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THEORY OF THE OPTICAL FARADAY EFFECT
M. W. Ewvans

Abstract

A circularly polarized pump laser applied to atomic or molecular matter rolLates
the plane of polarization of a linearly polarized probe laser whose propagation
direction is parallel to that of the pump. We refer to this as the optical
Faraday effect, and develop a theory based on the B®™ field of the pump, a
theory which shows that the molecular property tensors responsible for the
optical Faraday effect (OFE) are the same as those which are used to describe the
usual Faraday effect. This means that the effect of the B field of a pump
laser is to shift an MCD spectrum upwards or downwards in frequency., depending
on the sense of circular polarization of the pump laser.
without distortion of the original MCD spectrum, and is precisely what has been
observed experimentally recently by Sanford er. al. [1] in cadmium chromium
selenium ferromagnetics. This is strong evidence for first order effects based
on the B® field of the pump laser. These first order OFE effects are
distinguished from sccond order equivalents based on the conjugate product of the
pump laser. The latter are mediated by different molecular property tensors, and
would distort as well as shift the normal MGD protile of a sample treated with
a circularly polarized pump laser. Such distortions were not observed by Sanford
et. al. [1].

This effect occurs

1. Introduction

Sanford et. af. |1 have recently observed an oplical laraday effect (OFE)
due to optical pumping by a circularly polarized laser in CdCr,Se,. These
authors noted a large shift in the Faraday rotation spectrum of this compound at
78 K, a shift caused by a circularly polarized pump laser. The shift was
reversed by reversing the circular polarization of the pump, the displacement
being to lower energy when right circularly polarized pump radiation was used.
The intensity of the pump laser was only 0.7 watts cm™, and the sample thickness
was 25 microns. It was observed that the completc Faraday rotation spectrum near
1000 nm was shifted without distortion to higher or lower frequencies by the pump
laser, an effect which was interpreted in terms of a pump induced increment in
the effective magnetic field. This effect was observed at remarkably low pumping
levels and was reported to be ten times greater in circular than in linear
polarization.

In this article we interpret these experimental results with the recently
proposed magnetic field B of a circularly polarized laser, a field which is
defined through the well known conjugate product [2-5]

T
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B, p@ - jpoigla (1)

llore B™ is the complex conjugate of B, the magnetic component of the usual
‘ransverse plane wave in free space. The symbol B'® denotes the scalar
mplitude of this magnetic component. From Egq. (1) it is seen that B™ is
parallel to the propagation axis of the laser, and is frequency independent, as

is the pure imaginary conjugate product B xB@ . The field B reverses sign

6—9] with circular polarization and disappears in linear polarization. In 5.1.
inits its free space magnitude is about 1077 1177 tesla, where I, is the beam
intensity in watt per square meter., For a beam of 10,000 watt per square meter

(1.0 watt per square centimeter) its value is theretore about 10™ tesla. This
is about the same as that expected from the pump intensity (0./ watt per square
centimeter) reported by Sanford et. al. [1]. Since B™® is a4 magnetic field, it
is expected to produce an optical Faraday effect, which is the subject of this
article. Therefore we expect a Faraday spectrum to be shifted without distortion
v B'™ to higher or lower frequencies, as observed by Sanford ot al. [1].

In Sec. 2, it is shown that the introduction of the new longitudinal [icld B
is consistent with conservation of electromagnetic energy. In Sec. 3, a simple
«xample of the operation of B' is given through the inverse Faraday cifect tor

one electron. In Sec. 4, these considerations are extended to the inverse and
optical Faraday effects in atems and molecules, and it is shown that B™ g
vupected to produce both effects from a circularly polarized pump lascr. The

results of the B'™ theory are compared with the experimental data of Sanford er.
1. described already.

7. Conservation of Energy in the Presence of B

That there is a connection between longitudinal and transverse solutions
ot Maxwell's equations in vacuo emerges from a consideration of the antisymmetric
pirt. of light intensity, i.e. the antisymmetric part of the tensor (in S.I.
anits),

T

wij = CE€GFLE, 2

vhere €, is free space permittivity and ¢ the velocity of light in vacus. In
‘cctor notation, the antisymmetric part of Eq. (72) is

™ = ce B x ™ = clg, B B, 3

where E™ is the complex conjugate of E®  the transverse electric part of the
plane wave in vacuo. If ¢ is the phase of the plane wave then
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where E!® is the scalar amplitude in volts per mecter and 1 and F are unit polar
vectors in X and Y if the beam propagates in Z. The corresponding magnetic field
sclutions are

toy ; ) ;
B - B‘/; (il+feit, B@ - %,(V—ii+j)e”¢, (5)

where this time 1 and F signify unit axial vectors in X and Y. From Egs. (3)
and (4) it is seen that the electric field conjugate product [6-9] is

EW @ - jplon2p - jooploigea (6)

which is independent of the phase of the plane wave. Wozniak et. ail. [10] have
recently expressed the inverse Faraday effect directly in terms of this conjugate
product multiplied by hyperpolarizability components. The unit vector on the
right hand side of Eg. (6) is axial by definition, because it is formed from a
vector cross product of two polar vectors. The conjugate product is therefore #
positive and it has been demonstrated [11] that it is 7 negative. Here P is the
parity inversion operator and T the motion reversal operator. It is therefore
proportional to a phase independent magnetic field, which is longitudinal and

denoted by B™ . Using the free space $.1. relation '™ = ¢Bf® it is easy to
show that
B - oy (7))
A simple extension of this derivation shows that,
BW xg® . jplOgde _ gy (8a)
B@ g3 = jgige o jpngal (8b)
B, piD - jgig@e. . ;pmpgal (8c)

which can also be shown to be part of the Lie algebra [12] of the Poincaré or
Lorentz groups of electromagnetism.
Transverse components of the electromagnetic plane wave in vacuo imply the

L tsmep——..
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nesence of a novel longitudinal component B which is phase independent .
This is an obvious departure from the conventional notion [13, 14] that
Iransverse and longitudinal solutions of Maxwell's equations in free space are
mrelated. Many aspects of the properties of B are discussed elsewhere [6-9],
mit it is useful to note here that if B'™® is zero, the symmetric, cyclic, Lie
ilpebra (8) collapses. Also, from Egs. (8b) and (8c) we see that if B® is
cisumed zere, as is conventional, then B and B"™ vanish, a paradoxical
rvsult. The Lie algebra (8) conserves £, T, and &, which is charge conjugation
vmmetry, and therefore obeys the &PT theorem [15]. There is a close connection
lwtween the algebra (8) and fundamental three and four dimensional geometry
Ielidean and Minkowski), This is illustrated with reference to the unit
vectors in the following circular basis, first used by Tanas and Kielich [16],

e = i(i—ij}; 8@ - 71_,(1,1-_1); el gl (g3 (9
Ve V2
In this basis, it is easily seen that
al) ygfidt - jgl3r ietl),
0P xald = jahs - g0 1oy
eyl - jg@s e,

which is exactly the same structure as (8). Tautologically, if @ is asscrted
“n be zero, this geometry becomes meaningless in three dimensions. From the
relations [11],

B - jgg.ie
; : 1
B@ - _jgnpoig b 11y
BB -  glogia
I becomes clear that the assertion B®™ =0 implics ™ =0, and so the former
5 geometrically incorrect in Euclidean space. The same is also true in

linkowski space [15], in which
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B = = gl il gde,
B L L goigeng e (12)
B - imenFU

where the J's are rotation operators of the Poincaré and Lorentz groups [15].
It is well known that these rotation operators are each non-zero 4 x 4 complex
matrices [15], and we again see that the conventional assertion B'"" =0 is
incorrect. From a consideration of the J matrices, the gquantum nature of the 8
fields of electromagnetism is ecasily deduced,

£ i Ik

EY - - pgio Ur¢’

2 h

A2 - - ‘._,.‘--.u’:"'{‘ it (13)

q =

i Fosd

5 = cu) b

B, iR N
where ® is the unit of angular momentum in quantum field theory, i.e. the
angular momentum of ane photon. From Eq. (1 3) it is seen that the photon has an
elementary longitudinal magnetic operator componcnt f};"“ |6=9]. This result was
first derived in Ref. (A) using an independent method.  Since J* is non-zero
from fundamental [irst principles [15] it is incerrect to assert that f?c;”, and
its expectation value B is zero.

Since BW is a magnetic field we expect optical magnetization effects, the
subject of this paper.  These have actually been reported experimentally {1,
17237 on several occasions. In this section, it is demonstrated using classical
electrodviamics that B® does not vielate the fundamental Poynting theorem on
the conservation ol cnergy.

In $. 1. units the classical Poynting theorem is the continuity equation
124l

VN - gg—u"(”E'J, (14)
where the vector field N, the Poynting vector, is the clectromagnetic power per
unit area, or flux of electromagnetic energy. The scalar field U is the
electromagnetic power per unit volume, or energy density of the electromagnetic
field. J is the material current density as the result of charge density p

moving with velocity v. The product c?¢,E'J is the rate per unit velume at which
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the electromagnetic field does work on a charge distribution [25], i.e. the rate
it which the field loses energy to the charges. More generally [25], c?¢,B'J is
the density of power lost from the fields E and B as a result of radiation-
mitter interaction. The power density c?,EJ is identified classically [25]
«with the density of loss of field energy to particlce motion. The notion of field
‘nergy takes meaning [25) only when there is coupling between field and matter.
'ormally, however, the Poynting theorem is written in free space ($.1.) as

v - -9 (1)

At wish to see how B affects the validity of Eq. (14). the fundamental law of
‘onservation of energy in the field-matter interaction. We first answer this
juestion classically, then extend the arguments to the quantum theory.

From the Maxwell equations,

op
J = CE o
OB VM, (16)
in 5.1. units, where we have omitted the quadrupole term [24] {or simplicity.
lfere P and M are material pelarization and magnetization. In S.1. units,
B
H- = -M, 1/:
i (17a)
D= ¢ E+P, (1/b)

where B is the magnetic field strength {(amp m'): p, the free space magnetic
pormeability; and D the electric displacement (G w?). With these definitions,
‘he material energy density per unit volume, in $.1., is |24

U, = B, HM+E-P+quadrupole term, (18)

the work done by the external classical electromagnetic field on the material is
i /det; and the work done by the material on the electromagnetic field is
i, /de.  The total energy [24] stored in the c¢lectromagnetic field, in S.1.
mits, is [24],

Uy = poH-Hte EE = uix'meos-s-zu-mpw-u, 19)
Q

1 Lhe absence of magnetization (M=0). U, depends only on B, the magnetic flux
l'nsity of the field; and on E, its electric field strength (volt m™). The

ciwrgy U, in free space is therefore,
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U, | free space) - %B'Bw*eﬁl-g. (20)
o

It is seen from Eq. (19) that the energy stored in the electromagnetic field in
the presence of matter depends also on M, but not on P. Magnetization contrib-

utes to U, in the presence of matter,

4

AU, - (Us-U, (Free space)) - -2M-B+p M M. (21)

We now consider the role of the field B®™ in Egs. (19) to (21). In order to
proceed it is first necessary to consider whether B is accompanied by a
longitudinal electric compenent, EW®  which we shall assert to be complex in
general (i.e. to have a real and imaginary part in general, as for the transverse
components). From Eqs. (20) and (15), both 17, and ¥ in free space would then
depend on both B and E' . At first sight, therefore, it appears that there
would be a longitudinal contribution to @/, in free space,

U =y, (free space, lonmgitudinal) -7 & B .giN .+ B -EWI (22)
5

However, since B is parallel to E' the longitudinal contribution to the
Poynting vector in free space is zero,

1
Ho

N (free space, longitudinal) EMxB® - 0. 23)

The longitudinal electromagnetic power per unit area, or flux of longitudinal
electromagnetic energy, is zero. From Eq. (15),

BUHJ = i (2[,)
at :

and therefore B®-B™ and E™-E™ must be independent of time. A possible
solution of Eq. (24) is U™ =0, in which casc there is no free space longitudi-
nal electromagnetic energy density, or free space clectromagnetic power per unit

volume. In this case, the lengitudinal enerpgy stored in the electromagnetic
field in the prescnce of matter becomes purely magnetic in nature. From Eq.
(21),

(25)

Ubgz-, - oM _B(:)+uuuta) M

where M™ is the magnetization due to B! .
We see that even if the free space longitudinal electromagnetic energy
density is zero, the field B' can still cause magnetization N'? in material

So—

[y —

e

-

iwere E and B are the transverse electromagnetic waves,
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fter; a magnetization which is experimentally observable.

. This is an impertant result, because it is well known [26] that the Planck
diation law is derived (for example Bose [27]) on the grounds that there are
ulv two photon polarizations, both being transverse, i.e. left and right
Ireular. This law is obeyed precisely by experimental data, and on these
cperimental grounds, it is evident that B® and E' in combirnation do not
mtribute to the Planck law. In other words, on c¢xperimental grounds, u'% is
vro. Using Eq. (22) this result is satisfied if it is assumed that E® is: a)

(hnse independent; b) pure imaginary,

3 1 . .
g o— TOB(”'B“)+EUIE(”‘13(3) o, (26)

with 1B = jp0g; £ = cpl®)),
What theoretical grounds are there for asserting that the real B is

companied by an imaginary iE'}?

