' '  s i n p l y  r e s u l t s  i n  a  r c d i s t  r i b u t  i o r  o l  t h e  e n e r g y

, l i . n s i t y  s t o r e d  i n  t h e  m e d i u m .  i " ' h e n  t h e  l a t t e r  i s  o n .  . l . r : l  r o n ,  l ( 3 )  p r o v i d e s  t h e
l e c t r o n  w i t h  o r b i t a l  a n g u l a r  m o m e n t u m  a n d  r o t a t i o n a l  k i n c l  i .  { r F r g r - ,  w h i c h  i s

. , ,  c o u n t e d  f o r  i n  P o y n t i n g ' s  t h e o r e m  b y  t h e  r e r m  f !  . J  L / c .  l l , c  l . l r r e r  i s  p r e s e n t

, , , 1 y  r h e n  t h e r e  i s  i n t e r a c t i o n . r  
" " . r . . . t " . " j . . t r c  

b e a m  w r t h  m . r t r r , r .

1 n  E h i s  s € n s e ,  t h e r e f o r e ,  l t t )  i s  a  s t o r e d  D a g ü e t i .  f i e l d  . a . r i . , d  b y  t h e
L . c t r . o n a g n € t i c  r a v e ,  a  f i e l d  v h i c h  i s  s v i t c h e c l  o n  w h c n  t h c  a v c  j n t ( . r a . 1 r ;  v i t h

m r i t t e r ,  i n  t h e  s i m p l e s t  c a s e  o n e  e l e . t r o n .  S i n c "  A o r  i .  f r e e  s p a c .  i s  " l a t c n t "
r  unused then i t  does  no t  con t r ibu te  to  f .ee  space € Iec t romagn. t  i c  . rc rgy

, l l t r s i t y .  T h e  l a t t e r  c x i s t s  i n  t h e  a b s e n c e  o l  m a t t . r ,  a n d  d c f i . c s  l h c  b c a m

L , r t c n s i t y ,  t o  l r h i c h  B ( 3 ,  d o e s  n o t  c o n l r i b u t e .
I \ a  ' d a i r  i . r - l  . r f p . r .  p v n p . . a d  i n  t h p  r ' \ ,  - a  - r . . 1 . \  p ' f c c r  r L  I i r s L

" r d c r  i n  B ( ' '  h a v e  b e e n  t r : e a t e d  i n  R e f .  [ 2 : l l ,  n , x l  a l t h o u g h  l h e  i n v e r s e  F a r a d a y
,  { f e c t  h a s  b e e n  o b s e r v e d  o n  s € v e r a l  o c c a s i o n s  [ . )  6 ]  t h e r e  i s  s t i l l  o n l y  o n o  s t u d y
, v a i l a b l e  o f  i t s  i n t e n s i t y  d e p e n d e n c e ,  t h e  o r i l t , i l l : , 1  s e r i e s  o f  e x p e r i m e n t s  b y  v a n
! . r  Z i e l  e .  a L .  t 2 , 3 ) .

Denonstration of Conserwation of Ener8y in the First Or.der Interäction

I t  i s  w e l l  k n o w n  I 2 0 l  t h a t  l i g h r  i r r . r ' \ 1 L y  q u a n r i t y ,  v i r h
.  ymmetr ic  and ant isymmetr ic  cort rponents I  t  ( ,  r  s  the f ree space perni l t iv i ty ,
' l . l i o } l r  i n r p n c i r v

r ü 
= e.cE tEj = 

; 
ea4E,r,'''} * r:, r']''j )

( r 8 )

r  vec tor :  no ta t ion ,  the  an t isymet r ic  conponent  E ,  E :J r '  i s  expressed th rough the
! ,  c t o r  p r o d u c t  o n  t h e  r i g h t  h a n d  s i d e  o f  E q .  r l ) ,  a n d  i s  t h e r e f o r e  d i r e c t l y
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p r o p o r t l o n a l  t o  - B ( ' ' .
502 symmetr ic  and 501

The Pholomagnelon and Quanlum Field Theory

1he to ta l  maSni tude o f  thc  l - i th l  in t€ns i ty  i s  nade up  o f

a n t  i s y m m e t r i c  c o n t r i  b u t i o n s  .

.  E ( ' )  i  ! ( 1 ) ,  E  ( " )  l )  =  
+ -  ( f s , , l  .  l s . l )  = . " , j 8 , , ) , ( 1 9 )

E n t i ü r  -  j I r ) n ' x . j
2 '

w h e r e  r i r n o  i s  l l , e  b . a m  i n d u c e d  m o m e n t  o f  i n e . L i a  o f  t h .  c l e c r r o n .

(2r')

T h i s  b e a m  i , r h ü { ( t  r o t a t i o n a L  e l e c t r o n i o  k i n e t i c  e n e r S y  i s  f r o p o r t i o n . l  l o  B ; r ) ' :

-f "",1 l ";. '.

, a o , l  B  . r  B t "  ,

( ? 2 )

B t 3 J '  =  1 _  i a ( 1 )
( 23 )

r  =  ! " 1go r

v h e r e  s o  a n d  . 9 ,  a r c  L h c  z e r o ' i t h  a n d  t h i r d  S t o k e s  P a r a m e t e r : s ,  a n d  1 r  i s  t h i s

t o t a l  m a g n i t u d e  t h a t  a p p e a r s  i n  t h e  u s u a l  L 2 l l  e x p r e s s i o n  f o r  e L e c t r o n r a g n e t i c

e n e r g y  f t u x  d e n s i t y  i n  f r e e  s p ä c e .  1 h e  v e . t o r  a 1 3 )  i s .  i n  t h i s  s e n s e .  a l r . : a d v

i n c l ü d e d  i  ü F .  Q u i t e  s j m p l y ,  t h e r e f o r e ,  A r r '  i s  t h e  f ü n d a m e n t a l  v . c t o r  q r r a n t i t y

t h a t  d e f i n e s  t h e  a n t i s y m m e t r i c  p a r t  o f  l i g h t  i n t € , n s i t y  j n  f r c e  s p a . e .  c i n c e  8 ( 1 )

i s  a l r e a d y  i n c l l r d e d  j n  u F  a n d  j n  P o y n t i n S ' s  t h e o r e m ,  i t  i s  i n . o r r e c t  l o  a s s e r t

t h a !  r { ' )  r . 1 r l d  a d d  a n y t h i n g  m o r e  t o  e } . c l r d r n a g n e t i .  e n - . r g y  d . n s i t y .  F o r  t h e

a ( ' )  i s  a l r e a d y  i n c l u d e d  i , i  I l a n . k ' s  r a d i a t i o n  L a w .  A L s o ,  i I  a r l )

a s  r e c e n t l y  a s s - . r t - . d  [ 2 4 ] ,  t h .  a n t i s y m n c r r i c  p a r t  o f  l i g h l  i n t e n s i t y

v o u l d  v a n i s h ,  a n  i n c o r : r e c t  c o n c l u s r o n .

F o r  a  c i r c u l a r l y  p o L a r i z e d  l a s e r  i n t e r r . t i n E  v i t h  o r r e  e l e c t r o n .  t h e  j n d u c e d

r o t a t i o l a l  k i n e t i .  e n e . g v . a D  b e  e x p r . , s s . d  a s

( 2 0 )

E n \ 1 . d ,  =

The fa( : tor  / r ,  . ran be expressed as

a n d  c o n t r i b u t . : ; .  r s  w c  h a v e  a r g u e d ,  t o  t h e  a n t i s y t r t r ! . 1  r i ( :  p i r t  o I  l i S h t  r n t . n s i l y

I n  a  c i r c u L a r l y  I ) o l a r i z e d  l a s e r  b e a n  t h i s  i s  o f  z e r o .  a . t  a . t s  u p o n

t h e  e l e c t r o n  t h r o u g h  t h e  f u n d a m e n t a l  f i e l d  B 1 3 ) .

There fore  the  an t i  symmet r ic  cont r ibu t j  on  to  thc  c lcc t romagner rc  energy

d e n s i t y  i n  f r e e  s p a c e  j s  t  r ä . s f e r r e d  i n t o  e l c c L r o n i c  r o t a t i o n a l  k i n e t i c  e n e r g y

through a13) .  There  is  conserva t ion  o f  energY.

'Ihe 
Oae Electron lnverse Faraday Efect: The Role oJ... 3 l

^.knorl edgeDents
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Chapter 5

T,ONGITI]DIIIAL SOLUTTONS OIJ }'A)ffELL'S EQUATIOIIS IN THE IORET{TZ GAUGE IN }REE SPACE

14.  U.  Ewans and F .  Farah i

j ! ( ! '  =  i E r 0 , 6 ( ! ) ,  a r t  =  B ( o ) t ( t
( 1 )

I t  i s  shom tha t  there  ex is t  rea l  magnet ic  and inag inary  e lec t r i c  long i tud ina l

conponents  o f  e lec t ronagnet isn  in  f ree  space.  These phase independent  eLec t r i c

and magüet ic  f ie lds  a re  shorn  to  be  r igorous ly  cons is ten t  in  the  Lorentz  gauS€

l r i th  the  concepts  o f  reLat iv is t i c  quantun  f ie ld  theory ,  in  wh ich  admix tu res  o f

the  t ine- l i ke  and long i tud ina l  space L ike  photon  po la r : i za t ions  may be  phys ica l l y

mean ing fu l .

1 -  In t roduc t ion

In  the  contemporary  theory  t l  l  o f  mass fess  gauge f ie lds  re la t i v is t i c

quant iza t ion  o f  the  e lec t romagnet ic  f ie ld  in  the  Lorentz  gauge Leads to  the

resu l t  rha t  the  photon  has  one t ine-1 ike  and th ree  space l i ke  po la r iza l ions ,  a

to taL  o f  four  po la r iza l ions  in  f ree  space.  on  the  o ther  hand,  veL l  knonn t l l
cons idera t ions  o f  the  Po incar6  group in  the  mass less  l im i t  lead  to  the  conc lus ion

tha t  the  phoLon can have on ly  two heL ic i t ies ,  +1  and l ;  convent iona l l y

ident i f ied  l r i th  the  two t ransverse  space- l i ke  po la r iza t ions  (1 )  and (2 )  and kno$n

as the  le f t  and r igh t  c i rcu la r ly  po la r ized  cooponents  o f  the  € lec t romagnet ic

f i e l d .  w h a t ,  t h e r e f o r e ,  i s  t h e  p h y s i c a l  s i g n i f i c a n c e  o f  t h e  t l m e  l i k e

po lar iza t ion  (0 )  and the  long i tud ina l  space l i ke  po la r iza t ion  (3 )  o f  the  Photon ,
and shat  do  these nean in  the  c lass ica l  theory  o f  e lec t romagnet ic  f ie lds?

I n  t h i s  l e t t e r ,  i t  i s  s h o m  t h a t  t h e  p h o t o n  p o l a r i z a t i o n s  ( 0 )  a n d  ( 3 )  c a n

be in te rpre ted  c lass ica l l y  in  te rns  o f  imag inary  e lec t r i c  and rea l  nagnet ic

long i tud ina l  components  o f  the  e lec t romgnet ic  p lane vave in  f ree  space,  de f ined

in  lhe  c i rcu la r  bas is  by

vhere 6{3}  is  a uni t  v€ctor  in the c i rcular  basis in the propagat ion axis of  the

Here ao) and r .E( ' )  are longi tudinal  magnet ic and electr ic  conPonents

r e s p e c t i v e l y  a n d  B { o )  a n d  s 1 0 )  a r e  t i m e - 1 i k e  s c a l a r  a m p l i t u d € s .  I n  t h i s
interpretat ion,  val id in the Lorentz gauge, mani fest  covar iance I1 l  is  reta ined,
a n d  a l l  f o u r  p o l a r i z a t i o n s  ( 0 ) ,  ( 1 ) ,  ( 2 ) ,  a n d  ( 3 )  a r e  p h y s i c a l l y  m e a n i n s f u l  T h e
t ! 'o h€l ic i t ies of  the photon are reLated to the polar izat ion states (0)  and (3)

through the equat ion [2 ,  3 ]  ,

4') = <r16,,,,1v> = ,'i'' .*Al*,, ( 2 )

Longitudinal Soluions of Maxwell's Equalioßs in lhe...

r l ( . re  lü>  is  an  e iSens ta te  o f  lhe  photon  f ie1d ,  and l ' ( ' r  has  become the

,  rpecLat ion  va lue  o f  the  s ingLe photon  opera tor  4 ( ' )  The qüant i t y  ,e , ' " '  i "  
"

' , . ^ la r  magnet ic  f lux  dens i ty  ampl  i tude  fo r  one photon ,  and.? ,  i s  the  angu lar

r t r )menrum oper :a to r  o f  one photon .  The e igenva lues  I4 l  
" f  

i ,  a re  +1  and -1 ,

,  o r r e s p o n d i n g  w i t h  t h e  t t o  p h o t o n  h e l i c i t i e s .  l h e r e f o r .  i t  i s  P o s s i b l e  t o  r e l a i e

r h e  t w o  a l l o w e d  p h o t o n  h e l i c i r i e s  t o  t h e  ( 0 )  a n d  ( 3 )  P o l a r i z a t i o n s  e q u a l l v  a s

u ! ] 1  a s  t o  t h e  ( L )  a n d  ( 2 )  p o l a r i z a t i o n s .  T h i s  r e m o v e s  o b s c u r i r i e s  [ 1 ]  o f

,  onvent iona l  in te rpre ta t ion ,  in  \ , rh ich  the  (0 )  and (3 )  po la r iza t - ions  are  "non

t l rys ica l " .  The convent iona l  in t€ rprera t ion  howevcr  aJ lows ad i t i x tu res  o f  the  (0 )

üd  (3 )  po la r iza t io ts  to  be  phys ica l l y  nean in l f ( l  bu t  the  (0 )  and (3 )  s ta tes

r rken separa te ly  have no  phys ica l  s iSn i f i canc€.  Th is  i5  the  resu l t  o f  rhe  need

r  o  r e c o n c i l e  f o u r  p o l a r i z a t i o n s  t o  t n , o  h e l i c i t i e s

2 Backgroutrd in Relativistic Quantuo Field Theory

I n  s p e c i a l  r e l a t i v i t y  t h e r e

t ) o t e n t  i a ]  f o u r  v e c t o r  [ 5 ] ,

ex is ts  in  the  Lorentz  i :au l te  thc  ve l I

np  =  ( r ,  rO) ,

w h o s e  v e c t o r  p a r t  a  h a s  r h r e e  s p a c e - l i k e  c o m p o k n t s  ä n d  v h o s e  s c a l a r  l ) a r  t  h a s

o ie  t in€  l i ke  component  -  In  th is  gauge,

0  =  l a l ,
( 4 )

l ) . rcause the  photon  t r :ave ls  a t  the  speed o f  I  iSh t  in  f ree  space Equa l  ion  (4 )  i s

r  d i r e c t  c o n s e q u e n c e  o f  E q .  ( 3 )  f o r  t h e  p h o t o n  i r r  f r e e  s p a c e .  l n  t h e  c o u l o m b  o r

r a d i a t i o n  g a u g e  0 = o  a n d  Ä + o  i n  f r e e  s p a c e .  s o  t h e  c o u l o n b  g a u g e  i n  a  r i a o r o u s

j n t e r p r e t a t i o n  i s  i n c o n s i s t e n t  l t i L h  s p e c i a L  r c l a t i v i t y  l t  m a y  b e  a r g u e d  L h a r  O

rnd Ä ar€  no t  observab le  quant i t ies ,  bur  i t  i s  u 'c l1  knot t r  th rough th€  Bo i rß

Aharonov  e f fec t  tha t  in  the  quantuo  f ie ld  rh .sc  qüant i t ies  too  have a  phys ica l

( . f f e c t .  I f  a  f o u r  v e c t o r  Ä ,  i s  d e f i n e d  n s  s ü c h  r h e n  E q .  ( 4 )  i s  a  l o r , j ' : r l

.onsequence fo r  th€  pho lon  in  f ree  space.

In  the  Lorenrz  gauge,  the  l ' l axve l l  equa l  i { ,ns  in  f ree  space reduce Lu  r l i c

r ,  l l  l , n o m  d ' A L e n b " r t  p q u a t i o n  [ '

R 4 = 0 , ( 5 )

( 3 )

sh ich  in  th€  Lorentz  gauge quant iza t ion  o I  lhe  quanLum f le td  theory ,  becones thc

ue11 kno\ *n  [1 ]  GupLa B leu le r  cond i t ion ,

drÄ ( ')  r ' t l ,> - o, ( 6 )
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v h e r e  , { ( ' r  i s  a n  o p e r a r  o r . T h e  c o n d i t i o n  ( 6 )  l e a d s  d i r c c r l y  t o  t h e  r e s u r r  I l ] ,

( ä ( o )  ä o ) ) { ' >  = 0 ,  ( 7 )

w h e r e  ä t o '  a n d  ä 1 r r  a r e  p h o t o n  a n n i h i l a t i o n  o p e r a t o r s  c o r r e s p o n d i n g  t o  p . 1 a r i z a ,
r i o n s  ( 0 )  a n d  ( 3 ) .  E q u a t i . J  ( 7 )  r e a d s  r o  [ 1 ] ,

The Photonogneton and Quouum Field Theory

su, = 4llffr iJf€f , E6 = 4]! , iJ) e 1a
./2 ,/2

Longituditul Solutiorß of Mawell's Equ&Iions in rh...,

, r o  c o n r p l e x  c o n j u g a t e s ,  a s  a r e  r { t )  a n d  l ( ' '

H a v i n g  d e f l n e d  L h e  f i e l d s  a s s o c i a t e d  w i t h  t h e  t r a n s v e r s e  P o l a r i z a t i o n s

, , ( t  ( 2 )  o u r  t a s k  i s  t o  f i n d  t h e  f i e l d s  a s s o c i a t e d  w j t h  t h e  p o l a r i z a t i o n s  ( 0 )

'  l ) .  T h e  l a t t e r  i s  ä  s p a c e  I i k e  p o l a r i z a t i o n  i n  t h e  p r o p a g a t i o n  a x i s

u n i t  p o l a r i z a t i o n  v e c r o r s  i n  t h e  . i r c u t a r  h a s j s  a r e  d e f i n ' d  a s
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( l  )

The
t , t )

(  l 1 )

< { , 1 ä  l c ) . ä  r 0 ) l v >  =  < 4 , 1 ä 1 r ) . ä 1 , ) 1 { , ) ,  ( 8 )

vhere  . t  1 '  r '  and  ä  " r '  a re  photon  c r€ar : ion  opera tors  .  In  Lhc  convenr iona l
i n t e r p r . L a t i o n  t l  I  [ q s -  ( / )  a n d  ( 8 )  a r e  p h y s i c a L l y  J n e a n i n g f u l  a d m i x t u r e s  i n  l h e
m a n i t e s t l y  c o v a r : i a n t  t . o r e  t z  g a u g e .  F L l r r h e r m o r e ,  r h e  H a m i I t o n i a  o p e r a r o r  i n  r h e
q u a n t i z e d  f i e l d  i s  p r o p o r t i o n a l  r o  a n  i n r e g r a l  I l ]  o v e r  t h e  s u m ,

r  ( ä  ' r ) ' ä  ' r  ä ( o ) . i t d , ) ,  ( 9 )

s o  t h a t  t h e  c o n t r i b u t i o n s  o l  l h .  ( 3 )  a n d  ( 0 )  p h o t o n  s t a r e s  c a n . e t ,  t e a v i n g  o n l y
t h o s e  f r o m  t h e  ( L )  a n d  ( 2 )  s t a t e s .  I n  o L h . r  w o r d s ,  t h e  ( 0 )  a n d  ( . 1 )  s r a r e s  d o  n o r
c o n t r i b u t e  t o  t h e  e l e c t r o m a g n c r i c  e n e r g y  d e n s i r y .

3.  C lass ica l  In tc rpre ta t i  on

I n  t h i s  s e c t i o n  i r  i s  s h o r { n  t h a t  t h e  r e s u t r s  ( 7 )  t o  ( 9 )  i m p l y  r - h €  c l a s s i c a L
E q .  ( 1 ) ,  s h i c h  m e a n s  t h a t  t h e r e  e x i s t  p h y s i c a l t y  n e a n i n g f u l  L o n g i r u d i n a l  m a g n e t j c
a n d  e L e c t r i c  f i e l d  . o m p o n e n t s  o f  t h e  e l . c r r o m a g n e t i c  w a v e  i n  r h .  c l a s s i c a l
t h e o r y .  T h e  s t a r t i n g  p o i n t  o f  t h e  d € n o n s r r a ! i o n  i s  t h e  d e f i n i t i o n  o f  t h e
o s c i l l a t i n g  e l e ( : t r i c  a n d  n a g n e t i c  f i e l d  c o m p o n e n t s  a s s o c i a t e d  w i r h  t h e  u s u a l
t r a n s v e r s e  p o l a r i z a t i o n s  ( r )  a n d  ( 2 ) ,

e r l r  
L , l  i J , ,  e o '  -  1  t l ,  t . t

,,/2 i2

. ,nd  the  1on8, i tud ina l  L ln i t  vec tor  i r i  th€  c i rcuLar  bas is  i s  fo r t r rd  th rough the  c ross

u l , e r e  6 ( 1 )  i s  a  u n i t  v e c t o r .  i n  t b e  p r o P a t a l i o n

l o n g i t u d i n a l  u n i t  v e c t o r  e ß )  i s  t h e  n a t u r a l

e t \ \ ,  e t z \ ,  e . r ,  r n  r h e . r r . u t d r  h a , i . .
I t  f o l l o w s  t h a t  L o n g i t u d i n a l  p o l a r i z a t i o n s

1 i n _ o u g h  c r o s s  p r o d ü c t s  s u c h  a s ,

l r  i s  c l e a r  t h a t

6 ( ! ) x 6 ( ' ) = j e t " = j k ,

! r 1 )  x  ! ( 2 )  = r  j E 1 ! ) t { 1 ) ,

( 1 2 )

I  t  i  s  . l  e a r  t h a t  t h e

( :omponer t  o f  rhe  se t

8 { : n e r : i t . ( l  a 1  l ] e b r a i c a l l y

( 1 6 )

( P )  a n d  m o t i  o n

s a n e  ( . P = - ,  i =  ) .

! t l )  x ! ( 2 ,  :  i E \ r r , e o r  t  ! ( 1 )  x a ( 2 r  ;  j a l o ) 2 e ( 3 ) ( 1 1 )

! ( 1 )  x ! { ' )  =  c ' ( A ( ! ,  x r i , , )
( 1 4 )

8 ( 1 )  x  A ( 2 )  i  j 8 r . ) a ' t ) ( 1 5 )

s(') = -E llilr rlfel . sot = 4!l7 iltel
,/z a

( roa)

( 1ob)

,  n n  b e  a  r e a l  m a g n e t i c  f i e l d  b e c a u s e  [ 3 ]  t h .  | a r i t v  i n v e r s r o n

r .versa l  ( t )  symet r ies  o f  the  r igh t  and 1 . f r  hand s jdes  are  the

H o w e v e r ,  i f  t e  a t t e m p t  t h €  d € f i n i t j o n ,
w h € r e  0 = o ü  r . !  i s  t h e  p h a s e  ( n o t  t o  b e  c o n f l r s e d  w i t h  t h e  s . a l a r  p o t e n t i a l ) .

H e r e  ' ' 1 0 )  a n d  4 1 0 )  a r e  d e f i n e d  i n  N q .  ( 1 ) i  I  a n d  J  a r e  u n i r  v e c t o r s  m u t u a l l y
or thogona l  to  the  propagat r ion  ax is  z  o f  r l te  e lecLronagnet ic  p lane wave in  f ree
space.  The angu lar  f reqLrency  o f  the  p lane rave  is  g iven  by  o  a t  the  ins tan t  c

and i t s  wave vec tor  by  ß  a t  the  po in t  I "  in  f ree  space.  Note  tha t  t (1 )  and Er , )

( r 7 )
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( 1 8 )

k)nsiludi al Solt/liorß of Maxwell's Equdtio'Lt in the

(23)

E ( o i  - l t ' ! ) l  =  o ,  r 1 ' r  l s ( r l  -  o ,

V, eo - ,941

A n o L h e r  n . , n i I e s t d l i ^ n  ^ '  r h ,

r l L (  c x i s t e n c e  [ 3 ]  o f  f o u r - v e c t o r s

o ,  v ,81 ! )  F " . " ! : : 11  =  o

1 / J ( ' k e y  t o  E g s .  ( 2 2 )  a n d  ( 2 3 )  i s  t ä a t  i ! t 3 )  a n d  B ß )  a r c  i n d e p e n d e D L  o f  t h e  p h a s e

0

w h i . h  a r e  t h e  c l a s s i c a l  c o r m r e r p a r t s  o j  t j q .  ( / )  r h a t  w c  a r e
t h i s ,  r e c a 1 1  t h a t  t h e  c ] ä s s i c a l  a n d  q u a n t u n  t i c t d s  : i r e  . e l a r e d

then the  c r :oss  producr  r {o  x  ! (1 )  cannor  p .odu.e  t .he  rea l  e lecr r i c  f ie td  r { r ,
b e c a u s e  s u . h  a  f i e L d  r e q u i r e s  n e g a t i v e  F  a n d  p o s i r i v e  i  s y m m e t r y  1 : 1 .  N o n e  o f
t h e  p o s s i b L e  c r o s s  p r o d u c r s  b e t r e € n  ! ( r ) ,  E { 2 )  ,  ! ( 1 )  a n d  r { ? )  p r o c l u . e  t h e
n e c e s s a r y  t u n d a n e n t a l  s y m e t r i e s  o f  a  l o . g i r u d i n a t  e t e c r r i c  f i e l d  o f  r h e  L y p e
( 1 8 ) .  H o v e v e r ,  w e  s h a l l  s e e  l a r € r  r h a t  a n . , l . ( : t r i c  f i e t . l  o f  r h e  t y p e  i s ( ! ,  c a n
be de f ined th rough cons idera t ions  o f  rhc  .1 . , .1 ro  L tgncr ic  energy  and Don€ntum
d e n s i t y  o f  t h e  c l a s s i c a L  f i e 1 d ,  c o n s i d e r a r  i o n s  a k i n  i o  E q .  ( 9 )  o f  r h e  q l r a n r u m
f i e l d .