One answer is to use a form of the Lorentz Lemma |[?8] as follows., It is
cisumed that,

E,-E+E™, B,-B+BY, 21

The phase independent

[RH i . &
B is real and we assume only that E‘ 1is in pgeneral complex. Using the
rrtoer identities, '

V- (E9xB% = V- (BxB) +V- (ExB™) +V- (B «B) +V- (B x8'), (28)

el

V'(EXB(”) ;B”"(VXE) *E‘(V,«BU);‘, (29)

i the Maxwell equation,

oB
VxE = -
x = (30)
t1h
Ves® o, (31

cads to the following form of the Lorentz Lemma {28],
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V(ExB™) - V- (E™uB) . (32)
This can be re-expressed, using the Maxwell equations, as
aB 1 IE 313
(.08 (1), JF (33
B e e ¥

from which it can be seen that the contributions of the products B'™ B and
E™.E to electromagnetic energy demsity in [ree space is zerc. This is of
course consistent with the fact that B is orthogonal to B, and EM s
orthogonal to E. Furthermore, integrating Fq. (15) over all space, and using
the Divergence theorem,

¥/
[iExB® £ xB)-da -0, (34)
which implies that the integrand is zero. Taking the B® and E“ components,
for cxample,
EW g _ gtn, g (35)
and for the B' and E® components,
(36)

E@® p® _ g™ B3

Using the Lransverse solutionms in circular pelarizat fon, Egs. (4), it follows
that if B™' is rcal. then it is accompanicd by an imaginary (B9,

This is consistent with experimental data on the Planck radiation lTaw,

In arriving a1 this result we have assumed only that the longitudinal B
is accompanicd by an assumed complex longitudinal electric | icld, and have shown
that this must he the imaginary and phase independent (B . This is consistent
with the fact that phase independent magnetic effects due to circularly polarized
light have been reported, and have been predicted [Z24] in terms of the conjugate
product. Therc appear to be no such electric counterparts. Since IEW is
imaginary, it has no real part in Maxwell's theory of light and therefore has no
physical eftects. All this is further consistent with the fact that the energy
stored in the electromagnetic field in Eq. (/%) is magnetic in nature, not
electric.

The main result of this section is that the classical Poynting theorem in
free space, Eg. (195), is unchanged by the existence of B® and iE® . These
fields do not upset the Planck radiation law and do not contradict classical
conservation of energy in field-matter interaction, provided that there is a

cmma (32). In the old quantum theory this is cons
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snetization ™ . From the Lie algebra (8) the source of B®™ is the same as
i source of B®™ and B® and it is incorrect to assert that B vanishes
ause it has no source. Clearly if B vanished then from Eqs. (8) so would 8™
« B®  leaving no electromagnetism. This result depends logically on there
wavs being a non-zero 3' . but if B were zero, then there would be no

nsverse or longitudinal magnetic components, i.e. no electromagnetism.

We now turn our attention to the interpretation of B and JE® in the
[+t quantum theory" [29].

Since B'® and iE'® are independent of frequency they do net contribute
the energy density of radiation per unit velume in the old quantum theory,
. they do mnot contribute to the Planck distribution, the Wien law, or Steffan
ltzmann law, because the frequency (v) associated with B and [E™ is zero
these laws. This corresponds to the fact that the Maxwellian energy density
| ree space is zero for B and iE™ combined, as we have arpued, despite the
1 that B and iE® are non-zero from the Lie algebra (8) and the Lorentz
stent with the tact that the
imck law can be derived [30] from Bose statistics with the energy held constant
the only constraint. In the old gquantum theorv the encrpgy is dircetly
portional to frequency, and if the latter is zero, then so is the cunorgy.
w's original paper, reviewed by Pais [29] introduces the thermal cquilibrium

tor massless particles with two states of polar tion. This paper is the
rat mention of a particle with two states of polarivation, and his derivation

of the Planck law replaces the counting of electromagnetic wave frequencics
the counting of cells in one particle phase spacc. The one particle phase
e element dxdp is integrated over the volume V and over all momenta betwceen
and p o+ dp [29]. A further factor 2 is now supplied to count polarizations
1L He then applies the photon momentum formula = Av/c to obtain the
vmultiplier in the Planck formula. This is the source of the present day
1ions that the photon has two helicities and is massless. As explained by Pais
", bose introduced the factor 2 for polarirzation because it seemed to be a
inirement for his method to produce the Planck law, A factor different [rom
ould not give the known Planck constant h. At tha! time, (1924), the notion
4 particle with two states of polarization was unprecedented, and remains
ure to this day, because [29] there is no rest frame definition of spin tor
missless photon, and gauge invariance renders ambiguous {29] the distinction
tween orbital and intrinsic spin. These well known difficulties are discussed
ltyder [15], for example, and include the loss of manifest covariance in
rtromagnetic theory {13]| based on the four-potential a,.

By introducing, as in this paper, the Maxwellian B and iEM it becomes
«idiately clear that the photon as defined by Bose [27, 29] can have three
lirizations, without changing the FPlanck law, because there is no ficld
gquency, energy or linear momentum associated with the longitudinal (third
1ce of) polarization. Similar conclusions hold for the Wien and Steffan
|1 zmamn laws, and for the Rayleigh-Einstein-Jeans law. Similarly equipartition
not disturbed by the existence of B and iE®™, and neither are the
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spectroscopic rules of photon absorption, emission, the Einstein A and B
coefficients, and so forth. MNevertheless, as we have argued, B'* still acts as
a magnetic field capable of producing magnetization and the effect which is the
main subject of this paper, the optical Faraday effect observed by Sanford et.
al. [1]. The introduction of B and jE* makes possible the further important
devel opment that the photon can be massive, a recurring theme [31, 32] since the
days of Cavendish. A photon mass (however tiny) would immediately allow three
degrees of photon polarization, and it has been proposed recently [33] that
finite photon mass need not upset gauge invariance and the important contemporary
work on unified field theory.

In the new quantum theory the situation is changed slightly because the
Planck distribution is changed by the existence of rest energy [34], which
emerges from Schrédinger’'s equation for the harmonic oscillator, a standard
textbook problem within the tenets of the new quantum theory. This rest energy
is carried over [35] into contemporary photonics, and is therefore asscciated
with the traditiomal transverse photon polarizations, or left and right photon
spin. In the contemporary theory [36] it has been shown [6] that the B field
becomes an operator directly proportional to the photon angular momentum through
the & negative amplitude B'®,

A _ g d 31
5

an equation which obviously conserves &, P, and I' symmetries as required. The
classical B is then simply the expectation value of the operator . In the
new quantum thecory therefore, energy conscrvation is again satisfied, and Eq.
(37) has the advantage of allowing a clear and unambiguous physical interpreta-
tion of 8% as an operator with all the properties of photon angular momentum.
Therefore B' propagates with the photon in the axis of propagation, about which
there is angular momentum % for ome photon. For one photon, therefore, the
expectation value for J/h is the classical axial unit vector k in the
propagation axis 7 of the photon and we recover the classical equation,

B - <§(JJ> - gy (B‘”)-(B_(z) (38)
i &

which is identical with Eq. (8a). This answers the fundamental questions of why

can B propagate when it has no frequency dependence, and what is its source.
The answers in both cases are the same as for the angular momentum h of one
photon.

It is quite impossible to assert that 8" is zerc if we accept the notion
that light intensity can have an antisymmetric component. The latter has long
been accepted as a physically meaningful concept, and is the traditional
explanation for the inverse Faraday effect [3/]). In the next section we

czmmgrmn
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ivmonstrate from first principles the use of B® in the one electron inverse
liraday effeect, the simplest possible case. It is interesting to note that
. lleri [38] has recently described a novel appreach to the paradoxes of the new
ptantum theory by invoking the double slit experiment. In Selleri‘s view [38]
i.diation has a corpuscular and undulatory nature, the former being., loosely
peaking, the photon, and the latter the field. The corpuscular component
arries energy and linear momentum, for one photon hv and hv/c respectively;
i+ particulate in nature and can pass through only one slit at a time. The
nudulatory component can pass through both slits simultaneously if both are open.
ilis means |[38] that there can exist "empty waves”, which have no energy or
inear momentum, and cannot be observed directly. Their physical reality may
ometheless be verified experimentally [38], but indirectly [39]. The B® and ;B
‘iclds generate no Maxwellian electromagnetic energy density by dint of Eq. (26),
il their wavelength is infinite (more accurately the radius of the universe),
o that their wavenumber is zero. Nonetheless, B, being a real magnetic
licld, can influence matter as in the optical Faraday effect |[1]. If the photon,
. proposed originally by Einstein [40], is to be regarded as a unit of radiation
cnergy (and linear momentum) , then the classical B®™ and iE® add nothing to
115 energy. Therefore they add nothing to the Planck law, as we have argued. The
hility of the Maxwellian B™ to magnetize has been interpreted in the new

jantum theory [6] as the B' operator, propertional to the photen's angular

wmentum h. If the photon has finite rest mass its angular momenta are ~+h, 0,
md -h. It is interesting to think of B in Selleri’s theory [38] has having
Lven formed from the corpuscular h by multiplication by the scalar B,

For these reasons we refer to A%
wipnetic flux density of one photon.

as the elementary [6] longitudinal

Since the classical B and iE™ are states ol the electromagnetic field
11t correspond to zere frequency, v =0, not a positive definite frequency v,
ikl zero wavevector, they cannot be absorbed by an atom with energy levels

> B,. This is because

E,-E, = hv, (39)

i1 the quantum theory, and if v =0, E, = &,. The energy of one photon is hv;
(15 linear momentum is hv/c: however, its anpular momentum is %, and the latter

frequency independent. Its angular energy is however hw = hv. The only
jantity from these four that is non-zero for @ - 2mv = 0 is the photon’s angular

mmentum b, to which A" is directly proportional. (Because of T and B
vmmetries, E' can be proportional to neither linear nor angular momentum.) It

our contention in this paper that although B'? generates no Maxwellian

. lectromagnetic energy density in free space, because of Eq. (26), and although 8"

L% no quantum energy, it can cause observable physical effects. One of these
the optical Faraday effect [1], another is the inverse Faraday effect (IFE).




66 The Photomagneton and Quantum Field Theory

It is shown in the next section that if B were zero, the IFE for one electron
would disappear. contradicting experimental experience [17-23].

3. The Inverse Faraday Effect for One Electron

It is well known that the inverse Faraday effect is magnetization by
circularly polarized light [37] and was first observed experimentally by van der
Ziel et. al. [17] in molecular liquids and doped plasses. The effect was first
observed experimentally in plasma by Deschanps et . al. [18]. Its influence on
ferromagnetism has been cbserved by Sanford et. al. |1], and on conductivity in
phthalocyanines by Barrett et. al. [19]. It is well established theoretically,
but always in terms of the conjugate product EBE™ xg® . For the interaction of
light with one electron it has been described by Talin et. al. [20], who
considered the angular momentum of an electron driven in a circular orbit by the
rotating electric field of the light beam. From relativistic electrodynamics
this angular momentum is proportional to the square of the scalar amplitude g
of the electric field strength in velts m In this section it is shown that
the basically important results of Talin et. al. |20]| can be expressed in terms
of B™, and that if B were zero, the inverse Faraday effect would wvanish,
contrary to experience [1/-23].

From first principles, it is clear that the effect of the rotating electric
field of a circularly polarized plane wave, driving an electron around in a
circular orbit, is entirely equivalent to that of a magnetic field. The
circularly polarized beam drives the clectron around in an orbit with radius
[207],

r= BCBY (40)
mye =y

where e is the charge on the electreon, ¢ the speed of light in vacuo, 8'9 the
magnetic flux density amplitude of the light beam, m, the electron rest mass, @
the angular frequency of the light, and y is a relativistic factor which is
unity to an excel lent approximation at, say, visible frequencies and intensities
of about a watt per square centimeter. The transverse momentum of the electron
is given from these tirvst principles as

o, = ech '™ ) (41)
@

so that its angular momentum is
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g, - tp, = S g, (42)

My 6
hich is proportional to B'"?. Finally, the induced magnetic dipole moment is

the gyromagnetic ratio multiplied by the angular momentum,

—otc?
m, = -2, = ZE S gioip»|, (43)
2my 2miw?

fic magnetization is, evidently, proportional to the square of B'™ through a one
lvetron hyperpolarizability and in this mechanism, the traditional one [20], is

Jroportional te the intensity of the light beam. Clearly, if B' were zero,
‘hiere would be no effect.

It is shown in this section that the action of a rotating electric field,
st described, is entirely equivalent to thal of a magnetic ltield, leading to
{irst order inverse Faraday effect mediated by B'®?, which exists in addition

‘v the usual second order mechanism just described.

Consider the textbook problem of an electron in a static magnetic field By,
I radius of the electron's orbit is [41]

V.. (nh)

Iy &

Juwre v is the initial transverse linear velocity and Q is the frequency

[x]4
tvtined by the Lorentz equation,

o-=° |Bg| . (42)
My

'his angular frequency is the ratio e/m, multiplicd by the magnetic field B,.
[he transverse momentum of the electron is [41],

P = elLy|B,l, (46)

el the angular momentum of the electron in By is

arn)

L, = erj|B,l.

I angular momentum L, is therefore er; multiplied by the magnetic field By.
li- magnetic dipole moment induced by By is therefore
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etry (48)
Hy = 7 2m, |Bs| i

where the guantity in brackets is the one electron susceptibility.

The result (43) for the one electron Faraday effect is the traditional
theory [20] expressed in terms of B |B™| (i.e. B'M?) through Eq. (1). It is
second crder in the magnetic flux density amplitude of the beam (5! ). However,

because B®™ is non-zero by Eq. (1), and has the units and symmetry of magnetic
flux density there is an additional first order inverse Faraday effect, given by
Eq. (48), with By identified as B'®,

ol
mi = 7[ ()Zr?']wmf- (49)

The magnetic dipole moment induced by the beam is therefore the sum of first and
second order effects,

: ]Bm;zta)l (50)

For w about 10%° rad sec™:; and for a first order electron radius of about 10 A
(10 m) this is, roughly

lm|-107% B3 |~ 10 202, (51)

For a beam intensity of about 10" watt m™”: #5'" is about one tesla, and the
second order effect is ten times bigger than the firstL order one. It would
appear in this case that there were only a second order effect present, but under
different conditions, the first order effect should become visible, superimposed
on the second order induced dipole moment. The latter is proporticnal to the
square root of light intensity. Therefore the complete effect is a sum of (43)
and (49), which is the conclusion of this scction.