E q ü a t i o n s  ( 1 6 )  a n d  ( 1 8 )  c a n  D e  r e w r r r  r e n  a s

f a c t  t h a t  8 1 0 )  a n d  8 ( 3 )  a r e  a d m i x t u r e s  [ 1 ]  i s

(?4a' tEr

e ,  =  ( r i ' )  ,  r e r o ) ) ,

8 1 0 ) ,  E ( . ) . ! { . )  =  O ,  B ( 0 ' 2  a r l ' . A 1 3 )  ,  0 ,

, ! d  t h i s  i s  t h e  c l a s s i c a l  e q u i v a l e n r  o f  t h e  q u a n 1 , , n r  ( : ( , n d i t i o n  ( 8 ) ,  i  . .

< { , 1 5  ( o ) ' E  ( o )  - ä 1 r ) r a I r l { , . '  o .

E t l t  =  E ! : G  r ) e ( ' ,  a ß r =  * ) 1 ; , r ; 8 r . r ,  E ( : )  x a ( z )  = B ( r )  x a ( 2 ) ( 2 t )

( 1 9 )

s e e k i n g .  T o  s e e
through the  f ie ld

i , i  t h e  M i n k o v s k i  s p a c e  t i m e  o f  s p e c i a l  r e l a t i v i t y ,  m c a r ) i n t  t h a t  B 1 ' )  a n d  l { 3 )  a r e

,  o m p o n c n t s  o f  t h e  s a n e  f o u r  v e c t o r .  I n  f r e c  s p a c e ,  e l e c t r o m a g n e t i .  r A d i a t i o n

1 r ' a v e 1 s  a t  t h e  s p c c d  o f  1 i e h t ,  a n d  E q s -  ( 2 4 )  a r e  c o n s c q u .  . e s  o f  r q s  ( 1 9 )  i n

r , : i . u d o  E u c l i d e a n  g e o m e t r y -  I r r o m  E q s .  ( 1 9 )  a n d  ( ) 4 ) ,  i t  i s  o b v i o u s  r b a r

( 25 )

(24b)

(26)

% v l '

( ' - ' / ' ' ) " , ,

v h e r e  F , € " = 1 / ,  
i  : i i i  , , s , r : t l  :  . l l d  w h e r e  y i s  t h c  s ( . t t  k i o w r  q , r a l l i z a t i o n  v o t ü f i e  I 6 ,

7 1 .  F r o m  u q s .  ( 2 0 ) .

(2r)

V.-ear - V.ar.r -  94{) , : :"  o,

(  20 )

(22)

' J o m  
t h e  c o  d i t i o n  ( 9 )  o f  t h e  q u a n t u m  f i e l d ,  i l  b ( ' . : o m e s  c L e a r  t h a t  t h e  c o r r e . t

,  o m b i n a t i o n  o f  i E ( t  a n d  . B ( 3 )  c a n n o t  c o n t r i b , , l  ( '  1 o  t h c  e l e c t r o m a g n e r i c  e n e r g y

, l , ,ns  i  t y .  Thc  same conc l  us ion  vas  rea(h . ( l  bv  I fa rah i  and Evans [  8  ]  f rom

,  ( i n s i d e r a t i o n s  o f  t h e  c o n r i n u i t y  e q u a t i o n  l i r r k i , r | ,  t h e  c l e c t r o n a g n c t i c  e n e r g y

, l (ns i tyandmomentwde s i ty .  These cons i . l c ra l  i ( ) t r : i  l . ( i  Lo  the  resu l ts  tha t  bo th  j t ( ' )

, r r d  . B G )  a r e  i n  g e n e r a t  c o m p l e x  q u a n t i t i c s .  ( 1 n , 1  i f  a ( 1 )  i s  r e a l  a n d  p h y s i c a r ,

r E r l )  i s  i m a g i n a r y  a  d  u n p h y s i c a l ) .I t  i s  t h e r e t o r . . . l . ; , r  r h , r l  r h e  c l a s s i c a t  r e : ; h t r s  ( . o r r ( : ; p o n d i n g  L o  r h e  a d n i x t u r e
( 7 )  o f  t h e  q u a r r , r D r  t h ( , o r y  a r c  t h e  E q s .  ( 1 6 )  a r l l  ( 1 8 ) .  l t c r c  a ( 3 )  a n d  j ! l r t  a r e
r e l a t e d  r o  t h e  l ( ) n l t i r , r d i n a L  s p a c e , L i k e  p o l a r i z : r r  r < , r : : ;  a n d  z r 1 . )  a n c t  s r o )  t o  t h e
t i n e - l j k e  c o m p o n . n l  ( ) {  r h e  a d m i x r ü r e  i n  q u a ' l t u m  r l ) . o r ) - .  ] r  i s  e a s i l y  c h e c k e d
r h a !  i E ( t )  a n d  t ( 1 )  a r e  s . l u t i o n s  o f  M a x w e l l , s  e q r l , t r  i o n s  i n  f r e e  s p a c e ,  b e c a u s e ,

i t r , d e r  r h l c h  n e i t h e r  i r { ' )  n o r  A ( 1 )  i f  c o r r . c t l )  ü s . d  i n  c o n b i n a t l o n ,  c o n t r i b u t e

r o  t h c  c l a s s i c a l  e L e c t r o n a g n e t i c  e n e r g y  d c n s i t y .  E q u a t i o n  ( 2 / )  s h o v s  t h a t  i f

r h e r e  i s  a  n o n  z e r o  g ( , )  r h e r e  m u s t  a t s o  b e  a  n o n  z e r o  i r ( t )  .  T h i s  c l a s s i c a l

, e s u 1 t  l 8 l  i s  c o n s i s t e n t  w i t h  t h e  r e l a L i v i s t i c  q u a n t u r n  f i e l d  e q u a t i o n  ( 9 ) ,

l , c c a u s e  f r o m  E q s .  ( 2 0 ) ,  a n n i h i l a t i o n  a n d  c r e a t i o n  o p e r a t o r s  c a n  b e  d e f i n e d  i n
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t e r m s  b o t h  o f  n ä g n c t i c  a n d  e l e c t r i c  t i m e  l i k c  a n d  L o n g i t u d i  a l  f i c l d  o p e r a t o r s .
I n  t h c  C o u l o m b  g a u g c ,  r h e  s c ä ] a r  p a r r  o f  a e  i s  s e t  t o  z e r o ,  s o  f r o m  r h e

r e q u i r € m e n t  ( a )  o f  s p e c i a l  r e l a t i v i t y ,  i t  f o L l o w s  i n  o u r  r i g o r o u s  i n t e r p r e r a r i o n
t h ä t . l  m u s t  v a n j s t i  i n  f r e e  s p a c e ,  m e a n i n g  r h a r  t h e r e . a n  b e  1 r o  e l e c t r o m a g n e t i c
w a v e  o r  f i e l d s .  c u s t o n F r i l y ,  h o w e v e r ,  O  i s  s e r  r o  z c r o  i n  t h e  C o u t o m b  g a u A € ,
a n d  . r  1 s  s € t  t o  n o n - z e r o _  T h i s  l o s e s  m a n i f c s l  c o v a r i a n c e .  a  d  i s  f r o m  o u r  p o j n r
o f  v i e w  e s p e c i a l l y  u n s a t i s f a c t o r y  i n  t h a t  t h e  s i g n i f i c a n c e  o f  s r a n d a ! o  e q u a r l o n s
o f  L h e  r e L a t i v i s l i c  q u ä n t u m  f i e l d  b e c o n r e s  c l o u d e d  l n  q u a n t u n  n e c h a n i c s ,
f u r t h € r m o r e ,  t h e  p o t e n r i a l  s  r  a n d  0  h a v .  p h y s i c a l  a 1 d  n e a s u r a b l e  € f f e c t s ,
r e c o r d e d  i n  t h c  w e l l  k n o v r  B o h m - A h a r o n o v  e x p e r i n e n t .  T h e  r e l a t i v r s L , c  q u a ' . u D
f i e l d  i s  t h e  m o s r  r i g o r o u s  c o n t e n p o r a r y  d e s c r i p r  i o n .  l n  o u r  i n t e r p r e r a r r o n ,  t h e
C o u l o m b  g a u g e  u s e d  i n  f r e e  s p a c e  i s  i n . o n s j s r e n r  r i r h  s p e c i a l  r e l a t i v l r y  a n d  t h e
covar ian .e  o I  phys ica l  lavs .  Hovever j  i ! r3 '  -nd  ! r r )  a r :e  by  any  reasonabt€
d e f i n i t i o n  e L e c t r i c  a n d  o a g n e L i c  f i e l d s  w h i c h  a r e  r i g o r o u s l y  d e f i n e d  i n  t h e
q u a n t u n  a n d  c l a s s i c a l  r h e o r y  o f  r h €  e L . . t r o m a g n e t  i c  I i e l d .

4 .  D iscuss ion

I t  i s  p o s s i b L €  t o  c o n s t r u c r  q u a n t i r i e s  8 j 3 )  a n , r  4 3 )  u s i n g  o t h e r  c r o s s

p r o d u c r s ,  f o r  e x a n p r e .  o f  t l , '  ,  ! | t - t . "  
" , , "  4 ' ,  

ä  
r l  j J ) e , . ,  t o  s i v e ,

, r t  =  f , { o ) . . : , { 6 r t

Longitudinal Solutiotß of Maxwell's Equarions in ,he...

I ) r o d u c t s  a r c  z e r o .  I n  a  l i n e a r l y  p o l a r i z e d  t r a v e l l i n B  w a v e  t h e  c o n j u t ä t e  p r o d u c r

r  s  a l  s o  z e r o  ,  b e c ä u s e  ,

t (o  x  r { , )  =  _ar2)  rE t !
(  l 0 )

(The t ime t i k€  c rea t ion  or  ann ih i la t ion  opera tor  cor respond- ing  to  the  hypothe t i ,
c a l  € l e c t r i c  t i c l d  ( 2 8 )  c a n n o t  b y  d e f i n i t i o n  d c p o n d  o n  s p a c €  c o o r d i n a r e s ,  a n d
c a n n o t  d e p e n d  t l , c r ( f o r e  o n  t h e  p h a s e .  I t  f o l l o u : j  t h a r  r h e  q u a n t i z e d  w e r s i o n  o f
E q .  ( 2 8 )  c a n n o t  o b c y  [ q s .  ( 7 )  t o  ( 9 )  o f  t h e  q u a n t t r n  f i e l d  r h e o r y . )

T h e r e f o r e  q u r n t i t i e s  s u c f r  a s  { t ,  i n  c o n r r a d i s t i n c t i o n  t o  i ! ( t  a n d  a { . }
a r e  n o t  r e a s o n a b l y  d e f i n a b l e  a s  e l e c r r i c  f i e l d s  i n  f r c e  s p a c e .  T h e  r e n o w a l  o f
t h e  p h a s €  0  i n  t h e  c r o s s  p r o d u c t  ( 1 5 )  a n d ,  m o r e  i n d i r e c t l y ,  i n  E q .  ( 2 7 ) ,  i s  a
cr i t i ca l l y  inpor tan t  e lement  in  our  ana lys is .  lh is  rype  o f  c ross  produc t  i s
o f t e n  r e f e r r e d  t o  i n  t h e  l i l e r a r u r e  i 9 l  a s  t h c  " c o n j u 8 a t e  p r o d u c t "  b e c a ü s e  i t  i s
the  c ross  produc t  o f  a  vec tor  w i th  i t s  own compLex con jugate  vecror .  Note  rha t
s u c h  ä  c r o s s  p r o d u c l  i s  p o s s i b l e  o n l y  i f  r h €  v e c t o r  i s  c o D p l e ) r ,  i . e .  i f  t h e
e lec t r :omagnet ic  vave is  a  t rave l l ing  wave.  In  a  s tand ing  wave,  such c ross

l ) y  d e f i n i t i o D ,  a n d  s w i t c h i n g  f r o m  r i g h t  t o  l e f t  c i r c u l a r  p o L a r i z a t i o n  n e a n s  t h a t

E { r ) - E ( t )  a n . t  r 1 1 )  - a ( 1 ) .  I L  f o l l o w s  f r o n  E q .  ( 1 0 )  t h a r  t h e  s u m  o f  t ( 1 )  x E o )  a n d

R o )  x  8 r l )  v a n i s h e s ,  L i n e a r  p o l a r i z a t i o n  b e i n g  a  s t r m  o f  e q r r a l  P a r r s  o f  r i g h t  a n d

l . f t  c i r c u l a r  p o l a r i z a t i o n .  I n  o t h e r  v o r d s  i t r ' '  a n d  A G '  v a n i s h  b y . a n . e l L a t i o r

i n  L i ü e a r  p o l a r i z a t i o n  b e c a u s e  c o n j u g a t e  p r o d u c t s  v a n i s h  i n  L i n e a r  p o l a r i z a t i o n .