From Eq. (49) it is seen that the sccond order effect can be expressed
through an "effective" magnetic field B,, defined by

(o}
Bue = (2 |5 (52)
0

This effective magnetic field is what is usually referred te in the literature
on the inverse Faraday effect, and was first mentioned in references (17) to
(23). The physical magnetic field B® is an elementary field carried by the
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photon angular momentum, as we have argued in Sec. 2. It is clear that the
inverse Faraday effect for one electron depends on a nen-zero B, however, at
{irst and second orders, and would obviously disappear if B® were zero,
cantrary to observatien [17-23]. In linear polarizatien, the net Bf¥ is zero,
hbecause there is 50% of +B® and 50% of -B'™ present in the beam simultaneous-
ly. Thus, no inverse Faraday effect is observed in linear polarization, but
interestingly, there is an inverse Cotton Mouton effect [42] proportional to
B'Y squared, which does not vanish in linear polarization. Frem Egq. (1) it is
seen that B is the elementary unit of the conjugate product, and therefore of
the antisymmetric part of light intensity in free space. As always, radiation
becomes manifest only when it interacts with matter, and similarly for B! .
Irom Eq. ¢52), if B™ did not exist, then B,, would also vanish. In setting
np the effect of Eq. (49) we have simply assumed that the physical magnetic field
causes magnetizationm at first erder through a one clectron susceptibility, i.e,

that 8% behaves classically as a magnetic field, This appears to bhe
reasonable, but since B@ is a novel property of light, it is not a repgular
magnetostatic field, generated, for example, by a wound solenoid. Since all
mignetic fields are governed classically by Maxwell's equations, it appears

reasonable to assert that B has all the properties of magnetic flux density.
it is important to investigate this further by experiments on magnetization by
light, for example the IFE, OFE, light shifts and optical NMR and ESR.

4. The First Order Optical Faraday Effect Due to B¢

In this section the field B® , looked upon as Maxwellian in nature, is
used to propose a first order optical Faraday effect proportional to the square
root of pump laser intensity. The method uscd is an adaptation of the semi-

lassical theory of Wozniak, Evans and Wagnicre |[10] for the inverse Faraday
vitect. The field B is, as we have arpued, 1he expectation value of the
operator B™ = g0J/%, which is for one photon the clementary photomagneton, and
in the quantum theory, B'® must be used as an operator directly proportional to
the angular momentum operator. Progress in this direction has recently been
initiated in the optical Zeeman effects {43, 44|. Henceforth, the field BY™ is

referred to as the ghost field (Gespensterstrahlung) because in the quantum
theory it is associated with no energy ( hv - 0), and no linear momentum
thv/e=0). However it is asscciated with the non-zero angular momentum h,
i hrough which the photomagneton £'*' is detined. The ghost field B! is gener-
ted by the spin of the photon through B® - p¢J/%>, where < > denote
«xpectation value. The ghost field is defined classically by Eq. (1). The
i ransverse magnetic wave fields B® and B® on the other hand are represented
in the quantum theory with finite photon energy hv, because they have finite
{requency v; and with finite photon linear momentum hv/c. Equation (1) as
represented in the quantum theory is therefore a relation between spins.
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The basic assumption of this section is that the ghost field B’ can act
as a classical magnetic field, so that its overall elfect on a Faraday rotation
would be to shift it upwards or downwards in frequency without changing its
bandshape. This is what is demonstrated [1] by Sanford et. al. in their Figure
(?). It was shown experimentally that the displacement of the spectrum was to
lower frequency when right circularly pelarized light was used from the pump
laser; and vice-versa. Circularly polarized pumping was shown to be an order of
magnitude more effective than unpolarized pumping. These very large light
induced shifts of the Faraday spectrum around 1000 nm were observed with a sample
thickness of only 25 microns, and a beam intensity of only 0.7 watts per square
centimeter. If the ghest field is a standard Maxwellian field the standard
Faraday effect theory [45] can be adopted for the description of the optical
Faraday effect. This implies that the angle of rotation in a linearly polarized
probe laser is (in S.1. units) [45],

m

Mpa 1t 53
e g, () ] (303

1 iy -
A8 - 2 wp,cINB® feﬂm,[ Yapy ([ F)*

where w is the angular frequency of the probe laser, p, the free space
permeability; ¢ the speed of light; [ the sample thickness; ¥ the number of

1
atoms or molecules per cubic meter in the sample, |B®|~107 1), where I, is the
intensity of the pump laser in watts per square meter; €, is the Levi-Civita
symbol; kT the thermal energy per moclecule; and "y:’gy(f), m, , and ag.f the
standard Faraday cffcct molecular property tensors [45). Respectively, these are

the hyperpolarizability, magnetic dipole moment, and antisymmetric polar-
izability. The structure of the hyperpolarizability is given by Wozniak et. al.
[10] in semi-classical perturbation theory, and is closely related to the
hyperpolarizability of the inverse Faraday ecffect [45]. The structure of the
antisymmetric polarizability and the magnetic dipole moment is given in standard
perturbation theory [45].

It is clear that Eq. (53) for A8 from the pump laser's ghost field B!
will produce a shift of the original Faraday spectrum, i.e. A®(w), symmetrical-
ly upwards or downwards in frequency with right or lett eircular polarization,
This is because the ghost field will be added to or subtracted from the permanent
magnetic field B of the Faraday effect spectrometer, piving a net field B+B®).
This is what is reported by Sanford et. al. [1] in their Figure 2. No intensity

dependence of this effect is reported by Sanford et . afl. [1], however, and their
interpretation is given in terms of 1%J"f, where ' is the first order intra-Cr
exchange and f the fraction of chromium sites with excited electrons. They

estimate J/=0.42eV and f=1.8x10%, i.e. the fractional population of pump

excited carriers per chromium atom site. Therefore t37'f is a spin-spin

3

interaction between the chromium magnetic spin, and a photo-excited spin J'f.

In the notation of Eg. (53), this corresponds to the term in mmu.’,’T; a tempera-
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ture dependent term, As the temperature is changed from 78 K, however, where the
Faraday rotation peaks are close to the fixed pump frequency, Sanford er. al. [1]
report a gradual loss of symmetry in shifts for the right and left circularly
polarized pump. This is caused [1] by the temperature dependence of the energy
splitting between sub-bands, a mechanism which is allowed for in Eq. (53) through
the fact that the optical resonance structure of the molecular property tensors
depends on the energy splitting between sub-levels and on temperature. The
1esonance structure of the inverse Faraday effect spectrum cbtained theoretically
by Wozniak et. al. [10] shows these effects. Under conditions defined by Wozniak
ot . al. [10] the hyperpolarizability of the inverse and standard Faraday effects
llus the same structure in semi-classical perturbation theory. Sanftord et. al.
1] refer to their interpretation of these interesting data as a first order
magnetic coupling; and Eq. (53) is an equation to first order in the ghost field B
of the pump laser.

It is important in further work to study these effects as a function of
pump laser intensity, in order to detect cffects in B™ proportional to the
square root of pump laser intensity. If detected, and separated from the
accompanying second order effects proportional directly to pump laser intensity
tsce below), experimental evidence would have become available for the ability

ol the ghost field B*® to act at first order as a magnetic field. The
unequivocal data obtained by wvan der Ziel et. al. [1/] for the inverse Faraday
flfect is already interpretable in terms of B'®? at second order |[17]. Clearly,
it the ghost field were zero, B®™ =90, then 5''%' -0, and there would be no
inverse Faraday effect, contrary to experience |[1/-23|. Therefore the ghost
lield B'™ is not zero and effects due to it at second order have been detected
unequivocally [/, 17]. Effects due to it at first order have not vyet been
detected unequivocally, altheugh there are signs (8] that dara recently obtained

by Frey et. al. [46] on the optical Faraday elfect in magnetic semiconductors
show the required square root intensity dependence. More work urgently needs to
be done to clarify the fundamental properties ol the ghost field and photo-
magneton of light.

From Eq. (53) and the results of Sanford et. af. [1] a pump of 0./ watts
per square centimeter intensity produces at a fixed frequency an ordinate shift
ol about 10° (roughly 0.2 rad) in the Faraday spcctrum at 1000 nm (roughly 6nx
10'* rad s7'); depending on whether the beam is left or right eircularly polarized
at /8 K, for a sample thickness of 25 microns. Assuming that there are of the
order 10%* atoms per cubic meter of sample, we obtain rough estimates of the

orders of magnitude of mmn‘.g.{ and “yga, in Eq. (93) as ftollows:

.
| *y2 ()| ~107% amt v2;  |mgep,|~10 " 2 m? TN (54)

In a diamagnetic liquid such as carbon disulphide, Wozniak et. al. [47] have
valculated a value for the hyperpolarizability of the standard Faraday effect:
10™* A m* V?. In a paramagnetic with a permanent maghetic dipole moment, the

term |muepy| is very roughly of the order 107 C* m? T*. Consistently, therefore,
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the atomic property tensors in the ferromagnetic sample used by Sanford et. al.
[1] are much greater in magnitude than in a diamagnetic or paramagnetic. This
is consistent with the fact that some ferromagnetics, such as magnetic
semiconductors of the type used by Frey et. al. [46] show gilant Zeeman and
Faraday effects orders of magnitude greater than those encountered in dia-
magnetics such as water. Sanford et. al. [1] have elegantly amplified the effect
further by tuning the pump laser to peaks in the original Faraday effect spectrum
of their sample. This is precisely what was propesed for the inverse Faraday
effect by Wozniak et. al. [10], whe have isolated the rescnance spectrum for an
idealized three level atom.

There accompanies the first order effect described in Eq. (53) a second
order effect, proportional to the square of the ghost field, the modulus of the
conjugate product in equation (1). This can be written [45] as

A8~%quC3INB‘3” <all, () >+ }:qugna;’”(fw), (55)

where the angular brackets denote averaging over appropriate molecular property
tensors, defined in Ref. [45]. This effect depends on the conjugate product, a
vector quantity, and as such is also expected to change sign between right and
left pump laser polarizations. In general it accompanies the first order effect,
Eq. (53), but is directly proportional to the pump intensity itself, and not to
the square root of the pump intensity, as in the first order effect. The
different contributions can therefore be separated in principle through an
analysis of the intensity dependence of the optical Faraday effect.

It must be emphasized that the effects at first and second order in B!
obviously depend on the fact that B™ is not zero, and both effects show the
existence of the fundamental ghost field and photomagneton of light.

Conclusions

There exists a Lie algebra between the transverse (wave) fields, B® and B®
and longitudinal (ghost) field B™ of electromagnetic radiation. The classical
ghost field can provide an explanation for the optical and inverse Faraday
effects, and in the quantum field theory is directly proportional to the angular
mementum of the photon beam. For one photon the quantum equivalent of B89 is
the elementary photomagneton %' . The existence of the latter allows the photon
three degrees of polarization without affecting the fundamental laws of
radiation, based on the Planck law., These three degrees of polarization allow
for the fact that the photen may be a massive boson and that the electromagnetic
four potential A, is physically meaningful and manifestly covariant.
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Chapter 8

CLASSICAL RELATIVISTIC THEORY OF THE LONGITUDINAL GHOST FIELDS OF
ELECTROMAGNETISM

M. W. Evans

Abstract

The classical relativistic theory is developed of electric and magnetie fields
in terms of boost and rotation generators, respectively, of the Lorentz group of
ipace-time. This development shows that Minkowski geometry requires that there
he: three states of polarization of radiation in free space. The magnetic
components in a circular basis are right and left circular and longitudinal. The
longitudinal compenent is real and physical, and proporticnal to cone of the
three, non-zero, rotation generators of the Lorentz group. The longitudinal
vlectric component is pure imaginary, and proportional to cne of the three boost
renerators. These thecretical arguments conform with experimental data from the
Planck radiation law and from magnetic effects of light such as the inverse
laraday effect.

I . Introduction

It is well known that the Maxwell equations in free space are relativisti-
cally invariant, as was first shown by Lorentz in 1904. Shortly afterwards,
'oincaré showed that all the equations of e¢lectrodynamics are similarly
tnvariant. These results were proven independently by Einstein in 1905, and
shown in the theory of special relativity to be generally valid. Einstein based
fiis theory on two principles, the first asserts that the laws of physics take the
wame form in all Lorentz frames; the second asserts that the constant c is the
wame in all Lorentz frames. If the photon is regarded as being without mass, ¢

the speed of light in vacuo; otherwise, if the photon has mass, its speed
ciries from frame to frame, giving rise to "tired light" [1,2]. Unless otherwise
-pecified, we shall restrict our attention in this paper to the massless photon.
Hlowever, our results can and will be generalized in further work to the case of
linite photon mass, in which the d’Alembert equation is replaced by the Proca
rquation, or variants thereof such as the de Broglie equation or Duffin-Kemmer--
I'tiau equations [3-6].

As is well known, the postulated constancy of c allows a connection to be
made between Minkowski space-time coordinates in different frames, customarily
libelled K and K/, the latter moving at v with respect to the former along the
/ axis. The pseudo-Euclidean frame of reference is (X, Y, Z, ict) for K and (¥X/,

72/, ict’) for K/, and the assumed linear transformation is based on the
ivlation between frames,
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X e ¥ e g - oRE R o AN X e ¥R et - 0B, (1)

where A is a function of v such that A(0) -1. It can be shown [7] that i is
unity for all v. The Lorentz transform is then defined as,

W=, v'=v, zt=y(z - vy, t’—ylt—[}% . 2)
oy-a :
where Bp=v/c and y=(1-v?/c® ?. This can be written in the four by four matrix
form
x! 10 0 G X
Y’ _ a1 4] 4] Y ! (3)
z! oo y iyB|| =z
jot! o0 -iyp ¥ LEt )
which in tensor notation becomes
’ f
X = Ay Xy (%)

The four by four matrix in Eq. (3} is the lLorents rransformation matrix and

defines the boost generators to be usced in this paper, generators which
participate in the lLie algebra of the Loventr proup. There are three boost
generators, one for each space axis, and each is a pure real tour by four matrix
by definition [8, 2]. Additionally, there are three rotation generators in the
Lorentz group [8, 9], being four by four pure imaginary matrices by definition.

The boost generators, E, and rotation pencralors, J, are based dirvectly
on Minkowski geometry, i.e., the pseudo-Euclidean peometry of space-time. In Sec.
2 of this paper it is shown that axial unit vectors in the three dimensions of
Euclidean space can be expressed as antisymmetric 3 x 3 unit tensors which are
related directly te the rotation generators of three dimensicnal space, and by
simple extrapolation, to those of the four dimensional Lorentz group, generators
which are four by four matrices in Minkowski space-time, 1. tfollows that
magnetic fields, which can be expressed in terms of axial vectors in three
dimensional (3-D) space, become rotaticn generators in the 4-D Lorentz group.
By using a suitable circular basis, the J matrices are used to define magnetic
fields from Maxwell's equations in vacuo. This method leads directly and

geometrically to the conclusion that there is a real longitudinal magnetic field
from these equations in vacue. This solution is also related geometrically to
the two transverse ones (right and left circular polarization) using the Lie
algebra of the rotation generators J.

in Sec. 3, this method is extended to electric tields, which in 3-D space
can be expressed in terms of polar unit vectors. These have mo 3 x 3 matrix
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equivalents in 3-D, but it is well known that the vector cross product of two
polar vecters in 3-D is an axial vector. In 4-D the equivalent is that the
commutation of two boost generators is a rotation generator, showing that a polar
vecter in 4-D is a boost generator of the Lorentz group. With this result,
clectric fields in space-time also become boost generators, which are expressed
in a circular basis.

Section 4 is a summary of the complete Lie algebra of electric and magnetic
fields in vacuo, expressed respectively as boost and rotation generators of the
Loerentz group of special relativity, using a suitable circular basis to relate
these transverse and longitudinal fields to solutions of Maxwell’s equations in
vacuo, In this way, it is demonstrated geometrically that there exists a real,
physically meaningful, longitudinal magnetiec field, which in space-time is
directly proportional to the rotation generator J'* in a circular basis. The
generator J'* is a non-zero 4 x 4 matrix as a direct result of Minkowski
geometry itself, i.e., as a result of the nature of space-time. Similarly, there
cxists a pure imaginary electric field iE'® which is directly proportional teo
the non-zero boost generator K%' of the Lorentz group. The electric and
magnetic field solutions of Maxwell's equations therefore form the complete Lie
algebra of the Lorentz group and part of that of the Poincaré group, longitudinal
and transverse components being related by this Lie alpebra.

Finally a discussion is given of the experimental support for this
conclusion, and of experimental consequences in electrodynamics.

7. Magnetic Fields as Rotation Generators
It can be demcnstrated in an elementary wav |10-12] that there exists a

cyclically symmetric relation between the transverse and longitudinal magnetic
tield sclutions of Maxwell's equations in vacuo,

B g = jgloig e (5a)
B@ 4, piH - jgig. (5b)
B3 x gt = jygars (5c¢)

where B'® is the scalar magnetic flux density magnitude in tesla, and where the
lields are defined in vacuo as the following sclutions of Maxwell's equations,

B :E\%’(u fre, (6a)
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Bm;%‘g( itefre e, (6b)
B —plolg, (6c)

Here the oscillating transverse component (1) is the complex conjugate of
component. (2), and is expressed in terms of the phase ¢=wt-x'r of a travelling
plane wave in vacuo whose angular frequency is w al an instant t and whose wave
vector is ® at a point r in space. Nole that component (3) is phase free, so
that V-B™® =0,

The magnetic flux densities B, B® and B'™ are expressed in a natural ,

circular basis defimed [10-12] by unit vectors e, e@  and &

9“'571211 ify, (7a)
8(3)?——‘%(1'1':'3, (7b)
(7c)

el v o - j@!® =

where 1, 7, and k are Cartesian unit vectors in X, Y, and 2 respectively, Z
being the propagation axis of the plane wave. In Fgs. (5a) Lo (5c), * denoctes
"complex conjugale." 1t is obvious that in this civeular basis, which naturally
defines right and left circular polarization, B'™® must be the complex conjugate
of BM  so that B™ must be phase free. The perfectly cyclical symmetry of Eq.
(5) is therefore a direct geometrical consequence of the isotropy of 3-D space.
If B® =20, then B and B also disappear, showing immediately that the
standard approach |[13-16], in which B® is unrelated to B and B9, is
geometrically unsonnd in 3-D, The standard approach violates the isotropy of

free space and unnaturally reduces it to a plane.  The ramifications of this
conclusion have been discussed elsewhere [10-12|. The assertion that B™ is
zero is usually |[13-16| based on the Maxwell equation V-B=0. A longitudinal

field in vacuo that depends on the phase of a plane wave |[13-16] cannot satisfy
this equation, so it is conventionally assumed 1hat B'3 .70, or is otherwise
vjrrelevant” or "unrelated" to the transverse components. The existence of the
simple cyclic algebra (5) appears never to have been realized prior to Refs.
[10-12]. However, from Eq. (5a), the standard B'" -0 means that the conjugate
product [17-19] B™xB®@ is also zero, a result which means, for example, that
the inverse Faraday effect [20-26] (phase free, or "static" magnetization by
light) disappears. The inverse Faraday effect is, however, well demonstrated
experimentally [20-26] and is theoretically |17]| directly proportional to
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¢ | Hoe zm .
B xB® | which is in turn algebraically the same as (8B . This line of
reasoning, based on experimental data, exposes a basic paradex in standard
clectrodynamics, a paradox which is embedied in special relativity [27], for

vrample, in the well known fact that the Wigner little group [28, 29| in the
conventional approach (with B -20) is the unphysical E(?), an Euclidean planar
yroup, and not the natural group of rotations in three dimensions. This in turn
leads to the well known loss of manifest covariance in the vector potential A,
something which is fundamentally at odds with the Bohm-Aharonov effect |29, 30]

whir‘.h. s.hows A, to be physically meaningful . [t is illegical in special
relativity to assert that a physically meaningful four-vector is not manifestly
rovariant. In other words, all four compenents ol A, must be physically

meaningful as for any other four-vector. The usual assertion B =70 leads to
absurdity therefore in 3-D and 4-D, an absurdity which is habitually accepted in
the standard approach to electrodynamics and the U(l) sector of field theory.

With this preamble, the aim of this and the next two sections is to devise
the relativistically self-consistent Lie algebra of the electric and magnetic
solutions of Maxwell’s equations in vacuo without making the usual assertion
B =20. In this section, it is shown that A", A’ and #'Y arc cach directly
;Jropo.rtional to a standard rotation generator of the Lorentz pgroup. '”u—!s;a
rotation generators are all non-zero by Minkowski gpeometry,

The starting point of the proof of this result is to -r-xpre-s;s; the Gartesian
axial unit vectors as antisymmetric matrices using the tact that an axial rank
one vecter is also a polar antisymmetric rank twe tensor |31, The three rank
1wo tensors are

o0 0 00 -1) 010
f=lo o 1|, J-loo o!l, &-] 100, (8)
0 -10 10 0| n oo

which in the circular basis (7) become

0O 0 1 (U ]
a0 = L 0o o 1], HH L to o 1|, e f . (9)
V2| ef 1@ Y215 0

'he latter form a classical commutator algebra which is cyclically symmetrie in
uclidean space,
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l_ét'-]'é‘lz)] - ,ié‘(\)’ e _f‘é[i)’
(2, 801 = —jawr = 8@, (10)
[é‘,(‘l'étlil = —jai2 = —i&

In these equations, all three commutators are formed from geometrically
meaningful component matrices which are all non-zero. Obviously, if one of these
is arbitrarily set to zero, the other two vanish, and the geometrical structure
is destroyed. This is the geometrical basis for the existence of a real three
dimensional matrix representation of the magnetic part of free space electromag-
netism. Specifically,

B0 - jplaigis, BB L _jpgig ie jUl - g@gt), (11)

from which emerges the classical commutative algebra equivalent to the vectorial
algebra (5),
[Ell) E{Z)] = _iB(n)BH]- = iBunﬁE\)'

[59, B2 = ~{B@A - —igMAP, (12)

|H”<_’3’é‘(1)] = _chuJétEJ‘ ,J'H(njﬁlﬁr

an algebra which is apain cyclically symmetric in Fucl idean space. This algebra
can now be expresscd in terms of the rotation penerators, J, of the 0(3) group
[29) of three dimensional space, but using the circular basis (/) instead of the
usual [29] Cartesian one,

a0 u _a ) A
H ?‘(':" bt Fm . el (13)
i 1 i
Note that the generator J9 is pure imaginary. The magnetic field matrices and

rotation generators arc then linked by

s 5 ; : . [
BU L _pGiigis, @ o _gloFE e ie oY o Fie (14)

a representation which accounts maturally for the phase, and which .is of key
importance in recognizing that the commutative algebra of the magnetic part of
free space electromagnetism is part of the Lie algebra [28, 29] of the Lorentz
group of Minkowski space-time. A Lie algebra is that of generators of a group,
and therefore, magnetic components of free space electromagnetism are directly
proporticnal to the rotation generators of the Lorentz group. Therefore,
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commutative relations between magnetic fields are relations between spins and a
magnetic field is a property of space-time itself. Therefore there are three
components of a magnetic field in space because there are three rotation
generators. Finally, magnetic field components are interrelated by commutators,
in the same way as rotation generators.

The generalization of rotation generators frem 0(3) to the Lorentz group
occurs as follows [29]:

0010 0 0 10 0 -100

go- 1 0 0 -10 g1 0 0 10 P i 000 15)
Jz|-1 i 0 JZ|-1 -1 o) 0o oo
00 0 0 o 0 0o 00 00

It follows that magnetic fields in the four coordinates of space-time are also
A x & matrices. There are three rotation generators in space-time, which cbey
the classical commutative algebra,

(a1, g@] - _geis o 3
[F2, 3] = g = @ (16)

[3(3)’ 3:11} = 5@ o _ja0
which becomes the more familiar [29]

(G 3] = 0, [ an

in a Cartesian basis.

By geometry, therefore, it becomes absurd to assert B =2 8§, because by
fq. (14) this means J'*' =28, in direet contradiction with Eq. ¢(15). This vividly
and conclusively demonstrates that the standard approach [13-16] unnaturally
reduces isotropic space to a plane,

The classical commutative algebra of rotation generators is, within a
factor h, the commutator algebra of angular momentum operators in quantum
mechanics. Realizing this immediately leads to the quantization of the magnetic
tields of the plane wave in vacuo, giving the result,

g1 - _giw 5:’ et A3 - _pgiw ~7;"" o e A - [gi® j:’ . (18)

where A'Y  are now operators in quantum field theory. In particular, the
longitudinal operator B! is the elementary quantum of magnetic flux density in
the propagation axis. We refer to this hereinafter as the photomagneton. We
refer to the expectation value of B as rhe ghost field, because B" has no
Planck energy [10-12], being phase free. In consequence, B' is not absorbed
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or emitted by an atom or molecule, and can be detected only by its magnetization
of matter in such phenomena as the inverse Faraday effect [20-26]. The ghost
field is theretfore far more difficult to detect experimentally than the everyday,
oscillating A'" and A" . This is probably why 8"’ has not been considered in
electrodynamics. However, it is clear from Kq. (5a), for example, that if B
were zero, then the experimentally observed [20-26]| inverse Faraday effect would
not exist., because the conjugate product B'™ xB* would vanish. Finally. the

source of B™ is the same as the source of B and B®, and B8 is directly

proportional Lo the angular momentum of the photon through Eq. (18c). The
eigenvalues of B’ are therefore B'® and -u'" . These are, of course, defined
in the longitudinal axis (3), i.e., 72 of the Cartesian hasis. The assertion

B =28 in the quantum field theory is therefore absurd, because it means that
the eigenvalues of photon spin are zero, whereas they are well known to be +h,
an irremovable property of the photon [32].

3. Klectric Fields as Boost CGenerators

An electric field is a polar vector in three, Fuclidean dimensions, and
unlike an axial vector, cannmot be put into a 3 x 3 matrix form such as embodied
in Eq. (8). The cross product of two pelar vectors is, however, an axial vector
in Euclidean space. For example, the product:

ixj-k (19)

produces the Cartuvsian, axial, unit vector k. which In the circular basis is
e™® . In Minkowski space-time the axial vector k is known from the arguments
in Sec. ? to be a 4 x 4 matrix, related dircetly to the rotation generator JF9,
of the Lorentz group. IL follows that a rotation generator in space - time is the
result of a classical commutation of two matrices which play the role of polar
vectors. From the well established Lie alpebra [29] of the generators of the
Lorentz group, thesce malrices are bhoost generators, 4 x 4 real matrices. The
equivalent of Eq. (19) in Minkowski space-time is therefore

(20)

[Re Ry] = e

and cyeclic permutations. In the cirveular basis (1). (), (3) (rather than the
Cartesian basis X. Y, 7) this commutater algebra becomes the cyclically

symmetric,

B e —— _—
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lfed:’ ;’?(2]] - _jé-‘("j)- = _‘?(‘i)o
(B2, BB = g o 300 (21)
[RGY, B = —jg@e - L5

Therefore, although polar vectors cannot be put in a matrix form in Euclidean
space, they correspond to beoost generators, 4 x 4 matrices, in Minkowski space-
time.