The ex is tence o f  a  phys ica t ly  mean ing fu l  ,  re '11  lG)  in  ' i  r ( I l  a r  o r

i , l l i p t i c a l  p o l a r i z a t i o n  m e a n s  t l r a t  t h e r e  s h o u l d  b e  p h y s i c a l l v  m € a n i n g f u l  e f f e c r s ,

l o r  e x a n p l e  m a 8 n e t i z a t i o n  a t  f i r s t  a n d  h i g h e r  o r d e r s  i n  t h i s  f i e l d  l 4 a g n e r i z a

I  ion  due to  A( t  a t  s€ .ond order  has  a l ready  bcc l r  ohse.vcd  i r r  the  weL l  knom

i n v e r s e  F a r a d a y  e f f e c t  I 1 0 1 ,  w h o s e  o r i g i n a l  t h e o r y  d i d  n o l  h o v e v e r ,  p r o p o s e  t h e

. a i s L e n c e  o f  s ß )  e x p l i c i t l y .  T h e r e  s h o l l l d  a l s o  l ) c  m a l } r e t i z a l  i o n  d u e  t o  l ( 3 '  a t

l i r s r  o r d e r ,  a n d  i t  w o u l d  b e  i n t e r e s t i n g  t o  r e p e a t  t h e  i l r v e r s e  F a r a d a y  e f f e c t

. x p e r i r n e n t  a i t h  t h i s  i n  m i n d .  R e c e n r  t e . t a t i v .  c v i d e n c e  f o r  a S , n e l i z a l  i o n  b y

l i g h t  h a s  b e e n  d e s c r i b e d  t h r o u g h  s m a l l  b u t  r e a l  s l t j f t s  i n  N l 4 R  f r e q u e n ' i ' r s  i n d u c e d

l , y  a  c i r c u l a r l y  p o l a r i z e d  l a s e r ,  s h i f t s  v h i c h  v a n i s h  i n  l  i n e a r  P o L a r i z a t i o n  l r r l

s u c h  e f f e c t s  a r : e  a l s o  p r e s e n t  i n  t h e o r y  i n  E S R  l l r  l  a l r d  i n  n a g r t e t i '

l m a g i n s  [ 1 3 ] .
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Chapter 6

IRREDUCIßLE TENSORIAI REPRXSENTAT I ONS IN

OI' I'REE SPACE ELECTROI{ACT{ETI SII

ü.  l , l .  Evans

l .  Int roduct ion

I ( 0 )  =  A B  ( o ) !  o )

R(3) Ot. THE LONGITTJDINAL GHOST I'IELDS

Exper imenta l  observa t ion  o f  the  inver :se  Faräday  € f fe . r  (phasc  l rcc  oagnet iza t ion
by  l igh t )  i s  shoun to  be  proporL iona l  to  lhe  con. jugate  producr  o r  osc i l l . r r ing

, n a g n e t i c  f i e l d  c o n p o n e n t s  l t 1 )  x  a r u )  =  i a  l o r a { t  ,  w h e r e  A ( 3 )  i s  a  L o n g i t u d i n a l

m a g n e t i c  f i e l d  a s s o c i a t e d  l r i t h  f r e e  s p a c e  e l e c t r o m a a n . t i s n  a n d  w h c r .  B r o )  i s  t h e
r . a l a r  a m p l i t u d e .  I t  i s  d e o o n s t r a r e d  r i g o r o u s l y  r h n t  L h c  f i c l d  - B ( 1 )  c a n  b e
.xpanded in  te rns  o f  i r reduc ib le  compound tcnsors .  the  vec tor  sphcr ica t
l , d r m o n i c s ,  r h i c h  a r e  e i g e n w e c t o r s  o f  t h e  r o t a t i o n  ( ) p . r a r o r  f o r  a  v e c t o r  f i e 1 d .
such an  anatys is  imp l ies  tha t  the  neg lec t  o f  Aß)  in  s tandard  e l€c t rodynan ics  i s
L .qu iva len t  to  a  v io la t ion  o f  fundamentaL group rh .o ry .  The incLus ion  o f  .BG,
rmpl ies  tha t  in  the  quantum f le ld ,  the  photon  b . .om.s  a  r igorous ly  vc l t  dc f ined
rDson,  s i th  th ree  e igenva lues ,  as  fo r  any  boson o f  un i t  sp in  angutar  momcntum.
f h e  f i e l d  a t 3 t  i s  L i n k e d  g e o m e t r i c a l l y  r o  t h e  t r . i s v ( . r s c  w a v e  f i e l d s  r ( r )  a n d  B ( 2 )
i n  f r e e  s p a c e ,  b u t  i s  p h a s e  f r e €  a n d  h a s  n o  t , l r n . k . , n e r g y .  I t  i s  r h c r c f o r e  a

|hos t  f ie ld  o f  e lec t romagnet isn  wh ich  cannot  b .  r1 , : ro rb{ ,d  o r  rc ,en i t red  in  f i€ ld
na l te r  in te rac t ions .

I t  h a s  b e e n  s h o r - n  r e c e n t l y  [ 1 ,  2 l  t h a r  r h c . . x p e r i m e n t a l L y  o b s e r v e d
n v e r s e  l a r a d a y  e f f e c t  i s  d i r e c t l y  p r o p o r r i o n r l  l o  r t r e  t o n g i r u d i n a t  g h o s r

a ( 3 r ,  o f  f r e e  s p a c e  e l e c t r o m a g n e t i s n .  A t  s c . o r r l  o r d e r ,

l 3  r 0 l
f  i  e l d ,

( 1 )

! l ' e r e  I ( 0 )  i s  t h e  r e a l ,  p h a s e  f r e e  ( " s r a r i c "  [ l ,  ?  )  m a g n e r i z a r i o n  d u e  t o  a
,  i rcular ly  polar ized l iaht  beam, Ä is  the enscüble av€raged nagni tude of  a
rolecular  or  atonic properry tensor,  and ar0)  is  the s.a lar  densiry of  nagnet ic

i l t r x  i n  t h e  t i g h t  b e a n .  T h e  g h o s t  f i e l d  I 1 1 - 1 4 1 ,  ! { r ) ,  i s  t h e  € x p e c t a t i o n  v a t u e
,{  che Longi tudinal  photonagn€ton,  6( , ) ,  vhich is  d i rectLy proporr ionat  ro the

ln loron angular :  monentm operator ,  j ,  in  f ree space,

6 r z t  =  o L o t : l  , ( 2 )
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i  i s  t h e  r e d u c e d  P l a n c k  c o n s t a n t .  F r o n  E q .  ( 2 )  i n  E q  ( l ) ,

The Phoronognelon ond Qu4nrtoi FieA Theory

( 6 )

e o ,  =  ] . ( t *  i J ) ,  e  ( ! )  : ; ,  ( 4 )

ü ( o )  =  < i ( o )  >  = A B a ) ' : : " , ( 3 )

showing thal  the magnet izat ion at  second order in a i0)  ( f i rs t  order in the l ight

in lensi ty)  is  d i rectLy proPort ional  to photon angular  momentuin
This novel  anaLysis of  a weI l  kno n,  exPer inenla1Lv wer i f ied '  Phenotnenon

[ 3 - 1 0 ] ,  m a g n e t i z a t i o n  b y  l i g h t .  d e n o n s t r a t e s  t h ä t  t h e r €  i s  a  n e € d  t o  i m p r o v e  t h e

standard approach to e lectromagnet isn to account for  the existence of  the ghost

f ie ld s6) .  In th is paper,  i t  is  shovn that  B(: )  can be r :epresenled by a

c o n b i n a t i o n  o f  i r r e d u c i b l e  s p h e r i c a l  t e n s o r s  o f  t h €  I u l l  r o t a t i o n  g r o u P '  R ( 3 ) ,

i - e .  i r r e d u c i b l e  c o m p o u n d  t e n s o r i a l  r e p r € s € n t a t i o n s ,  t h e  v e c t o r  s p h e r i c ä 1

h a r n o n i c s  1 1 5  T h e r e f o r e ,  a n y  a t t e n p t  t o  a s s e r t  [ ] 6 1  t h a t  t ( : '  = '  0  v i o L a t e s  t h e

s y m e t r y  o f  R ( 3 ) ,  i . e .  v i o l a t e s  f u n d a m e n t a l  g r o u p  t h e o r y  A  r i g o r o t t s  d ' f r Ö n s t r a -

t ion of  th is resul t  is  necessarv becaus€ the standard approäch to f ree space

e l e c t r o n a g n e t l s D  t 1 7 - r 9 l  u s e s  o n l y  t h e  r r a n s v e r s e ,  o s c i l l a t i n g ,  i n a g n e t i c ,  w a v e

f i e t d s  a ( 1 )  a n d  r ( , ) .  T h e s e  a r e  c o m p l e x  c o n j u g a t e s  i n  a  c i r c u l a r  b 3 s i s  d e f i n e d

b y  t h €  u n i t  v e c l o r s ,

" " t  
_  ) - 4  ; 1 , ,

' h e r e  l ,  J  a n d  . k  a r e  C a r r e s i a n  u n i t  v e c t o r s  i n  B u c l i d e a n  s p a c e  l n  t b i s  b a s l s

the t ransverse f ie lds r( r )  and 8{ ' )  are l inked geonetr ical ly  to B(t  through a

c y c l i c a l L y  s y m m e t r i c  L i e  a r g e b r a  [ 1 1  1 4 ] ,

( 5 )
t ( 1 ' x ! { 1 ) = j 8 1 o r ! ( 3 ) .

a n d  c y c l i c  p e r n u t a t i o n s  o f  ( 1 ) ,  ( 2 ) ,  a n d  ( : l ) .  H e r e  ' r  d e n o t e s  " c o ' r i p l € x

c o n j u g a t e " .  a n d ,

a ( 1 '  : 8 ( a ) .  =  i B ( 0 r € ( 1 ) e  ! 0 ,

l , ' h e r e  0 = o t - r ' !  i s  t h e  p h a s e  o f  t h e  P t a n e

angu lar  f requency  o f  the  beam a t  an  lns tan t  a ,

r .  F r o o  8 q .  ( 5 ) ,  v i t h  ! { 3 )  =  8 r ' "  i  i t  i s  s € e n

2 ) ,

uave in  f ree  space;  o  be ing  the

a n d  .  i r r  w - \ ,  v e . l o r  d t  p o s i r i o l

t h a t  E q .  ( l  )  . a n  b e  v r i r t e n  a s  [ 1 ,

I l a ) =  i a B t r t ,  A t z l
( 7 )

where  a{1)  x  S i ' )  i s  re fe r red  to  as  the  "con jugate  produc t "  in  th€  l i te ra tu re  on

n o n l i n e a r  o p t i c s  t 2 0 1 .  T h e  € x p e r i m e n t a l  o b s e r v a t i o n  o f  t ( 0 )  [ 3 - 1 0 ]  t h e r e f o r e

lrreducible Tensorial Representation in R(3) of the...

: n t ) l i e s  t h a t  o f  l ( 3 , ,  t h e  g h o s r  f i e l d ,  s o  c a L l c d  b c c a u s e  i t  i s  p h a s e  f r e e ,  s o

1 , ,1  i ' ' )  ,  be : ing  d i rcc t l y  p ropor t iona l  to  . ; .  has  no  P la t l ck  e t ie .gy .  1n

\  i s . q u c n c e .  a ' r '  t a k e s  n o  p a r r  i n  e n e r g y  t r a n s f e r :  t r o m  f i e l d  t o  m a t t € r ,  i . e .
:  ,  n o t  a b s o r b e d  o r  r e  c m i t L c d .  I t s  i n t e r a c t i o n  v i t h  m a L t e r :  i s  " p u r o l y  c L a s t i c " ,
, r r l  invo lves  the  t rens fer  a t ) l y  o f  p l )a to t1  anBt r la .  r< \ ra i t  un  as  descr ibed by  Eq.

1 r )  T h e  f i c l d  a ( ! '  i s  t h e r e f o r e  v e r y  m u . h  m o r . . l i t f r . L l r  t ^  d e r e c t  e x p e r i m e n -

, , l l ) '  t h a n  t h e  l r a v e s  a o )  a n d  a o ) .  w h i c h  c a r r )  f L f , n c l ,  € n c r g y  p r o p o r t i o n a l  t o

l L  r r  r n g u l a r  f r e q u e n c y  o .  I t  c a n  b e  s h o w n  l 1 l - t l  t h a t  a " )  a d d s  n o t h i n g  t o
.  r S h t  i n t e n s i t y  i n  v a c u o ,  a n d  r h c r c f o r e  d o e s  n o t  a I I . . t  t h e  R a y l e i g h  J e a n s  1 a r ,
i l r .  c l a s s i c a l  I i m i t  o f  t h e  P l a n c k  r a d i a t i o n  l a w  l 2 0 l .  I n  t h e  q u a n t ü t r  t h c o r y ,
r l i c r . fo re ,  the  i l l us ion  is  c rea ted  tha t  the  photon  can be  descr ibed by  t i ro

s p a c e  p o l a r i z ä t i o n s  o n l y .  T h i s  l o n g  s t a n d i n g  d i f f i c u L t y  i n  t h e

' tL ran tun  Lheory  o f  L lgh t  i s  neat ly  removed by  the  reaL iza t io l ]  tha t  .B( ' )  i s  l inked
'  a , r  , n d  a ( : )  o y  E C .  . r , .  - n o  i \  p h s s p  l r p p  t o r  r l , r s , , " s o n .

(  r0)
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a { r )  *  o ,  v . a ß }  =  o ,

x,( ! )  = La(! )  x  r . ! {3,  o.

l h e  l o n g i t u d i n a l  f l u x  d e n s i t y  o f  e l e c t r o o a g n e t i .  . n e r g y ,  t ( 3 ) ,  i n  f r e e  s p a c e  i s
z c r o ,  a n d  t h e  a s s o c i a t e d ,  z e r o  l i g h t  i n t e n s i t y  j s  s i m p l y  t h e  t i m e  a v e r a g e  o f
t ( 3 ' .  F o r n a l 1 y ,  ! ' e  a l s o  o b t a i n  [ 2 r ] ,

u l r r  =  
I , r 1 ! ( . t . ! r t )  

+  € o i ! ( : )  ,  i . r ( ! )  o ,

( 8 )

. , : i  required by one of  thc Maxvel l  equat ions in f ree spacc (and in matter) .
,  o n s i d c r a t i o n s  o f  f u n d a m e n t a l  s y m m e t r y  [ 1 1 - 1 4 1  a n d  s p . c i a ]  r c l a t i v i t y  s h o w  t h a t
a ß )  i s  a c c o n p a n i e d  b y  a n  i m a g i n a r y ,  l o n g i t u d i n a l  ,  e l € c t r i c  f i € l d ,  i ! r ' )  ,  r h i c h

t ) r o d u c e s  n o  p h y s i c a l  e l e c t r i c  p o l a r i z a t i o n  i .  f i e L d  m a t t e r  i n t c r a c t i o n .  T h e
,  o n t r : i b u t i o n  o f  a ( t  a n d  ; t { ' )  t o  I i g h t  i n t € r s r r y  i s  z e r o ,  b c . a u s c  t h e i r
{ r o n t r i b u t i o n  [ 2 0 ]  t o  t h e  P o y n t i n g  v e c t o r  i s  z . : r o  ( a ( ] )  b e i n g  p a r a l l e l  t o  i l ( ' '  ) ,

( e )

ü h e r e  u ß )  i s  t h e  l o n g i t u d i n a l  f r e e  s p a c e . L . c t r o m d s D e r i c  e n e r g y  d e n s i t y  ( w a t t s

E q u a t i o n s  ( 8 )  a n d  ( 9 )  r e v e a l  t h a t  i n  t h e  q u a n t u m  t h e o r y ,  P l a n c k ' s  l a v  c ä n
l ) e  d e r i v e d ,  a s  f i r s t  s h o m  b y  B o s e  [ 2 2 ] ,  w i t h  r h ( ]  u s c  o f  o n l y  t w o ,  t r a n s v € r s € .
p o l a r i z a t i o n s .  T h i s  c o r r e s p o n d s  i n  t h €  c L a s e i c a l  r h e o r y  t o  t h e  u s u a l  a s s e r t i o n
t h a t  p l a n e  v a v e  s o l u t i o n s  o f  M a x r r a l l ' s  c q u a t i o n s  a r e  t r a n s v c r s e .  T h e  r e c e n t l y
d i s c o v e r : e d  t 1 1 l  E q s .  ( 5 ) ,  h o w e w e r ,  s h o w  t h a t  t h .  u s u a l  l r a n s v e r s e  r a v e  s o l u t i o n s ,

! r1 )  and 8(2) ,  a re  l inked to  lhe  p iase  independcüt  ghos t  f ie ld  rß) .  F ron  Eq.

( l ) ,  t h e  a s s e r t i o n  l o ' = ? o  n e a n s  t h a t  t h e r e  i s  n o  i n v e r s e  F a r a d a y  e f f e c t  t o  a n y
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o r d c r  i n  B 1 0 ) ,  c o n t r a d i c t i n g . x p e r i e n c €  t l 1 0 1 .  l u r t h c r m o r ( ,  r h e  e x i s t e n c e  o f

a r ' )  a n d  i a { 3 )  i s  c o n s i s t e n t  w i t h  s p e c i a l  r e l a t i v i t y :  t h e  f i r s t  p a p e r  o n  w h l c h
by Einstc ln t23l  shows that  there is  a four- t .nsor Fr"  in l { inkowski  space t ime
vhich def ines the Maxwel l  equar ions.  l 'or  cxample.

is  a concise way of  r r i t ing tvo of  the Maxv. l l  .quat ions in f ree space ! ime.
H e r o  x r = ( x ,  v ,  z ,  t c t )  ä s  u s u ä ] .  l n  S . l .  u n i t s ,  i f  € o  i s  t h e  p e r m i t t i | i t y  i n

I 
u r:B? t:]tt j Ex 

l
I  c B -  t !  c E -  i E ,

"."= "1 .r," .n. " '" .  1'
I  i E "  i E y  1 u "  0  l

(  1 1 )

(12)

i n  a  C a r : t e s i a n  b a s i s .  H e r e ,  t h e  l o n g i t u d i n a l  B , =  B r r )  a n d  i r , =  i ! ( 3 )  F r o m  E q s .
( 1 0 )  a n d  ( 1 1 ) ,  i t  i s  c l e a r  t h a !  t h e  M a x w . l l  . q u a t i o n s  i n  f r e e  s p a c c  t i m e  a r e

s a t i s f i e d  i n  g e n e r a l  w i t h  a  D o r - z e r o  l a n ] i t u d i D a l  r ( 1 )  a n d  ; E r t .  T h i s  v a s

r c a l i z e d  i n  1 9 0 5  b y  F i i n s r e i n  t o  b e  c o m p ä l  j b l .  w i t  h  I ) l . n c k ' s  r a d i a t i o n  l a i t  o f  1 9 0 0

[ 2 4 ] ,  a n d  c ] a s s i . . r l  ( . u n r e r p a r E s ,  t h e  R a y l . i g h . l . a n s  a n d  l i i e n  1 a w s .  I t  i s  a l s o

apparent  tha t  i f  l (3 )  i s  pu fe  rea l ,  then ra ' t  i s  purc  imag i  a ry ,  a  r€su l t  vh ich

i s  c o n s i s t c n t  l { i l h  r h .  f a c t  t h a t  i n  s p e c i a l  r . l r l i v i t y  l r 5 l ,  t h e  s q u a r c  o I  t h e

c o m p l € x  v e c t o r  . - t | . r )  +  l E ( t  i s  a  L o r e n t z  l n v a r i r n L .

R e n a r k a b l y ,  t h c  c x i s t c n c e  o f  t h .  L i c  a l g . b r a i c  1 1 - 1 3 i  E q  ( 5 )  a p p c a r s  t o

h a v e  g o n e  u n r e a l i z { , d  u n t i l  1 9 9 2  [ 1 1 ] ,  b u t  i t  i s  c l c a r  l h a l  U q .  ( 5 )  i s  c o n s i s t e n t

r i t h  t h e  1 9 0 1  c q u i r  i o r  ( 1 0 ) .  I ' J e  a r r i v e  a l  l h .  c o r . l , r s i o l r  r h a t  t h .  p h o t o n ,  l i k e

a n y  p a r t i . 1 . ,  h , s  r i , r . e  s p a c e  L i k e  d i n e n s i o n : i ,  o r  p o l a r i z . t i o n s ,  i n  E u c l i d e a n

s p a c e ,  a n d  r h a t  ( : l r : ; : i i . ! l l v ,  t r a n s v e r s e  s o L u t i o r ) : ;  o f  l , 4 a x w c l l ' s  c . l u a t r o n s  l n  v a c u o

i m p l y  t h e  c x j s t o r ' ,  , , 1  I o n g i t u d i n a L  s o l u t i o u i i  w l , i . l , ; , r .  p h a s .  t r . c  L h r o u S h  E q -

( 5 )  i n  f r e e  s p ; , ( : (  ( n ( ) r .  p r o p e r l y  f r e e  s p a c .  t i n r )  O r ) (  o t  t h . n ,  a ( ' ,  i s  r e a l

a n d  p h y s i c a l ,  r i n .  ( ) r h ,  r ,  r t t ' ) ,  i s  i m a g i n a r y  a r l l  , ü r p i r y : ; i . i l .  ( L l .  i ' o 1 l o w  t h e  r u l e

t h a t  p u r e  . e a l  l i ( , 1 ( l : ;  a ) .  p h y s i c a l ,  p u r e  i m a S i r ü r v  o r x s  a r !  u ü p h y s i c a l - )

T h i s  p a p c r  ( t ( . a l s ,  e s s e n t i a l l y ,  v , , i t h  t h .  1 }  o n n l r i . a l  l o u n d a t i o n s  o f  ! ( 3 ) ,

i . e .  w i t h t h e  s ! l l  ( . v i d . : I l t  t r i  d i m e n s i o n a l i t y  o l  I l , r . l i ( l . r r  s p a c e .  F r o r E q .  ( 6 b ) ,

i t  i s  c l e a r  r h r r  ! o '  .  o  i m p L i e s  € ( 3 )  = )  O  !  a n ( l  u r ! ) r t u r a l l v  r e d u c e s  s p a c e  t o  a

p l a n e .  I t  i s  n c . c s s a r y  t o  n r e n t i o n  t h i s  w h o l l y  o l ) v i o r s  d e d u c t l o n  b e c a u s e  i n

e l  ec t rod lnan ic  s  ,  iL  has  becone hab i tua l  to  cors i ( l . f  l?61  on ly  the  \ räve  f ie lds

8(1)  and ! ( . )  .  Howcver ,  the  ex ls tence o f  the  ghos t  f ie td  .B( ' '  neans  tha t  i t

b e c o m e s  n e c e s s a r y  t o  i n v e s t i g a t e  i t s  s y m n e t r y  r c p r c s e n t a t i o n  i n  R ( 3 ) ,  m e a n i n g

t h a t  r h e  i r r e d u c i b l e  r e p r e s e n t a t i o n s  o f  € ( r )  i t s e l f  m u s t  b e  d c v e l o p e d  s p e c i f i c a l -

l y .  The impor tan t  a in  o f  such a  theory  i s  to  dcmonst ra te  - r iSorous l l  tha t  the
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, ,  l ] ] e c t  o f  a { r )  ( e . g . r ( 1 )  = ?  o )  i n  e l e c r r o d y n a m i . s  w i o l a t e s  t h e  f u n d a r ? e r r . a l s  o f
i )  o u p  t b e o r y  i r s e L f .

l n  S c c .  2 ,  t h e  r c a l ,  p h y s i c a l .  d " )  r . s  e x p r c s s o . t  i n  r e l m s  o i  r h e  r o r a t i o n

)  i  ü . r a t o r ,  . ? 1 r )  ,  o f  t h r e e  d i m e n s i o n a l  s p a c e ,  a  p u r .  i m a g i n a r y  o p e r a r o r  t 2 l 1 .
l i j s  p r o c e d u r e  c l a r i f i e s  t h a t  l h e  e x i s r e n c e  o f  6 r i )  i s  c o n p a r i b t e  w i t h  L h e  f a c t