This essentially geometrical result leads directly te the conclusion that
electric fields in space-time are proportional to boost generators because
clectric fields in Euclidean space are proportional te polar unit vectors.
Therefore the fundamental geometry of Minkowski space-time demands that magnetic
fields are composed of rotation generators (imapinary 4 = 4 matrices) and
vlectric fields are composed of boost generators (real 4 x & matrices).
Furthermore, boost and rotation generators are linked by the lLie algebra of the
lorentz group, which is written out in full in the following scetion. It follows
that electric and magnetic fields in space-time also form a lie algebra of the
lorentz group, in any suitable basis, e.g. Gartesian or circular for the space
part of space-time. The circular basis is suited naturally for solutions of
Maxwell's equations, because of the fact that there is a vight and left circular
polarization, mutually orthogonal to the longitudinal polarization of the
propagation axis.

In Euclidean space, electric field solutions to Maxwell's ecquations are
conventionally regarded as the transverse, oscillatory counterparts of Eqs. (6a)
and (6b),

)
EW - E; 1 ifye'id, (22a)
¥
i
E[Z):E\/_g—)(i*‘ij]f‘—' 'y (22b)

which can be written directly in terms of the unit vectors of the circular basis,

EM - plorggid B pligi@,, b (23)

In Minkowski space-time, the equivalents are therclore

i+ (26)

) o glOReid S g

(The phase ¢ is a Lorentz invariant [13], and remains the same in space-time and
uclidean space.) The boost generators appearing in Eg. (24) are written in a
circular basis,
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¢ 201 0 0 01]

P o L 0 00 -1 , o ik 0 0 01 . (25)
2|0 o000 JZlo o oo
-1 i0 0 |-1 -ioo0

and correspond to the complex, polar, unit vectors e and e in Fuclidean
space.

By reference to the Lie commutator algebra (21) it is clear that the
commutation of R and R is JF™=-F%", a roration genecrator, directly
propotticnal to a magnetic field. The equivalent result in Euclidean space is
5 (1) (26)

s a@ = ja

It is not possible to form an electric field from the cross product of E® and
E® and this conforms with fundamental symmetry [10-12]. The question therefore
arises as to what is the electric field proportional to the third boost generator
£ of Minkowski space-time, or equivalently, the polar vector k of Fuclidean
space. That there must be a longitudinal electric compenent is clear from both
3-D and 4-D geometry, and from the Maxwell equation in vacuo V-E=0, this
component must be phase free. By writing out the longitudinal rotation and boost
generators,

0 -1 00 o0 o0
L 0 ) Pl U ) 27)
¢ 0 0 0
0 0 wal Q)
it is seen thal the former is pure imaginary and the latter is pure real. It

follows that there are two possibilities:

1. that the lengitudinal A'® is pure real and the longitudinal ig'* is pure
imaginary;

2. vice versa.

Choice (1) follows, however, from a considerat ion of the nature of the unit
vectors e, e and e™ of the circular basis (/). in which the axial ™
is pure real, and equal to the real, Cartesian., axial k. From Eq. (6c¢),
multiplying this real, axial, unit vector by the amplitude B'9 (a real scalar)
gives a real B'™ in Euclidean space, and a real A% in space-time. This real 8"
is therefore defined as

T L
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B s jglo g (28)

{1 terms of the imaginary rotation generator J'*.

mst be defined as

It follows that the imaginary 18"

(B3 = jpg® (29)

in terms of the real boost generator K",
In the next section, we write out the complete Lie algebra of electric and
magnetic fields in the Lorentz group.

fi. The Lie Algebra of Electric and Magnetic Fields in the Lorentz Group
The complete Lie algebra of the boost and rotation generators of the

l.orentz group can be written in a Cartesian or circular basis as follows. In a
ilartesian basis [29],

0 001 0 0 00 a0 00
i 0 000 4 0 0 01 . 0o 00
Ky= . Ky = . K, - ’
0 00O 0 c oo £ 00 0
-1 06 0 o -100 oo -10
G0 0 0 0 010 0 10 O"
" 00 -1i¢0 4 0 000 N [N ¢] .
B T . gt B BB (10)
1 0 0 -1 000 - { 00
a0 0 0 0 000 43
=0 that
[Fxs J’,]zijz, and cyclic permutations.
[Ry. &)= -1d,. " " i i
l‘{(\x' jv} = i%,, " " " )
[£er dy] =0, etc. (31)

This can be summarized concisely [29] as,
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55 = —5};- 5 cijk‘?lf 5w g - (32)
Jﬂv(p,\?=01---'3){j (i, 7,k=1,2,3)

= ’jm' Sl

and displayed as the 4 x 4 antisymmetric matrix of matrices,

o -3 4 -

g |0 -3, -k, (33)
wIllg g o -k
R R R o0

The antisymmetric structure of J"p“ is reminiscent of the well known electromag-
netic tensor £ of special relativity (the four-curl of Aa,); which in S.I.

v
units is,

0 -cB, ¢B, -iE |
cB, 0 ~-cB 1iE I (34)
-cB, CH 0 -iE,

iF, iE, 1iE, 0

b

wv - €

where ¢, is the permittivity in vacuo. By comparing Eq. (34), which is a matrix
of Euclidean space field vector components, with Eq. (33), a matrix of Minkowski
boost and rotation generators, it becomes intuitively clear that there is a
relation between electric and magnetic fields and bocst and rotation generators
of the type developed in Secs. 2 and 3. We come to see that the Maxwell
equations, two of which [29] can be written as,

By (35)

where x,= (X, Y, 2, ict), are relations between hoost and rotation generators which
can be written formally as

By _ (36)

In comparing F£,, of standard electrodynamics [29] with J,, of standard special
relativity, we see that:

1. £, already accounts for the fact that in general, there is a real

Py

Classical Relativistic Theory of the Longitudinal. .. 87

longitudinal cB, and an imaginary longitudinal ig,. These are obviously
not set to zero in Eq. (34). The ﬁ‘vv matrix, devised by Einstein in 19053
[33, 34], containg components all of which are valid solutions to Maxwell's
equations, including the longitudinal solutions c¢B, and i&,. These
components are not zero in vacuo, because they are tied to the transverse
components through fundamental space-time geometry,

2. From a comparison of elements of £, and J,, it becomes clear that if the

v

electric field components can be converted to hboost generators, and the
magnetic fields to rotation generaters, va becomes directly proportional

s Qi

p]n order to demonstrate this proportionality we need to transfer to a
circular basis, because plane wave solutions of Maxwell's equations are
written naturally in a circular basis, multiplying a phase factor. It is
also necessary to convert the electric and magnetic ficld components in Eq.
(34) from Euclidean space to Minkowski space-time. This is precisely what
has been achieved in Secs. 1 and 2. Specifically, the cquivalents of Eq.

(30) of the Cartesian basis are given in Lhe circular basis of Eqs. (7) by
Eqs. (15), (25) and (27). In the circular basis, Eqs. (31) become:

[y, Felem GOAN and cyclic permutations,
[, R™]=_jate, o W "

[f(\’”), élzy]:_l-é‘,u)" " " n

[T, FM =0, etc ., (30
with
iét”' i 3(1:‘( _I'é‘{}jr = J{zs-’ hﬁ_uh _“ij)-’ (38)
]'ét)) o J—(ZJ *]‘é”] = ‘j"\l I‘{.‘I\} = __:rf]}_
In terms of electric and magnetic ficlds, these cyclically symmetric

,cometrical relations can also be written as a completle algebra which is by

tmplication a Lie algebra of the Lorentz group,

(B!, B™ )= jplogia, and cyelic permutations,

[E-tl)‘ E"Z']:~iE{°’:§”]':viczﬂm’ﬁ(“', ete. .

[EM, B )= i@ g7, ete.,,

[, BT ]=0, etc. (39
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These relations demonstrate that the assertion A’ =28 [35] is relativistically
jnecorrect. Although i£™' is imaginary, it too is not zero.

Discussion

In order to obtain the rigorously correct field algebra in 4-D, Eqgs. (38},
in free space-time, it is essential to use the fundamental geometry., Eq. (37)
written in terms of boost and rotation generators. The following relations
between fields and generators must then be substituted inte Egqs. (37) to obtain
Eqs. (39),

B - B GIigis - jpioiaillgib
ﬁ(?) - _Bto}jfﬂﬂe-iO & _J'B(Diélz)e 1@,
é(:ﬂ = J-B(n)j(sl = H\o)ﬁu),
(40)
Ell) i an)k(l)em'
B o gpg ik
iE™ = {ERWRM,
These relations cmphasize that iB'™ is pure imaginary and B'Y pure real. In
Euclidean spacce. they reduce to iE® and B | imaginary polar and real axial
vectors respectively.
It is critically important to note that the classical electromagnetic
energy density in vacuo [36],
U =g iE@ gD 4 L gm.gtn g (41)
4
In other words, the correct combination of iE'Y and B® adds nothing te the
Rayleigh-Jeans law, a classical limit of the Planck radiation law. This is

another vivid demonstration of how the existence of B®™ and iE'® has been by-
passed in electromagnetic theory, so that it has become habitual te neglect them.
Recent comments in the literature [33] continue to assert erronecusly that
B =790, an assertion that makes nonsense out of fundamental geometry.
Equation (41) is ome illustration of why B® 1is a ghost field. Its
influence cannot be detected through measurements of light intensity leading to
the Rayleigh-Jeans law., Following the rule that real fields are physical,
imaginary fields are unphysical, it is expected that B will magnetize
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material, but that iE® will not produce electric polarization. This conforms
with what is available experimentally to date on the magnetizing effects of
light. The inverse Faraday effect [20-26] for instance can be shown |17] to be
directly proportional to i 9B =-B®M xpB™® at second order in B'", the
mnagnitude of B® . This shows experimentally that B™ 1is not zero, and that
vtfects due to B are expected a priori at ftirst order {10-12]. If Bf* were
sero, the inverse Faraday effect would not exist experimentally, and fundamental
reometry would be invalidated, Tt remains to be seen experimentally whether
B™ can act at first order. There appears at present tu be no reason why not,
and such an effect, proportional to the square root ol intensity, would appear
in the inverse Faraday effect under suitable circumstances, namely in material
with a net magnetic dipole moment [10].

The ghost field iE™ is imaginary and unphysical for this reason, and no

vlectrie polarization due to iE'™ can occur, Indeed, to date, no large first
order polarizing effects of this mature have been observed cxperimentally.
Both B®™ and {E'"™ are phase free, and in the quantum thcory have no
I"lanck energy, being associated with no freqguency. They arc not therefore
ibsorbed [10-12] by an atom or molecule, and cannot be detected by ordinary

techniques of spectroscopy such as infra red or Raman. The field B™ can be
letected only in a difficult experiment such as the inverse Faraday ctfect, or
in related phenomena such as light shifts [37], the optical Faraday ctfcct [38],
o light induced shifts in NMR [39]. The inverse Faraday effect is due to
i g g g ar gsecond order as we have seen. If careful future
measurements on the inverse Faraday effect show that B®™ cannot act at f[irst
wder, it does mnot follow that B®™® is zero, because that would mean that
int® g jtself would vanish, contrary to experience. A postulated inability
i B® to act at first order might mean, for example, that it takes two modes,
(1) and (2), to define it, needing light to act at first order in intensity
!second order in the amplitude B!'®). However, these matters must be settled by
further careful experimentation.

Free space electromagnetism, by causality, originates in a source
infinitely removed from the vacuum. The source is made up of charged particles
ind currents, for example moving electrons which radiate. The source gives the
iree space amplitude E® =c¢cB™ in S,I, units. If the nature of the source is
rhanged so that the sign of B'® is reversed (c.g. by replacing the electrons by
positrons) it is clear from Eqs. (39) that all six field components are changed
in sign precisely. This process is not equivalent to a phase shift (a change in
$) because in a phase shift, the sign of B'® is not changed. (In other words
the charge conjugation operator &, by definition, changes the sign of B‘® but
not of ¢, because the latter is a spatio-temporal quantity [40].) If it is
argued [35) that the change B!® to -B'" results in B®™® -20, then it must also
result in B® =20 and B@ -?0. This argument [35], which is equivalent to the
crroneous assertion that B violates ¢, therefore leads to the disappearance
't electromagnetism. In the presence of electromagnetism in wvacuo, this is
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obviously not true, and the argument fails. We can see this clearly from Eqs.
(5), for example, which conserve €. (The & symmetry on both sides of all three
Egs. (3) is positive.)

On the most fundamental level, electromagnetic theory requires a sign to
be allocated Lo the charge on the electron, i.¢., e is negative by convention.
In the same way, the equations of electrodynamics implicitly attach a positive

sign to B!® (or te E'®). It is assumed that free space electromagnetism has
been generated by an infinitely distant source in such a way that the sign of
B'9 is positive. The equations work equally well with a negative B! | but by

convention, #'% is positive. At the most basic level this means that evolution
in the universe, and in our solar system, has been such that e is negative and B
is positive. It is possible to work through all the equations of electrodynamics
with a positive e and a negative B!®, but this produces a universe composed of
anti-matter, and a source of free space electromagnetism made of anti-matter.
It remains true, however, that if a source were available in the laboratory

that produced a negative 819, the sign of B®™ would be oppesite from that

produced by a source giving a pesitive 8'® [for the same sense of circular
polarization. This clearly requires the use of two different sources, one made
up of moving electrons, the other of moving positrons. Any first order effect

of B™ in this case would be opposite in sign for the two different sources.
Effects at second order in B'" would not be changed in sign.
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Chapter 9

THE MAGNETIC FIELDS AND ROTATION GENERATORS OF FREE SPACE ELECTROMAGNETISM
M. W. Evans

Abstract

Ihe relation is developed between rotation generators of the Lorentz group and
the magnetic fields of free space electromagnetism. Using these classical
ivlations, it is shown that in the quantum ficld theory there exists a
longitudinal photomagneton, a quantized magnetic flux density operator which is

lirectly proporticnal te the photen spin angular momentum. Commutation relations
e given in the quantum field between the longitudinal photomagneton and the
wial  transverse magnetic components of quantized electromagnetism. The

congitudinal component is phase free, the transverse components are phasc
lrpendent.  All three components can magnetize matcerial in general, but only the
! ransverse components contribute to Planck's law. The photon therefore has
three, not two, relativistically invariant degrees of polarization, an axial,
nngitudinal, pelarization, and the usual right and left circular transversc
jnlarizations. Since the longitudinal pelarization is axial, it is a phase free
wpnetic field.

I. Introduction

In conventional, classical, electrodynamics it is customary to consider
nly the transverse, oscillating, phase dependent components of a travelling

plane wave in free space. The transverse magnetic components can be written as

‘wo orthogonal electromagnetic medes or components in a complex, circular basis
=47,

w - B . ; B o
B = B (jjige, g _ ( id+fre, L
V2 Ve
Jiwre ¢ = wt-x'r is the phase. Compenent (1) is the complex conjugate of
mponent (2). Here 4 and J are unit wvectors in the X and Y axes of the

boratory frame (X, Y, Z), mutually crthogonal to the propagation axis, Z, of

‘he plane wave. Here w is the angular frequency in radians per second at an

nstant of time, t, and x the wavevector in inverse meters at a position r in

‘hiee laberatory frame. Modes (1) and (2) are both solutions of the free space
‘txwell equations. Correspondingly, there are oscillating, transverse, electric
ti1elds, usually written as,

B - %é?(i—ij)elt E® :r%é;(i+ij)ed¢, (2)
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in the same notation. In Egs. (1) and (2), B' is the scalar magnetic flux
density amplitude. and £'® the scalar electric field strength amplitude.

These fields constitule the well known classical Maxwellian description of
electrodynamics in free space, a description in which there are only two degrees
of polarization, i.c¢.. in a circular (or Cartesian) basis, one (longitudinal)
degree of polarization is missing. This is ecasily seen by considering the
following circular representation of three dimensional space,

1

Ps 77\/_(1 ify, o2 = 4- (11i7), el g® - ja3 - ik, (3)
2

V2
where 1, §, and k are Cartesian unit vectors, defined by

1ix3-k (4)

Therefore if 4 and J§ are polar, k is axial; if 1 and J are axial. k is also
axial. In the representation of transverse electric tields (Eqs. (2)), 4 and §
arce polar; for transverse magnetic fields (b« (1)), 4 and F are axial. The
unit vectors e, e® and @ in the circular basis form the cyclical algebra,

el @) = g _ g0,

e(z)xe(ﬂ - j@)r - igl2) (3)

ey gt = jg@r _ g},
5o that if any onc is zero, the other two also vanish. The basic electro-
dynamical notion that there ean be only 1wo degrees of field polarization in
three dimensional space is therefore geometrical nonsensc. This simple

illustration translates into well knewn |5 fundamental difficulties in the
theory of electromapnetism. In the required language of special relativity, the
electromagnetic four-potential A, loses manifest covariance. only two out of its
four components sare physically meaningful., and since A, 1is knewn to be
physically meaningful through the Bohm-Aharonov effect [6], this is obviously not
a satisfactory description.

In this paper these difficulties are resolved by the use of the longitudi-
nal magnetic field B™  which is phase free and which contributes nothing to the
Planck radiation law because its associated frequency is zero. Lor this reason
it is referred to as the "ghost field" (CGespensterstrahlung) of electromagnetism.
In the quantum field theory it is represented by tLhe longitudinal "photo-
magneton,” which is the operator 8. directly proportional to the well known
spin angular momentum of the photeon, whose eigenvalues are h and -h if the
photon is considered to have no mass, and h, 0, and -bh otherwise. The B
photomagneton is simply B!® multiplied into the normalized photon angular
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womentum operator, J/h. In Sec. 2, this result is derived from simple
scometrical considerations. Evidence for the cxistence of #' is available in
1 he inverse Faraday effect [ /-12] (frequency independent magnetization by light).
It BY™ were zero, then both B® and B would vanish. Since B, the
cxpectation value of 8!, is directly proportional through B'® to unit angular
somentum, vepresented by the axial unit vector k, it is relativistically
invariant in free space, a requirement of the Maxwel] equations. In the quantum
theory this is interpreted through the fact that photon spin angular momentum,
n. is also frequency independent, i.e., does not depend on v, the frequency ot
the light. (In contrast, photon linear momentum, hv/c, is proportional te v,
md photon energy, as originally proposed [13]. is the quantum of light energy
v, ) It follows therefore that B' is not absorbed at any frequency, because
in the quantum field theory, absorption depends on the quantum of energy hv, and
#'" has no energy. The photomagneton 8™ is thercefore far more ditticult to
¢ tect experimentally than the usual transverse ficlds, and has no elfect, as we
have argued, on Planck's law of radiarion. It can however, be detceted because
a4 a phase free magnetic field, it participates in the magnetization of matter
bv light — the well known inverse Faraday effect which has hitherto been
interpreted in terms of nonlinear optics. This phenomenon occurs without opf ical
hsorption in general, meaning that it ecan occur without the absorption of a
mantum of energy hv, in other words at frequencies where the sample is
Iransparent to light [7-12].

In See. 2, the rigorous geemetrical basis of 47 is developed using
iotation operators in 0(3) and in the Lorentz group of Minkowski space-time. It
1% shown there that the neglect of 8™ dimplies thal one rotation generator is
orroneously asserted to be zero. In the quantum ficld theory this translates
into the conclusion that ome angular momentum is wmissing, this being the
longitudinal angular momentum, and this is of coursc diametrically inconsistent
.ith the basic assumption that the photon (considered as massless) have an
imeluctable spin angular momentum, whose components in the longitudinal axis are h
el -h. Therefore, photon spin immediately implics the cxistence of gl

In Sec. 3. the experimental basis for A" and B is examined through the
nwverse Faraday effect. The main conclusion of 1his scetion is that if there
sore no BY | there would be no inverse Faradav «ffcet, contrary to experimental
tata [7-12].

In Sec. 4, the nature of the longitudinal, concemitant electric field in
l1ce space is examined. It is clear from symmetrvy |14 and special relativity
‘lit there can be no real E', because Fitzperald Lorentz contraction reduces
iy longitudinal polar axis to zero for any ohject travelling at the speed of
ight. For a massless photon, this axis remains zero in any frame of reference,
v cause the Maxwell equations in free space do not varv under Lorentz transtforma-
Cion, For a massive photon [15]. it becomes possible that there be, in the
iserver frame, an additional, phase dependent, longitudinal magnetic field B
nd electric field E® . Tt is shown that these questions can be resolved in an
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internally consistent manner by deducing that B*M is accompanied by a pure
imaginary iE™ . This implies that the combined contribution of B® and iE®
to the Poynting theorem in free space is zerc, this being the classical statement
equivalent to the fact that in the quantum field, £', has no Planck energy
because it has no frequency. {In Planck's postulate of 1900 [16] cnergy is
directly propertional to frequency, so Lhat A" corresponds to an oscillator
state of zero frequency.)

The use of B and FiE® makes the theory of electromagnetism in free
space fully consistent and manifestly covariant.

2. Geometrical Basis for BW

The first indication of the existence of B'" in free space appeared [17]
through its relation to a quantity known in non-linear optics as the conjugate
product, the vector cross product E™ x E . This quantity is alsc referred to
in non-linear optics as the antisymmetric, or vectorial, part of the light
intensity tensor e¢,cE;E; [18], and therefore has a well defined physical
meaning. Any quantity to which E® < E® jis algebraically equal also has a well
defined physical meaning by tautology. From Eq. (2), the conjugate preducl is
the pure imaginary, longitudinal quantily

ED  g@ - jploling (6)

where k is a unil axial vector. The product E™ x E™ g therefore magnetic in
nature, with positive parity inversion ( #) symmetry and negative motion reversal
(P) symmetry |[19]. Using the fundamental [rce space result,

I — (1)

immediately gives the field B@,

B g - o2gil)  g@ | jaipnigO)) (8)

with

e — 9

It is elementary to show, with these relations, that,

I ————
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B(l) * B(ﬂ) iB(O}B(J)- - l‘H[ﬂJBvHI'

B  Bid _ jpieig@le = jpiaig (10}

(2) 1y _ jgigs - niolgln
B x B bERaP: | iB'B ]

where the * denotes complex conjugation. Tt is seen that there is a symmetric,
vvelical algebra between the three magnetic field components in free space. This
itructure is that of the complex basis vectors e, o', and ™, fgs. (5).

This is precisely what is expected if there is a three dimensional,
seometrical, relation between the transverse and longitudinal cemponents of
solutions of Maxwell's equations in free space. The longitudinal component,
B™®  must be phase free, because of the Maxwellian condition

V'B-o0. (1)

I it is accepted that 8!® is non-zero, (otherwise there is no electromagne
tism), then, Eqs. (10) show that if B® is zcro, both B® and B vanish.
ronversely, if B and B® are non-zero, then so is B™ . This result once
more emphasizes the fundamental inconsistency in the conventional approach [1-47,
‘1 which B™ bears no relation to the transversce B and B and in mos
lexts is not considered. Fquatien (10) shows that there is a well defined
wvometrical relation, which shows that B®™ is physically meaningful The
converse of this result is that if it is asserted that B dis zero, then the
conjugate product vanishes, in contradiction with cxperimental data on the
inverse Faraday effect [7-12]; and in contradiction to the fundamental
theoretical structure of nen-linear optics [172, 18],

The question now arises of the fundamental properties of B® in the
lassical and quantum theories of fields. In this scction it is shown using
~lementary tenserial methods that it is defincd in the quantum field theory by
e operator,

00 _ g 13 (a2

where J is the photon angular momentum operator. For one (massless) photon the
Cigenvalues of J are zh, meaning that the projections in the longitudinal (7)
ixis are +h or ~-h.
.zistence of F, because B'® /% is a constant of the ¢lectromagnetism for a given

In the quantum Lield theory therefore, 8 depends on the

‘ntensity. Realizing this, any attempt to assert that B8'Y is zero becomes
‘nconsistent with the fundamentals of quantum mechanics, because such an
isertion would imply that the photon spin angular mementum is zero. Tt is well
weepted that the photon spin is an intrinsic, irremovable property [20]. and
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therefore so is B'".
The interpretation of 8", the longitudinal "photomagneton” of electromag-
netism, is therefore simple in the quantum field theory - it is an operator
generated directly from photon spin. The latter has eigenvalues =+h independent
of the frequency ( v) and phase (¢) of the electromagnetic field. Any attempt
to understand the meaning of B™ must therefore be based on the meaning of J.
Similarly, the interaction of B with matter must be understood in the same way
as that of J with matter. In particular, therc must be conservation of angular
momentum — the total angular momentum bLefore and after the interaction must be
the same. To understand this needs the theory of angular momentum coupling in
quantum mechanics [20]. Therefore B is obviously not a static magnetic field
in any ceonventional sense (e.g. a field penerated from a bar magnet or a
solenoid). It is a novel property of light.

It is also obvious that the source of 8’ in free space is the source of J
— usually thought of as a charge-current system at infinity, i.e., matter
infinitely removed from free space. This is the same as the source of the usual
transverse, oscillating, fields, which in the quantum field theory are thought
of in terms of creation and annihilation ocperators. Therefore, the existence of 8'¥
does not require a separate source. In the same way, JJ, or photon spin, does
not require a source in any way distinct or difterent from that of electromagne-
tism.

We arrive at the inescapable conclusion that if J be accepted, as usual,
then so must A5,
interpretation of B", the expectation value of B
depends on the cross product B@® xB® of negative and pesitive frequency
transverse modes (1) and (2). This must also be reflected in the quantum field
theory, so Eq. (1) is more fully written in the accepted notation [12, 18], as,

The c¢lassical

BP0 —w, w) = H‘”‘fh}(ﬂ; w, w). (13)

This shows that J itself is generated trom a phase {ree cross product of
negative and positive frequency waves; i.e.., [rom a particular combination of
creation and annihilalion operators [12]. This is the same combination as that
which defines |17] the Stokes operator &,. The latter is well known to be an
angular momentum operator, and the commutator relations between Stokes operators
are the same as those of angular momentum operators in quantum mechanics. In
this section, we shall develop commutator relations for 27, A™ and a1
These are also angular momentum commutater relations.

Any interaction of A"’ with matter must therefore reflect its fundamental
character, i.e., account for the fact that it is defined as

PR
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circular polarization, $, is a constant of magnitude
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B = A0 <, @) . (14)

imilarly,
J= 80 e, w), 8, =5(0; ~w, o). 12)

mr earlier description [17] of A™' as "static" cbviously refers to the fact
'hat it has no net (i.e., explicit) funetional dependence on phase, ¢ = wt-x-r.

n preciscly the same way, J has none, i.e.. its cigenvalues are +h, which are
| requency Similarly,

parameter S, have ne net phase dependence. For a g

independent quantities. the Stokes operator &, and
iven beam intensity in

+ for left, - laor

cpiea .
ripht circular polarization.

We shall return to the question of how A (0; ~w, @} interacts with matter
'n Sec. 3, when dealing with the inverse Faraday cftect and time dependent
perturbation theory. In the remainder of this scction, bq. (12) is derived from
first principles.