, l , r t  in  the quantum theory,  thc e igenvalues of  phoron spin angular  momenrum
i ' i t f ins ic spin)  become n,  o,  h.  I f i .  photoD becones a . j . torously wel l  def ined

r ' , , : ,ou.  This d i f fers f rom th€ convent ional  approach.  jn \ rh ich rhere arc only tvo
,  igcnvalues,  nanely I  and 15.  An important  property of  the f ie ld 6( . )  is  that

r  a l s o  e x i s t s ,  a f t e r  q u ä n t i z a t i o n ,  f o r  r h e  z € r o  r e s r  m a s s  p h o t o n .  M o r e
, r , . n c r a l l y ,  t h e  z e r o  r € s t  n a s s  p h o t o n  i s  t h e  m o - O  L i m i r  o f  r h €  t h € o r y  o f  f i n i r e
r , l ( ) t o n  r e s t  m a s s ,  D 0  t 2 8 1 ,  i n  v h i c h  r h c  d , A l e n b e . t  . q u a r  i o n  i s  r c p l a c e d  b y  r h e

r o c a  e q u a t i o n .  T h e  l a t t e r  g i v e s  [ 1 1 - r 4 ]  r h e  l o ' t i r d d i ' a /  m a g r r e r i c  f i e l d  i n  t h €
I  l r o t  o n  r e s t  t r a m e ,

" o r  
=  5 r " , f l - 9 r . ) ' "  z ' " c z t \ k  -  R \ t \ k t

\  n " c '  )
( r l )

! h i . h  r e d u c e s  t o  . B G '  i n  t h e  l i n i t  o f  i d e n t i . . . t t l r  z . r o  r . s r  ( r . - o ) ,  w h e n  r b e
r , r . m u L t i p l y l n g  f a c t o r :  r c d u c e s  t o  u n i r y  b y  t h .  d .  l l r o A l  j c  g u i d i n S  r h . o r e m ,

and th€ phase dependence disappears.  Ih{  ( .x isr€nce of  ro}  an. t  rhrcc
L ' 8 r e e s  o f  p h o t o n  p o l a r i z a t i o n  i . n  t h a  l i m j r  i s  t h e r e l o r c  t u l l y
, r m p a t i b l e  w i t h  L h e  e x i s t e n c e  o f  f i n i t e  p h o t o n  r r . s r  m i : ; s ,  € x p e r i m e n t a l  e v i d . n c c

r , ) r  \ . v h i c h  i s  r e v i e v e d  i n  R e f .  [ 1 4 1 .
I n  S e c .  3 ,  t h e  f i e l d s  r ( 1 ) ,  8 ( 2 )  a n d  r ( 1 '  r r .  e x p r e s s e d  i ü  r c r m s  o f

) r c d u c i b l e  r e p r e s e n t a t i o n s  o f  t h e  r o r a t i o n  l t r o u p  R ( 3 ) ,  u s i n g  t h e  v e c L o r
. r ) h e r i c a l  h a r m o n i . s  I r 5  ]  -  T h i s  d e v c l o p n . n r  : i h o s : r  r h a t  r ( : )  i s  d l r e c r t y
r , f o p o r t i o n a l  t o  s u s  o f  v e c t o r  s p h e r i c a l  h a r r n o n i c : : ,  i . c .  t o  s u m s  o f  i r r e d u c i b t c

(  l ) r e s e n t a t i o n s  o f  t h e  f u l l  r o t a t i o n  g r o u p .  t h f : r { ,  i r r c d u c i b l e  r e p r e s e n t a t i o n s
vector  funct ions in Eucl idean sDnc(. .  and .an be exDressed in rerns

, l  t h e  v e l l  k n o u n  c l e b s c h  c o r d ä n  c o u p l i n g  c o . t  t i . j . n r s  o r  l t i g n € r  3 - j  s y m b o l s .
| l r . r e f o r e  t h e  c o n v e n t i o n a L  a s s e r t i o n  8 { r ) , ?  o  v i o t r l , , s  t b e  f u n d a n e n t a l  s  o f  g r o u p
r / , c o . I .  F u r t h e r : m o r e ,  S e c .  I  s h o w s  t h a t  8 r t ,  a o )  - r  . l  a ( r )  a r e  r e l ä t e d  1 i n e a r 1 y ,

i i  w e L l  a s  n o n - l i n e a r l y  t h r o u A h  E q .  ( 5 )  i n  l . i !  l i ( 1 c n n  s p a c e .  T h e s e  l i n e a r
,  L a t i o n s  o c c u r  t h r o u g h  t h e  c o r r e s p o n d i n g  I  j l r k  l l  l e . c n  e ( 1 ) ,  € ( 1 )  i  a n d  € ( 3 )  i

a 6 t  =  L e ß t  b  e , J t .  e 1 1 ) ,  j ; . , "  t  
" " , " -  

-  ! : 4 " - . a o ) ) + D .  ( r a )

' r r . re  a  and ö  are  de f ined in  Sec .  3  in  t . rms o f  .ombina t ions  o f  vec tor  and
, , .a la r  spher ica l  harmon ics_  Thcsa l inear  re la r ions  show tha t  each o f  the  f j c tds

a( t ) ,  ! ( t )  and r ( ! )  i s  de f ined th roush combina t ions  o f  the  orher  t \ ^ /o .  In
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p a r t i c u l a r ,  ! ß )  c a n  b e  e l p r e s s e d  8 ( 1 )  a n d  ! ( ' 2 ) ,  s h o l , i n f ,  c o n c l u '

s i v € L y  t h ä t  a )  i t  i s  n o n - z c r o r  b )  - i L  i s  P a r t  o f  t h c  f u n d a m e n L a l  s y m m e r r y  t r o u p
R ( . 1 )  .

S . c t i o n  4  s h o \ , r s .  f i n a t l y ,  t h a t  t h .  c t p a t , s i o n  o f  t h c  e l e . t r o n a g n . t i c  f i . l d

i n  t c r m s  o f  t h e  v e c t o r  s p h c r i c a l  h i l r m o n i . s .  d . s c r i b . d  f o r  c x a m p l e  b y  S i l v c r  [ ] 5 1 ,

c a n  b e  a u g m e n t e d  u s i  g  t h e  r e s u l t s  o f  S . c .  : l  i o  i n c L u d .  t h e  e x p s n s i o n  o f  t h e

L o n g i t u d i  n a l  f i e L d  ! t 3 ' .

2 .  The E i8enva lues  o f  the  l tass less  and t {ass ive  Photons

I t  i s  c u s t o r n a r y  t o  a s s e r t  [ 2 7 ]  t h r l  t h e  n a s s l e s s  p h o t o n  h a s  t w o  e i g c n v a l u e s

o f  i n r i - i n s i c  ( s p l n )  a n g u l a r  m o m e n t u m ,  n a m . l y  - i  a n d  n  I n  u n i t s  o f  I  t h e s e  a r e

l  a n d  + 1 .  T h e  e i . g e n v a l u e  o  i s  n i s s i L U  t r o m  l h .  s t a n d a r d  r h . o r y ,  d e s P i l e  t h e

f a c r  t h a t  t h e  p h o t o n  i s  a  s p i n  o n e  b o s o r ,  T h ( ,  e i s e n v a l u e s  - h  a n d  i  c o r r e s p o n d

L o  t h e  t w o  s e n s e s  o f  c i l c u l a r  p o l a r i z a t i ( t r ,  i n  t h .  c l r s s i c a l  t h e o r y ,  a n d  o r i g i n a t e

i n  t h e  L h e o r y  o f  v e c t o r  f i e l d s ,  d e s . r i b . d  f o r  . x a ß p l e  b ) '  S i l v e r  { I 5 1 .  l n

E u c l i d e a n  s p a c e ,  r a t h e r  t h a n  M i n k o v s k i  s p i L ( : ( :  t i m e .  t h . :  e i g e n v a l u e s  l .  0  a n d  + L

a r e  d e r i v e d  f r o m  e i g e n e q u a t i o n s  o f  t h c  I  v p . ,

j , , ) € ( r ) : + t € r 1 , ,  i . ) e ( r )  -  t € ( , ) ,  
( 1 5 )

v h e r e  i l r r  i s  t h e  r o t a t i o n  o p e r a t o r ,

i 0 ( r

o 0 0

i : . =  j i n ) ,  i , ' = , " i " ' .  f , l  r . ; " ' ( 1 7 )

and to  the  sca la r  spher lca l  harmon ic  opera tors  by

( 1 6 )

T h e r e  i s  n o  p a r r ( t o \  i n  t h e  u s e  o f  o P c r a t o l  a s  w . L ]  a s  a  u L r i t  v e c E o r '

i n  t h e  s a m e  s c n s e  t h a t  t h e r e  i s  n o  P a r a d o x  i r ,  r h €  u s e  o t  t h e  s c a l a r  s p h e r i c a l

h a r m o n i c s  a s  o p c r a t o r s .  T h i s  i s  d i s c u s s e d  b y  S i l v c f  J o l  i o w i n g  L q  ( 5  5 )  o f  R e f .

t 1 5 1 .  T h e  r : o l a t i . D  o p € r a t o r s  i n  E u c t i d e a n  s p a . . ,  a r .  f i r s t  r a n k  r  o P e r a t o r s

l f 5 l ,  w h i c h  a r e  j r r . d u . i b l e  t e n s o r  o p e r a t o r s  ä D d  u n d ( ' r  . o t a t i o n s  t r a n s f o r m  i n t o

l i n e a r  c o m b i n a r i o n s  o f  c a c h  o t h e r .  T h e  i  o p t , r a t o r s  a r e  ( l i r e . t l y  p r o P o r t i o n a l

t o  t h e  s c a l a r  s p h c r i c a l  h a r n o n i c  o p e r a t o r s .  T h c  r ' o t a l  1 o n  o p e r a t o r s  J  o f  t h e

f u l l  r o L a t i o n  g r o u p  a r e  r e l a t e d  t o  t h e  i  o p c r a t o r s  r s  l o l l o w s ,

lrreducible Tensorial Represenlatian i^ R6) of the...

r r  t / ' , 1 , . ,  , )  i r ' , . :  ) . '  , ' .  i t ' , . I  ;
; \ 4 " i  "  '  

t \ , a r l  "  , t z x l  "
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( 1 8 )

l h i s  i n p L i e s  i n  t u r n  t h a t  t h e  f i e l d s  r ( 1 ) ,  ! r ,  a n d  a ( !  a r c  a l s o  o p e r a t o r s  o f  t h e
i , , l l  r o l a t i o n  g r o u p ,  a n d  a r e  t h e r e f o r e  i r r e d u c i b l - -  r e p r e s e D t a t i o n s  o f  t h e  f u l l
! , ) t  e t  i o n  B r o u p .  S p e c i f i c a l l y ,

6 { 1 r  =  s ( o ) i ( 1 , e i r  -  8 , " , , ( + ) l r , , " , ü

6  B o , t . - J ö  D o r t l : i 9 . a
\  J i

( 1 e )

(22)

! l , i . h  s h o r s  t h a t  6 ( r ) = ?  6  [ 1 6 ]  v i o l a t e s  t h e  f u D d a m . n r a l : i  o l  S r o u p  t h e o r y .

l l s s c n t i a l l y ,  E q s .  ( 1 9 )  r e p r e s e n t  6 r r ) ,  6 ( ' 2 )  n r ( l  t i )  ' )  l ü  s p h r  r  i c a l  p o l a r
, . o r d i n a t e s  ( r ,  0 ,  O ) ,  w h e r e  0  i n  t h l s  c o n t e x t  s h o u l d  n o r  b e  . o r l r : i ( . d  { j t h  t h e

r ,has€ {  o f  the  pLane wave.

l , i e  a r r i v e  a t  t h e  c o n c L u s i o n  t h a t  6 1 ' ) ,  B a )  a r < t  ä t t \  i D  o p . r a t o r  i ( , r n ; , r ( , a l l

i , o n - z € r o  c o m p o n e n t s  o f  t h e  s a m e  r a n k  o n e  : j . a l i r  : j p h . r i c a t  h r r r m o n i .  y j ,

, v -  1 , 0 ,  1 .

F u r t h e r m o r e ,  s i n c c  t h e  o p e r : a t o r s  i ( ' ) ,  i i z i  - t ' , d  . i l i )  a r e  c o m p o r , c r L L s  r r L  a
r r . u l a r  b a s i s  o f  r h e  s p i n .  ^ r  i n l r i n s i c ,  a n 8 , , l i r  m ( ! n o ) l  L r n  o f  t h e  v e . t o r  i  i { , 1 ( l

, , , p r e s e n t i n g  t h e  c l e c t r o m a g n e t i c  f i e I d ,  t h e  f i r l d s  r i " ' ,  i ' ? r  a n d  i 1 r )  r h . m s f l v . s

L r e  c o n p o n e n t s  o f  s p i n  a n g u l a r  m o n € n t u m .  l t  i : j  r l s o  c l e a r  t h ä t  . i ( ' )  i s  a
l . , w c r i n g  ( a n n i h i l a t i o n )  o p e r a t o r ,

j 1 i ) e { 2 )  =  + 1 e ( 3 ) ,  j ( 1 ) € { : )  =  1 e { r } ,  . i  ) € ( r )  = O € ( 2 ) ,  ( 2 O )

L , r d  t h a t  , ? ( ' ? r  i s  a  r a i s i n g  ( c r e a t i o n )  o p e r a r o r  ,

u ' " ' ' \ ' i ) t t , '

3 Q )  e t l )  ,  a  e t \ t  ,  j t , )  e t t ,  =  - r a t 2 t  ,  . ? 1 / , 6 r r )  = + 1 € ( 1 ) .  ( 2 1 )

l l , c  t o t a l  a n g u l a r  m o m e n t u B  . I ' ?  i s  a l s o  a n  . i t , , ( : n ( ) t ( , r , , 1 o r .  f o r  e x a m p l e ,

J , e t r ,  =  1 \ 1  +  7 ) e t r t ,  r '  I  _

' I t e  
r o t a t i o n  o p e r a t o r s  t h e r e f o r e  o p e r a r e  o n  r h e  , r n j r  v e c t o r s  e ( I ,  e { ' z )  a n d  € ( ! ) .

l h e  o p € r a t o r  i r r r  i s  r h e r e f o r e  a l s o  a n  i n t r i n s i c  s p i n . n d  c a n  b e  i d e n t i f i e d  i n
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the  quantum theory  as  an  in t r ins ic  sp in  o f  thc  nass ive  photon ,  w i th  c i tenva lues
- i ,  o .  a n d  n ;  o r  n  a n d  i ,  f o r  t h e  m a s s l e s s  p h o t o n

F o r  a  c l a s s i c a l  v e c t o r  f i e l d ,  i t s  i n t r : r n s r c  l s p i n )  a n g u l a r  m o m e n t u n  i s

i d e n t i f i a b l e  w i t h  i t s  t r a n s f o r n a t i o n  p r o p c r t i e s  u n d e r  r o t a t i o n s ,  a n d  u i t h i n  a

fac tor  i r  th€  ro ta t ion  opera tors  i  a re  sp in  angu lär  momentm op€ra tors  o f  the

s p i n  o n e  b o s o n .  R e c o g n i t i o n  o f  a  n o n - z . r o  6 r ' )  i s  t h e r e f o r e  c o m p a t i b l c  1 1 ' i t h

rh ree  e igcnva lues  l ,  o .  i  o f  sp in  ang ' r la r  monentun  fo r  thc  mass ive  photon ,  o r

t w o  e i g e n v a l u € s ,  - i  a n d  i ,  f o r  t h e  m a s s l . s s  p h o t o n .

T h .  c o n v e n t i o n a l  a s s c r : t i o n  t h a t  t h c r c . r .  o n l v  t w o  q u a n r i z . d . i g e n v a l u e s ,  - ) '

and  i ,  o f  sp in  anguLar  Donentm fo r  the  mass lcss  photon ,  i s  there fore  compat ib le

v i t h  t h e  c l a s s i c a l  a ( 1 ) .  T h e  e x p c r i m . n l a l L y  o b s c r v e d  p h e n o m e n a  L 3 - r 0 l  o f

m a g n e t i z a t i o n  b y  l i g h t  s h o w s  t h e  p r e s e  . .  o f  r 1 3 ) .

3 .  Expans ion  o f  613)  in  TerDs o f  the  vec tor  Sphcr ica l  Haroon ics

T h e  v e c t o r  s p h e r i c a l  h a r m o n i . s  l 1 1 l  a r .  s p e c i f i c  v e c t o r  f i e l d s  v h i c h  a r e

e igenva lues  o f  j ' :  and  j " ,  where  j  i s  t  hc  opcraror  fo r  vec tor  f ie lds  o f

i n f i n i t e s i m a t  r o t a t i o n s  a b o u r  a x i s  ( 3 ) .  l h . y  h a v e  d e f i n i t e  ! o t a 1  a n g u l a r

nomentum and occur  in  se ts  o f  d incns ion  (  2  I  *  I  )  w l , i ( :h  span in  s tandard  fo r :m the  t t7 )

r e p r e s e n t a t i o n s  o f  t h c  f u ] 1  r o t ä t i o n  g r o u p ,  r n d  a r c  t h e r e f o r c  i r r e d u c i b l e  t c n s o r s

o f  r a n k  j .  D e f i n i n g  t h e  t o t a l  a n g u l a r  n o m . n t u m  a s  t h e  s ü m  o f  " o r b i t a l ' a n g r r l a r

nomenturu  I  and in t r ins ic  (sp in )  angufa f  mon! .n lu , t  . / ,  we have,

( 2 j ,

lrreducible Tcnsorial Representation h R(3) oJ the... 49

T h c r e f o r e  t h e  o p e r a t o r :  l 1 5 j  f o r  i n f i n i t e s i t o a l  r o t a t i o n s  a b o ü r  t h '  z  a x r s

, , r i ta ins  two "angu lar  nomentum"  opera !or :s .  I  and i .  ana logous to  o rb i rn l  änd

, l , in  angu lar  noncntum in  the  quantum thcorv  o I  a tons  and mol  e 'ü l  es  Thc

i r t i n i t e s i m a l  r o t a t i o n  t h e r e f o r e  f o r m a r l y  [ 1 5 ]  a  c o u p l i n g  o f  a  s e t  o i  s P a t i a l

l i . l d s  l r a n s f o r m i m g  a c c o r d i n g  t o  D ( r )  v i t h  a  s e t  o f  t h r e e  v e c r o r  f i e L d s  ( € ( 1 )  '

€ r ! )  ,  € ( 3 ,  )  t r a n s f o r m i n g  a c c o r d i n g  r o  D 1 r )  .

E q u a t i o n  ( 2 4 )  i s  ä  e x p r e s s i o n  o f  t h i s  c o u p l  i n t .  o r  c o m b i n i n g '  o f  e n t i t i e s

i , ,  t w o  d i f f e r e n t  s p a c e s  t o  g i v e  a  t o t a l  a n g u l a r  n o m c r r l r n t r  I t  I o l l o w s  f r o m  t h € s e

, . o n s i d . r a t i o n s  t h a t  t h e  v c c t o r  s p h € r i c a l  h a r m o n i (  s  r r  (  d .  f  i n e d  b y :

j  -  t , . i ,

a n d  t h .  v e c r o r  : i t ) l , f r  i . a 1  h a r m o n i c s  a r c  c o m p o u r  j r r r : d u . i b l e  t c n s o r  o p e r a t o r s

I 1 5 ] ,

?Jt, = I?'  @ . ' l ' , .  (24)

T t r e y  a r e  I o r r n r ( l  l r o o  s c J l a r  s p h e r i c a l  ] , a r , . o n i ( r  o p c r r r o r s  ? ; ,  u h i c h  f o r n  a

c o m p l e t e  s e t  I o r  : i . , , l i r  f u n c L i o n s ,  a n d  t h c  O i ' r  o p (  I a t o r s ,  w h i c h  f o r n  a  c o m p l c t e

s e t  f o r  a n y  v c c t o r  i r  t l i r c e  d i n e n s i o n a l  E u ( : l i d ( , r t i  s P l c . .  l h . r e f o r P  t h .  v e c t o r

s p h e r i c a ]  h a r m o n i . s  i o r - f f  a  c o m p l e t €  s e t  f o r  t l r (  c x f : r , , s i o n  o f  a n y  a r b i t r a r y

c l a s s i c a l  v e . r  t o r  f  i . , 1 d .

r, : i ,  = D <l1rnlt lLM> v; e,,

w l , e r e  < l l m r l l l l - r / >  a r e  C l e b s c h  c o r . l a n ,  o r  c o u t l i n S  ( ( x ' l l i . l ( n ' s  [ 1 5 ]  F o r

r ) h o t o n s ,  r e g a r d e d  a s  b o s o n s  o f  u n i t  s p i n ,  i t  i s  p o s s i l ) l i  r o  m r l r  i l ) l v  [ q  ( 2 6 )  b v

I r r o M l 1 l i , n >  a n d  t o  s u m  o v e r  i  t f 5 l .  U s i n g  t h c  o r l l r o E " r r r r l i l v  ' ( ' j r n l i t i o n  [ 1 5 ] :

|  < j ,n ' ' j "^  n i  i , i , in> <i ' j " i^ l i ' ' \  i . .^  i )  
.  ö- 'D,  , ( 21 )

i t  i s  f o u n d  t h a t

v iLe ,q ra , -  i  110 t " ,  1 t '  r '  Y : t t ,
t - r - 1

w h i c h  i s  a n  e x p r e s s i o n  f o r  t h e  u n i t  v e c t o r s  . r  l r r  t e r n s  o t  s u m s  o v e r  v " t o r

s p h e r i c a L  h a r m o n i c s ,  i . e .  o f  i r r e d u c i b l e  c o m p o r r r x l  r { I r s o r s ,  r e p r e s e r i t a t i o n s  i ' l  r l !

fu lL  ro ta t ion  eroup o f  Euc l idean spac€.

I t  i s  u s u a l l y  a s s e r t e d  i n  t h e  c o n v e n t i o r  l  : r t p r o a c h  t h a t  i n  t h e  t h ' o r v  o i

i r e e  s p a c e  e l e c t r o m a g n e t i s n ,  t h e  t r a n s v e r s .  ( : o n p o , r c r 1 1 .  o f  € r  a r e  P h v s i c a l .  b u l

r h e  l o n g i t u d i n a l  c o m p o n e n t  ü =  o .  i s  u n p h Y s i { : , r 1 .  l h i s  d e d u c t i o n  c o r r e s p o n d s  t o

o n l y  t s o  s t ä t e s  o f  p o l a r i z a ! i o n ,  I e f t  a n d  r i S h t  .  i  |  (  1 1 I a r ,  i n  t h e  c l a s s i c a L  t h e o r y

n t  f i g h t .  H " v e v e r ,  w e  s e e  f r o m  o u r  p r e v i o u s . o D s i ( l c ! a t i o n s  t h a t  t h i s  a s s e r t i o r r

amounts  to

s p h e r i c a l  b a r m o n i c s ,  a n d  n € a n i n g  i n  t u r n  i i  v j o l a t L o n  o f  f u n d a n € n L a l  S r o u p

t h e o r e t i c a l  p r i n c i p l e s ,  b e c a u s e  s o m €  i r r c d u . i l ) 1 .  r ( ' P r e s e n t ä t i o n s  a r e  i n c o r r r '  r l  y

S i n c e  t h i s  p o i n t  i s  f u n d a m e n t a L  t o  t h ( '  ' 8 G )  l l F o r y ,  i t  p r o v e s  ' o n v e n i c r i L

l o  e n p h a s i z e  i t  i n  t h i s  s e c t i o n  b y  e x p a n d i n g  e ß )  i n  t c r  s  o f  W i g n e r  3 - j  c o e f f i -

c i e n r s ,  l h r o u g h  w h i c h  C l e b s c h  C o r d a n  c o c l t i { : i . ' n r s  a r e  u s u a l l y  d e f j n e d  T h i s

ana lys is  shovs  c lear ly  Lhat  the  wector  s (1 )  (o r  the  opera tor  61 ' )  )  i s  e \p€r -Lmen

t a l f y  a n d  t h e o r e t i c a l l y  n o t  e q u a l  t o  z e r o ,  w h a t . v c r  i t s  p h y s i c a l  s i g n i f i c a n c e '

and has  a l l  the  knoNn proper t ies  o f  un i fo rn  mrg l re t i c  f lux  dens i ry  S ince  un i t

(26)

( 2 8 )

L = A x 7 + A y J + A / k , ( 2 5 )

( i n  a  C a r t e s i a n  b a s i s l  F o r  t h i s  v e c t o r  t h € ,  I :  o p e r a t c s  o n  t h e  A i ,  n ,  a n d  4 2 .