The first step is to put the cyclic relations between B, B™ and B
mto classical commutative form by using the result (rom elementary tensor
malysis [12, 18] that an axial rank one vector is cquivalent to a polar rank two
intisymmetric tensor,

1 -~
By = S€uBe (16)

where €54 18 the rank three, totally antisymmelvic, unit tenser (the Levi-Civita
vmbol), The rank twe tenser representalion of
‘ntirely equivalent to the usual rank one vector #,. but has the key advantage
4 being accessible to cemmutator algebra. This allows a straightforward
ransitien to the quantum field theory throupgh a factor h.  Commutator algcbra

the mapnetic field., #,, is

» provides a means of expressing B®, B™ and B'" in terms of 0(3) rotation
(nerators [21]. In so doing these magnetic ficlds are related directly to
jantum mechanical angular momentum operators, and have the same commutator
ivoperties. This was originally deduced [1/] using creation and annihilation
perators, an independent method.

The classical fields B%, B and B in {ree space are all
‘ctors by definition, and it follows that their unit vector components must also

axial

wooaxial. In matrix form, they are, using tensor analysis of the type
|lTustrated in Eq. (16),
0 0 0 g0 1 6 10
f=lo o 1, 7=lo o of, E=|-10 0| (an
0 -1 0] 10 0 o 00
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It follows that the matrix representation of the unit vectors in the circular
basis is,

o oo i o o0 i 0010
=20 o1, &=Ll o 1| &=|100], (18)
3| sl
VAL =1 ¥ b -1 0 0 00

and that these form a commutator Lie algebra which is mathematically equivalent
to the vecterial Lie algebra (5),

" ‘o ~ £ e ;o '

(8.8, = -18] = -i&,, |8, &= -ié&"=-i&, 1&,8]=-18=-18,. (19)

If it is arbitrarily asserted thalL &, is zero, then both & and & vanish, i.e.,
the assertion is fundamentally inconsistent with three dimensional geometry,
expressed in a circular basis (5) rather than a Cartesian basis. Nevertheless,
this meaningless assertion is the root ol the conventional approach to
electrodynamics, an approach which considers only transverse components of the
plane wave in free space, and does not recognize that the transverse field
compenents are linked to the longitudinal field component. This conclusion
becomes clear if the geometrical basis (1Y) is used to describe the plane wave
in vacuo,

(20)

1}1'3 = “3::1).:_..:(1!@111’ ﬁ-‘z) L iR A, ,d.' EUJ B H””é”’,

from which emerpes Lhe classical commutator relations between the three magnetic
tield components,

“3‘-(1)’J§EZJ] = (RMBI . ipimA lJ'
[é(.u,B"tsJ] - _iBtDJENJ' - ‘;Ill-lf"lf_}‘/)’ (21)
(B, BI] = —iB@IAEIY - g

This algebra can now be expressed in terms of the well known [5, 21] rotation
generators of 0(3) in three dimensional space, These generators are complex
matrices [5, 21],
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0 0 1
" EXN 4 :
Jm - ) =X lo o 1,
1
VZ 110
) 1
%(2) -8 1 00 3 (22)
F — = = |0 o i
V2 -1 ~i 0
- 0 10
g o 82 o ),
b
0o

providing the key 1ink between the magnetic [lield matrices and rotation

senerators.,

AU o Lo Fin gid B - _ploFin, it AUV jplo 5 (?3)

This classical result shows that the commutator algebra of the magnetic fields

(?1) is part of the Lie algebra of the Lorentz group ot Minkowski space-time
AN

{5, 21]. It shows that the longitudinal component 'Y is non-zero, becatise J
is non-zero. An assertion to the contrary means that if B'™ =2 6, then
' =2 8, which by reference to Eq. (22), is incorrect.

Furthermore, the generalization of the rolation penevator from classical
Ihree-space {0(3) group) to classical space-lime (Lorentz group) is well known
/1] to be

a 4 1 0
F oo gt o 1 (S G 1
Sricalll ik N ol
0000
[S IR R U )
Fl2 - e 1 (0 00 (24)
JZ (L =i o)’
0O o0 0o
o 100
3 o LFtme i 0 0 n.
0 0 00
o 0 00
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It follows that A" B and A" can also be generalized in this way, and are
also well defined properties of space-time in vacuo, This result is in turn
consistent with the fact that all three magnetic components are well-defined
solutions of Maxwell's equations, which in free space are invariant under Lorentz
transtformation [1, 22]. In this sense. 8. 8" and 8" are defined directly
by the rotation generators of the Lorentz group, generators that form a Lie
algebra in space-time. By including #' and not arbitrarily discarding it, as
is the usual practice [1-4] electrodynamics in space-time actually becomes more
fully self-consistent. For example, the Wigner little group [21] becomes 0(3)
instead ef E(2): in other words three dimensional. not two dimensicnal. Tt is
well known in field theory [?1] that the Euclidean E(2) is physically meaning-
less, implying that classical electrodynamics is deeply flawed if the longitudi-
nal field is not linked to the transverse fields as in this paper.

The fact that the approach that leads to E(2) is incorrect is seen through
the fact that it leads te F™ =2 §. Uncritical acceptance of such an obviously
incorrect result has become habitual because of the assumption that Maxwell's
equations deal only with transverse field components in free space. Equation
(10) shows that the longitudinal and transverse field components in free space
are linked geometrically. This finding is tautological in nature, because
Maxwell’s equations are written in three, not two, space dimensions. The
assertion A =2 & not only makes nonsense out of Fuclidean (and Minkowski)
geometry, but also leads to difficultics throughout the gauge theory of
electromagnetism, difficulties which are actually well known [5]. Many of these
difficulties disappear when it is realized that #' is a "spin field," which is
phase free, and which therefore obeys the Maxwellian constraint V:B = 0.

It is well known [3]| that the rotation generators of 0(3) form a Lie
algebra; part of the Lie algebra of the Lorentz group. In a cirecular basis (19),
this becomes the following classical commutator algebra,

[3H., 3R = - F8r - 3,

L3, W) = g o g (25)
[F, i) = _pee =gt
which becomes
[y Jyl = 13, Ipnil] 2 Fudp Ly W B HT, (26)

in the CGartesian basis, and which is, within a factor W, identical with the
comnmutator algebra of angular momentum operators in quantum mechanics. This
result provides a simple route to quantization of the magnetic fields of the
plane wave in free space, giving the result,
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2 R}
A - _ Blor o gt __)(, i 'Y - jpO Jr” (27)
h

where B'? are now field operators in quantum mechanics. In particular, the
longitudinal operator B'® is the elementary quantum of longitudinal magnetic
flux density, the photomagneton of electromagnetic radiation in free space. The
photomagneton is the pilot wave of photon spin in the Einstein-de Broglie
interpretation of the quantum theory of light. In the Copenhagen interpretation,
the quantized field operators #£™, B" and £ form angular momentum
commutators in free space,

[ﬁl]:-e jd!' ﬁ(mejﬁ;] &= *J:B[mﬁ”‘,
(B e, I3 )] - _jpIjia e, (28)
183, B Ve i) - —ipgln Gl 4

I'he fields can now be thought of in terms of creation and annihilation operators
12, 17] as usual. In the Copenhagen inLerpretation. the three field components
ippearing in each commutator relation cannot be specilied simultaneously [20].
It B' is specified, then the transverse components remain unspecified, as in
any  angular momentum commutater relation in quantum mechanics. This 1is
consistent with the fact that the (3) (i.c., “) component of photon angular
momentum is usually specified as eigenvalues, longitudinal projections h and -h;
.nd that for a massless photon travelling at the specd of light, the transverse
angular momentum components are mathematically indeterminate. The longitudinal
component of angular momentum in an object travelling at ¢ is relativistically
invariant. Therefore £ in free space is also relativistically invariant.
This must be so because it is a solution of Maxwcll’s cquations, which are also
relativistically invariant in free space. The specification of B™ in terms of
photon spin is therefore fully consistent with rolativistic quantum field theory.

Therefore, B is a constant of motion |17, ?0]; while 8™ and A" arc
soverned by photon statistics and are subject to purcly quantum effects such as
light squeezing [12]. The field B'*. being defined by photon spin, is net
~nbject to light squeezing effects. In other words photon spin itself is not
tfected by light squeezing, its eigenvalues remain a constant h and -h. It the
photon is massive [23], the eigenvalues become h, O and -h. The constancy of
‘he field 8™ is consistent with the fact that in gquantum mechanics the general
.=pression for the rate of change of an cxpectation value is [20],

d 503 I R S ST (29)
B = H, B >,
<8 P }]\[ |

.1 that B™' commutes with the Hamiltonian #. This is consistent with the fact
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that B has no Planck energy, and does not contribute to classical electromag-
netic energy density [24). The expectation value of B, being a constant of
motion, is independent of time, and its eigenvalues are specified as the constant %
and -». Similarly, the Stokes operator &, is a constant of moticn, so B® is
proportional toc &, [17]. Therefore the photomagneton B' conserves angular
momentum in free space, and this is a consequence of the isotropy of the
Hamiltonian in free space [20], and therefore a consequence of three dimensional
symmetry [20].

This conclusion is simply a way of saying that the spin of the massless
photon is th; and that the photomagneton A'’ is a direct consequence of photon
spin. The classical B! is therefore a dircct consequence of the fact that
there exists right and left circular polarization in electromagnetic radiation.
This 1s an expression of Eq. (10) in words.

The expectation values of 2" and B8' on the other hand are not constants
of motion, and do not commute with the Hamiltonian. This is consistent with the
fact that B™ or B® contribute to classical clectromagnetic energy density in
free space. Similarly, the expectation values of J'Y and J'® are not constants
of motion, and remain unspecified in the Copenhagen interpretation if J'% is
specified. BSuch a result is consistent with special relativity, which deduces
that the transverse classical angular momenta of an object travelling at ¢ are
indeterminate in the observer frame and that the longitudinal component is

relativistically invariant. In other words. in speeial relativity,
Fpim Wl ATAE WL Uy = (30)
2 3 - . - - ;
where vy = {(1-v, /) *. We see that if the relative velocity of two frames, v,,

is ¢; then J, and J, (in the static, observer frame) become infinite unless
J§=J{,:O, In this condition, J, and J, are mathematically indeterminate but
Jy,=Jy 1s well defined. This is what is indicated by the Copenhagen interpreta-
tion of Eqs. (?8), the field A" has specifiecd, relativistically invariant,
eigenvalues which are projections in the longitudinal axis of the propagating

1 A)

plane wave in free space. The transverse fields #'" and 4" are not constants

of motion and arc not specified if B™ is specificd. It is well known that B0
and 8™ are subject to quantum effects such as light squeezing, which are a
consequence of the leisenberg uncertainty principle applied to photons.

1f we compare directly the classical and quantum equations,

BU) xB@ - jgimgm™, (31a)
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(B0, AR = _jglogis {(31b)

it becomes immediately obvious that Eq. (3la) is a relation between spins in the
Maxwellian interpretation. Each spin component (1), (2) and (3) is formed from
a vector cross product of the other two;, this being a requirvement of Euclidean
geometry. In order for this geometrical requirement to simultaneocusly satisfy
Maxwell's equation VB = 0, the longitudinal component B® must be phase free,
otherwise its divergence is non-zero because the phase has a Z dependence. In
order to satisfy this and the other three Maxwell equations, the transverse
components B and B® pust be phase dependent. Equations (10) tie these
considerations together in a circular basis, in the same way that rotation
generators are tied together.

At the fundamental level, Eg. (13) shows that photon spin itself 1is
nonlinear in nature, being an angular momentum. In the quantum field theory this
has eigenvalues % and -h. In Maxwellian electrodynamics the classical
cquivalent to photon spin is obtained from the nonfinear conjugate product,
B xB@ (or E®Yx ED ), which removes the phase ¢. In this way the elassical
conjugate product and quantized photon spin are linked together in a relation
which clarifies the physical meaning of both.

In the Copenhagen interpretation, the leisenberg uncertainty principle
applied to Eq. (31b) shows that

sEWaF l\B"“’H””L (32)

2
where 38" and 88" are root mean square deviations [70|. As usual [20] the
right hand side is a rigorous lower bound on the product 8486 | a lower bound
which is therefore defined by the photomagneron 5'Y'.  1f 4% were zero, #'
nd B would commute, implying that 88" = & and 84! = 8 simultaneously. The

cxperimental observation of light squeezing [17] shows that this is Inconsistent
wirh data, therefore £ 2 §. In this sense, lipht squeezing indicates
cxperimentally the existence of the photemagneton #'%7,

In the next section, other experimental indications of the existence of

4 are discussed.

3. Detection of B‘ in the Inverse Faraday Effecct

In addressing the experimental effects of A’ the question arises of
whether its interaction with matter {e.g. an electron) can be treated with time
Jdependent or time independent perturbation theory. Magnetization by circularly
jolarized light, the inverse Faraday effect, can occur without absorption, as
bserved experimentally by van der Ziel et. aif. {/]. However, it can also occcur
with absorption, as shown theoretically by Wozniak, Evans and Wagniére [25]. It
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seems reasonable to assert that if there is no absorption, there is no transfer
cof photon energy, hv, and so the effect is frequency independent, meaning that
in this limit, time independent perturbaticn theory applies. In this limit there
is transfer of angular momentum from the light to the sample, but no transfer of
energy, so that the phenomenon of magnetization is in this sense "elastic.”
Since E' = B'®J/% and since B'® is proportional to the square root of beam
intensity I, (watts per unit area) it seems likely that such an effect is
proportional to 757%.