T h €  o p e r a t o r  i ,  o n  t ,  1 .  a n d . t .  T h e r c f o r e  l ,  o p e r a t e s  o n  t h e  s p a t i a l  p a r t  o f

r h e  f i e 1 d ,  a n d  i , ( = i ( r r )  o n  t h e  v e c t o r  p a r r .
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€ ( t = € o =  
( 1 1 )  

" r

f o r  i n L e g e r  l - 0 ,  1 ,  . . .

me Photomagneron snd Qua urn neld Theory

1r ' ) r ;1 ; ' r  
] ,  

. r l

(29a)

(2eb )

(2ec)

t=a.  " , , ,= , r , r , [ " , , ( i  i  j ) , , ,1 ] ,

j 'r "- #1"'(; ; i) ';.(l i i)*' l

, 2. " "-5rt'"(i ; l)"".r-','(i ; i)"",r1,

a, ' ,  E(o).(1) , r r-+ 4 ' '  ( / 'Y, i , : -Y&J, 
"r"

v e c t o r s  i n  t h e  c i r c u l ä r  b a s i s  M -  ( 0 )  ,  1 1 ) ,  \ 2 )  a r e  l i n c a r  c o ß b i n a t i o n s  o f  v e c t o r :

spher ica l  har rDon ic  func t ions  and there forc  o f  i r rcduc ib le  compound tensor

o p e r a r o r s  i n  R ( 3 ) ,  t h e n  a l l  t h r e e  f i e l d s  r { 1 ) ,  a o )  a n d  ! ( 3 )  a r e  n o n - z e r o ,  a n d  a l l

a re  nade up  o f  conb ina t ions  o f  i r reduc ib le  representa t ions  o f  the  R(3)  symm. t ry

g r o u p ,  w e i g h t e d  b y  c l e b s c h  c o r d a n  c o e f f i c i c n t s ,  l L i c h  a r e  . . ]  j  s y m b o r s  A . y

a s s e r t i o n  t o  t h e  c o n t r a r . y  b r € a c h e s  t t r e  s t r : u c t u r e  o f  R ( 3 ) .  S p e c i f i c a l t y .  f r o m  E q .

( 2 8 ) , r h e  € o )  v e c t o r  c a n  b e  e x p a n d e d  a s

r r ' . . r { j  I ' j ' ) ' ,# . , ' , ,  . ' , , [ j  j

i n  t e r n s  o f  v a r i o u s  n o n - z e r o  W i g n e r  3 - j  s y m b o L s .  T h .  l a L t e r  a r i s e  f r o m  r h e

c o u p l i n g  o f  t w o . h t r l a r  m o m e n t a ,  t h e  e j l i . r f t r ' r . r i o n s  j n >  b e i n g  b a s i s  f ' r n c t i o n s

f o r  ! e p r e s e n t a t i o r s  o f  t h €  g r o u p  R ( 3 ) .  I h c  c o u p l c d  s t a t e s  s p a n  t h e  d i r e c t

p r o d u c t  r e p r c s c n t : . 1  i o r r s  o f  R ( 3 )  i n  s t a n d a r ( l  { o r m .  E v a l u a t i n g  t h .  3  j  s y m b o l s

f i n a l l y  a i v e s  6 ( : )  , r i d  A { t  d i r e c t L y  i n  t e r m s  o I  L h c  v e c L o r  s p h e r i c a l  h a r m o n i c s ,

( 30 )

I n  t h e  s i n p L c s t  c a s .  i t  i s  s c e n  t h a t  t h e  f i c l d  ! ( t  i s  n o n - z e r o  a n d  p r o p o r t i o n a l

t o  t h e  v e c t o r  s p h e r i . a l  h a r m o n i c  v ; ' o 1 ,  w h i c l i  i s  o f  c o u r s e ,  a L s o  n o n - z e r o .  T h e r e

is  no  way o f  asscr t ing  tha t  a ( t )  i s  zero  w i tho , r l  des t roy ing  the  fundanenta ls  o f

F i n a l l y  i t  i s  c l e a r  t h a t  s i n c e  a l l  t h e  t h r c .  v c c t o r s  € { r ) ,  d { ' )  a n d  € ( 3 )  c a n

be expressed ln  te r  s  o f  vec tor  spher ica l  harmon ics ,  they  are  l inked l inear ly ,

a s  r e l l  a s  n o n - l i n e a r l y ,  i n  E u c l i d e a n  s p a c e -  t - o r  e x a m p l e ,  t h e  l ( i '  f i e l d  c a n  b e

expressed in  te rns  o f  the  t ransverse  f i€Lds  by

Irreducible Tensorial Representalion in R6) of he... 5 1

( 3 1 )! ( r )  =  B r o ) 6 ( r )  =  : Q u p r c t 6 o r  * " r . t 1 *  
" , a p  

- ' t 2 . 6 , u 1 " r ' t  e t z t ) + B t o J d ,

" l L ,  r c  t h e  c o e f f i c i e n l s  a r e  d e f i n e d  b y  r h e  f o l l o w i n A  c o m b i n a t i o n s  o f  s c a l a r  a r t l
(  I  ( ) r  s p h e r i c a l  h a r n o n i c s ,

" - , 1  
, ;  \ .  , = , 1  ,  )  ( 3 2 a )

. . , l r l - )  /  , 2 [ ] . , l

/ " 1  . , r '  \  v r  \
D  \ 2 l i ! l -  j l ' r  

I .  a - , z l  " "  
'  

" ' l .  ( i 2 t  )
\  v . . _ y  I  t  v . "

I  s  r c s u l t  s h o v s  t h a t  a ( 3 )  i s  n o t  z e r o  b e c a u s e  8 ( r )  r t n i  a { 1 )  : r r (  r ) o 1 .  z e r o .

( r : l )

/' tixtension of the Standard Theory

' h e  
c o n v e n t i o n a L  r h e o r y  i s  d e s c r i b e d  b y  S l l v . r  ( c h : i t , l { ,  l ' r  o l  1 l r  I  i l 5 l ) .

, k l  . o n c e r n s  i t s e l f  , i t h  L h e  ß u l t i p o l e  e x p a n s i o i  o l  n  t l r r r (  l i t h l  w : , ! ,  i , i  l { i r m s

I  t h c  v e c t o r  s P h e r i c a l  h a r m o n i c s .  T n  t h i s  a P p I o a ( i l r .  l ) , ,  r ,  r t r .  . ( ) r i 5 i ( l (  r ( ( l  t .  b e

v  r s o  p h y s i c a l l y  s i g n i f i c a n t  v a l u e s  o f  M  i r  l ; q .  ( 1 8 ) .  ( : o r r e s p o r x l j r i t  1 o . v  + r

, ! l  1 ,  w h i c h  t r a n s l a l e s  i n t o  o r r  n o t a t i o n  a s  l o l l o w s :

,  o u r  n c r  a p p r o a c h ,  w h i c h  c o n s i d a r s  L h c  e x p e r i n r c ü t r 1 l v  p r o v e n  e x i s t e n c c  o l  , o ' ,

l L ,  r .  i s  a  n e e d  t o  c o n s i d e r  t h e  c a s e  M = 0 ,  v h i . l )  i s  l o n g i t u d i n a l .  T h e r e f o r c

l , r e  i s  ä  n e e d  t o  a m c n d  r h e  s t a t c n e n L  b y  S i l v ( r  1 l )  l h a t  " T h e  o n l y  v a l u e s  o f  M

,  L L  a r e  p h y s i c a l l y  s i g n r f i c a n r  f o r  a  w a v e  i r )  r  l r (  z  d i r e c t i o n  a r e  M =  j l  ,  i n

. r ) i . h  c a s e  r  c a n n o t  b e  z e r o ,  s i n c e  t h e  o n l y  a l 1 o w , r l ) l ( ,  M  v r L u e  f o r  I = 0  i s  v = 0 . ' r

, ,  . x p e r i m e n t a l l y  v e r j f i e d  e x i s t e n c e  o f  a ( 3 )  t u r , , : r  l h a t  t h c  v a l t l e s  o f  I  a n d  M

b L ' c o n s i d e r e d  a r e  L = 1 ,  M =  1 .  a ,  + t  -  T h { r s . : , r , ,  l l , { , " n a t u r a l "  v a l u e s ,  i . e .  , t r

L , i : ,  f rom -1 ,  to  ,  f rom fundan.nra l  rheory .  l l , , , r i .  lh€ ,  express ions  g i ! 'en  by

i l v . , r  f o r  € ( 1 )  a n d  € o )  i n  t e r n s  o f  t h e  v e c t o r : ; l ) 1 , ( r i . a L  h a r f l o n i c s  a r e  a u g m e n t e d

.  t ' . s .  ( 2 9 )  o f  t h i s  p a p e r .  T h i s  l e a d s  t o  l h .  d ( ( l , 1 . 1 i o n  t h a t  t h e  v a l u e  o f  M  i n

i L v e r ' s  E q .  ( 2 9 . 5 )  n u s t  a l s o  r u n  o v € r  l ,  o  i r ( l  + 1 .  r r o t  L  a n d  + 1  a s  i r  t h e

r , n d a r d  ( t r a n s v e r s e )  t h e o r y .  t n  c o n s e q u e n c r ,  r l , ( . r r  i s  a n  a d d i t i o n a l  p u r e  r e a L

, | , , e t i c  2 '  p o L e  c o m p o n e n t  o f  t h e  e I . . t t o ü n t ] l r ( t i c  p l a n e  l t a v e  i n  v a c u o .

,  .  p o n d r n g  r o  a ' t '  T h '  l o n g i  u d i n J l  2  p  l '  |  .  ,  i !  . o m p o n p n l  I '  o u r c

, l i n a r y  f r o n  f u n d a ß e n t ä ]  c o n s i d e r a t i o n s  l ] 1  1 3 .  , 1 1 ,  b u t  i s  a l s o

F u r l h e r m o r e .  t h e  s t a t e n e n !  b y  S i l v e r  I L r ]  t h a t  " l h e  v e c t o r  s p h e r i c a l

, r m o n i c s  r ä ,  v i l h  l = . ,  a r e  t r a n s v e r s €  f i e 1 d s . . .  "  m u s t  b e  n o d i f i e d  i n  l i g h t
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of the fact  that  th.  vector  €(3)  whi .h is  longi tudinal ,  can also be expressed
i n  r e r m s  o f  t h e  t =  1 ,  , t t =  o  v e c t o r  s p h e r i c a l  h a r m o n i c s  a s  i n  E q .  ( 2 9 )  o f  t h i s
p a p e r .  T h i s  r e s u t t  s i m p l y  a u g n € n t s  S i l v e r ' s  E q -  ( 2 8 . r 5 ) ,  w h e r e  a r e  d i s p l a y e d
o t h e r ,  t r a n s v e r : s e ,  c o ' n b i n a t i o n s  o f  v e c t o r  s p h e r i c a l  h a r m o n i c s .  E q u a t i o n  ( 2 9 )  o f
chis paper shors that  the I  ongi tudinal  €(r '  (and rherefore the tongi tudinal  .Bt3t  )
can be expanded for  a l l  in teger I  of  that  -aquat ion in terms of  vecror "pher ical
harEonics.  Since a{ t  and iE( ' )  sat is fy the four l , {axwel l  equat ions i rL vacuo, so
do these combinar ions of  i r reducib le representat ions.  As for  the t ransverse

f i e r d s  I r 5 ] ,  e a c h  v a l u e  o f  I  f o r  M = o  i n  { i r  d e f i n e s  a  d i f f c r e n t  x o r  z e r o
i r r e d u c i b l e  c o m p o n e n r  o I  . E G ,  a n d  i a ( ' ) .  T h e r e f o r e ,  t h e  / , =  1  c o o p o n e n t s  i n  t h e

e x p a n s i o n  o f  . B r "  a r _ e  d i p o l a r  f i e l d s .  I t  a l s o  f o L t o w s  t h a t  t h e  d i s c u s s i o n  o n  t h e
c o h e r e n c y  m a t r i x  g i v e n  b y  S i l v e r  1 1 5 1 ,  r l s i n t  i r r e d u c i b l e  t e n s o r i a l  s e t s ,  m u s t
a l s o  b e  a u S m e n t e d  t o  i n c l ü d e  t h e  € x p € r i m e n t a l l y  v e r i f i e d  e x i s t e n c e  o f  t B ) ,  v h i c h
i m p l i e s  L h e  e x i s t e n c e  o f  t h e  u n p h y s i c a l  b u t  r L o n  z e r o  j a ( , ' .  T h i s  i s  o u t s i d e  t h e
s c o p e  o f  t h e  p r e s e n t  p a p e r ,  b u t  v i l l  b e  t h e  s u b j e . t  o f  l u t u r e  w o r k .  I n  g e n e r a l ,
the whole of  cLassical  and quantun ele. t romagnet ic f ie ld theory shoutd in
p r i n c i p l e  b e  a u g m e n t e d  t o  c o n s i d e r  a { t  ! r ) d  j t ( t .  T h i s  p r o c e s s  v i ] ]  i n  t h e  e n d
analysis produce a strengthened and nore inrernalLy consistent  appreciat ion of
e1€ctrodynanics .
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