However, the fundamental angular momentum J{0; -w, w} needs two modes for
its definition (one, (1), negative frequency; the other. (2), positive frequency)
so it follows that the interaction of £ with matter alsoc requires the
consideration of -w and @, even though B'" and J do not explicitly depend on
frequency. (The eigenvalues of both depend on #w, which has no frequency
dependence.) Therefore the interaction of A¥(0; ~w, w) with matter requires in
general time dependent perturbation theory, based on the time dependent
Schrédinger equation. Since

BW (=) xB® (@) = BB (0; @, w) (33)

any effect due to B™ (0; -w, w) needs the simultaneous action of both modes (1)
and (2). In time dependent perturbation theery, this property must be accounted

for in the molecular property tensor with which B (0; -w, w) interacts at any
order in the field. For example, the inverse Faraday effect is described by

Wozniak, Evans and Wagniére [23] in terms of B®W xB In a three level atomic
system the paramagnetic contribution to magnetism, M{(0) , by circularly polarized
light is given by

M(0) = %(plmmhmm,nm xB D (34)

which is Eq. (30) of Ref. [25] written in our notation. Here

A= my, TR, X By . B =Wy, T {Pay % Kap! « (33)

and

w (@ - -TH w(w]-w?-T% (36)

(w) = - . p,lw) = .
. THETENS IERURT (@]~ w? +T2)F + 4T

where ®, and @, are resonance frequencies, m,, is a ground state permanent
magnetic dipole moment, and p,, etc. are transition electric dipole moments.
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The transition te time independent perturbaticn theory is given by setting the
resonance frequencies (w, and ,), and damping factors I, and T, to zero,
giving the result

Nc?

M(0) - - oy, Tml,, X ) BB (37)

Both equations (34) and (37) are to second order in the magnitude, B9, of 3@ .
tlowever, Eq. (34) represents a transfer of energy (at the resonance frequencies w,

and w,) as well as a transfer of angular momentum from B! .  Equation (37)
represents a transfer of angular momentum only. because there 15 no resonance.
Therefore Fq. (34) is an "ineclastic" process, Eq. (3/) an "clastic" process.

Both equalions are semi-classical, in that the field is treated classically and
the molecular property quantum mechanically.
Clearly, if B™ were zero, there would be no inverse Faraday effect of any

kind.

The question now arises as to whether B'®  having all the attributes of
magnetic flux density, can act at first order, so that there is an inverse
Faraday effect proportional to the square root of intensily in addition to
process (34) or (37), which are both proporticnal to intensity. The time average
of B is non-zerc, because it has no phase dependence, and this suggests that
it can magnetize at first order. If so, then there should be a component of the
inverse Faraday effect preoportional to the square root of intensity. This

interesting possibility should be checked by further cxperimental work on the
intensity dependence of the inverse Faraday elfcect, whose standard interpretation
is at second order, in B!'“B', as we have seen. The oscillating components
B™W and B@ alsc magnetize at first order, but the time averaged magnetization
vanishes. Any energy transfer process from the clectromagnetic field to matter
is second order, however, in the electric field strength or magnetic flux density
of the field, but angular momentum transfer is first order in these quantitics.
For example, when a quantum of energy, hv in the quantum theory, is transferred
to an atom, there is a simultaneous transfer of angular momentum { h) per photon,
hv, a process which is governed by angular momentum sclection rules [20]. Since
h, the magnitude of the photon’s angular momentum, is energy divided by angular
trequency, it has units proportional to B at first order. Therefore it
follows that B can produce pure, first order, magnetization only if there is
no transter of photon energy hv to the sample. (Otherwise the overall process
is a mixture of first and second order effects.) In other words, any purely first
order process in B'® cannot be accompanied by absorption of light, because

absorption is second order in B® . The molecular property tensor through which B¢

produces magnetization must therefore be a susceptibility tensor calculated in
the limit of time independent perturbation thecry, in which there are no optical
resonances.

If further experimental work shows that there is a process in the inverse
taraday effect proportionmal to the square roet of circularly polarized light
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intensity, then it would have been shown that B'™ can act as a first order
magnetic field. If the data show no sign of such a process, however, it would
be Iincerrect to conclude therefrom that B8'® =2 0. As discussed in Sec. 2, such
a possibility is excluded on several counts. The absence of a first order
process in B might mean that two modes (negative and positive w) are needed
to define the classical equivalent of photon spin angular meomentum, J(0; -w, w),
so that ¢ itself is intrinsically non-linear, and for this reason cannot act
without the combined action of two electromagnetic modes, (1) and (2). The
inverse Faraday effect has been observed experimentally in the absence of
absorption, meaning that there is no transfer of hv from radiation to sample,
yet the sample is magnetized [7]. Therecfore the two modes making up J can act
on a sample without transferring any photons hv, and the inverse Faraday effect
is obviously not an absorption phenomenon., It is therefore confusing to allude
to it as a "two-photon” process, because that would imply the absorption of two

photons. Since J is non-zero, and directly proportional to A", the latter
also depends on the simultaneous action ol two modes, (1) and (2). The angular

momentum, and B’  do not depend on frequency, however, and have no Planck
energy. Any assertion that B s zero, however, is geometrically incorrect.

The question is whether 8" can act at first order or not, and further
experimental work is needed to clarify this point. In Reft. [17], the
interpretation of the inverse Faraday effect is discussed in more detail. In
diamagnetics, effects at first order in A" are prohibited by the fact that the
sample has no permanent magnetic dipole moment. In paramagnetics, such as the
doped glasses used by van der Ziel et al. [/], effects at first order in g®
are allowed in principle, provided that Lhe symmetry of the sample allows a net
permanent magnetic dipole moment. Data are not available at present to test
these matters further. A recent reinterpretalion [26] of the results of Irey et
al. [27] on the optical Faraday effect showed a square root intensity dependence
of the light induced Faraday rotation, which is a sign, albeit tenuous, that
BY is able to act at first order. It is tenuous because there were only six
data points available [26], and these did not go through the origin. Also, the
pump laser used by Frey et al. [2/] was not circularly polarized before entering
the intense magnetic field used in their experiment. However, il develops an
excess of circular polarization through the ordinary Faraday effect when it
passes through the magnetic field, producing a non-zero 8.

We emphasize that the question of whether #'*' can act at first order is
secondary to that of the existence of B, which is proven unequivecally by the
data of van der Ziel et al. [/] and by the arguments of Sec. 2 of this paper.

The simplest example of the inverse Faraday cffect without absorption is
when circularly polarized light interacts with one electron. This problem was
first discussed by Talin et al!. [28], from which it is straightforward to show
[29] that the magnetic dipole moment induced, without absorption, in one electron
by circularly polarized light is
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m= 2 gmp® (38)
2miew?

Here e and m, are the electronic charge and mass, w the angular frequency of
the light. It is therefore a simple matter to show that there is no elementary,
one electron, inverse Faraday effect if B = 0. Equation (38) is second order

in the magnitude, B'®, of B™ . If we assert |29 that B can act at first
order, the effect becomes

2.2
e°‘r Vi 2
m - __U_Bm_%BmBm' (39
2m, 2miw?
where r; is an orbital electron radius. For w of about 10" rad sec™, and for

a first order electron radius of about 10A, the orders of mapgnitude for a beam
intensity of about 10™ watt m? become

‘m|~_10—2s‘3(31‘_10 asgging, (A0)
and the second order effect is roughly ten times larper. Under other conditions,
the first order effect may of course predominate. Again Lhere are no data
available to test these hypotheses. These data would require the carcflul

measurement and analysis of the intensity dependence of the inverse Faraday
offect in a suitable electron plasma [8].

. The Longitudinal Electric Field, [E'

The existence of a B® appears to imply at first sight that there must be
4 concomitant longitudinal electric field from Maxwell's equations. However,
ich a field has never been detected experimentally, no large, first order,
polarization effects of light have been observed to date. The only known
polarizing effect of light is optical rectilication [30], a small, second order
process. There are several factors that point towards the fact that there is no
real, (i.e., physical) electric field E'™, but that there is an imaginary iE".

l. In special relativity [31], the squarc of the complex vector c¢B™ + g™,

(CB Y « jE)2 = c2gM2 _ g2, 5 g . g (41)

is a Lorentz invariant. The real parts of the two independent invariants,
PN _gpBI2 gnd 2018 -EY . are both =zero. The first 1is the
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contribution of B and E® to the free space electromagnetic energy
density, the second is pure imaginary. They are well known [31}! to be the
two independent invariants of the electromagnetic four-tensor, F, ., the
four-curl of A, . It is also well known that £, allows for the existence

of longitudinal field components in free space. These are customarily
asserted to be zero with the use of a suitable gauge.

The fact that

gt - Lpm.g o jg® .- g™ _q, (42)
Ho

in free space 1s consistent with the fact that gip is directly
proportional to the spin angular momentum of the photon, which has no
Planck energy. It is not possible to assert that any real electric field
be proportional to any kind of real angular momentum, because of B and T
symmetries {19]. The imaginary iE® thereforc comes from fundamental
special relativity, whose well known dual transformation [31] converts a
pure real magnetic field to a pure imaginary electric field without
changing the Maxwell equations in free space.

The Maxwell equations in free space are satisfied by B accompanied by
iB™® because both are phase free and therefore time independent and
uniform in classical electrodynamics. IT we write B'* in terms of a
vector potential

B - Uxa,, (43)
and attempt lo write a real EW in terms of the scalar and vector
potentials,

: aAa (44)
BB Lo _yp - ,
® at.

it is found that this leads to EB® =0 in Maxwellian electrodynamics.

Therefore if B is real, the real E® wvanishes.

The joint contribution of B® and iE™ to U'" in free space is zero. The

Poynting theorem then asserts that the vector

N- Lig@ By -9, (45)

a

is zero, This is consistent with the fact that B®™ is parallel to iE™
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in the propagation axis. It follows that (26|, if B® and E™ are
asserted te be in general complex,

EW B 2 g3 g, g gO) g, g (46)

from which if B is real, then iE'™ must b pure imaginary.

2. An attempt to construct for an assumed real E™ a cyclic algebra akin to
(10) results in T violation [32]. This is consistent with the facl that
a real longitudinal electric field would have to be a polar vector, which
cannot, on basic geometrical grounds, be constructed (rom the eross product
of two mutually orthogonal polar or axial vectors. In other words, any
cross product such as EW xED® or B « 8D nust produce an axial vector.
Creoss products such as EW xB®  (those defining the Poynting vector)
produce a polar vector which is T negative. Any real, physical electric
field must be T pesitive, and therefore cannot be produccd from Poynting
type cross products.

For these reasons B is accompanied, for consistency in classical
Maxwellian electrodynamics, by iE'™  a conclusion which cmerges trom special
relativity.  Dual transformation produces [E®™ from B® and vice versa, as
required, and these two compenents (one magnetic, physical, and real, the other
vlectric, unphysical and imaginary) take their place in the eleclromagnetic four
tensor F, . Classical electrodynamics is therclore rendered more fully seld
consistent by their inclusion. B produces physical effects, 1B produces
no physical etfects.

Conclusions

There 1is experimental evidence [7-12] for the fact that the product
B xB™ is not zero. Expressing this product as B ® shows that the real,
longitudinal, phase free B is not zero in free space, a deduction which is
upported on geometrical grounds in Sec. 7. Using these methods, it has been
ihown that in the gquantum field theory, #'" is proportional to the photon spin
angular momentum operator, J. The source of 'Y is therefore the same as that
st photon spin, and B'* is able to propagatc in free space with photon spin.
e operator A'"' has no Planck energy because the eigenvalues of ¢ for one
photon are h and -h, which are independent of [requency. Classically, the joint
contribution of B® and iE'* to free space electromagnetic energy density is

wro. Therefore B'™ (and B ) is not abscrbed in field-matter interaction, and
foes not contribute to the Planck radiation law. We reach the fundamental
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conclusion that the photon has three degrees of polarization, and that this does
not conflict with the Planck law. The same conclusion is reached from the
hypothesis [23, 32] that the photon have mass, however tiny in magnitude. The

Maxwellian B® can therefore be regarded as the "zero mass limiting" form of a
more general theory, in which the photon mass is non-zero. For several reasons,
it is concluded that B'® is accompanied in free space by an imaginary iE',
which produces ne polarization. If B is asserted to be zero, the inverse
Faraday effect disappears, in conflict wilh experimental results [7-12]. 1t
appears plausible that B® act at first order as well as at second order in the
inverse Faraday effect, and other related magneto-optic effects.
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Appendix. Gyclical Algebra Involving Electric Fields

There are symmetric cyclical relations of type (10) which involve electric
fields, and which ecan also be related to rotation and boost generators of the

Lerentz group. In three dimensions there is for example, the algebra,
EW  x  E® = -pg(icpt)e,
g2 x (icB@®) = gt goe, (Al)
(iCBln) x x(l) = egeil E(:l)-

which becomes a relation between boost and rotation generators when we come to
consider the four dimensions of the Lorentz group. The electric fields are
proportional to the boost generators, and Lhe magnetic ficlds to the rotation
generators.

In order to derive a perfectly cyeclical algebra involving electric fields
only, we first nole Lhat the existence in special relativity of the complex
vector cB' + E™ means that the symmetry of the imaginary iE™ can be regarded

as magnetic, i.e., regarded as the same as that of real <B® . This of course
means that iE® is not a real electric field. The square of the complex vector
cB' + 1E‘Y gives Lorentz invariants as in the tex(. With this realization, the

following cyclical algebra can be written down
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B % B = ol Ry
E® . ({E™) - Ei g (A2)
(iE™) «  EW - g g

which in space-time is an algebra involving boost pencrators of the Lorentz
proup,

(R, g1 o gt [BI7Y, 318 = —goe, (00 gl - g (A3)

Here, the boost generators in the circular basis arc

0 00 1} o 0 01 o0 0 0

sy . 1 0 00 itr s 1 (T O ) pin 00 a (I. (A%)
Jz|o 00 o] /2l o 0o o0 o
-1 i0 0} -1 -i 0o i 10

The boost and rotation generators are related to the electric and magnetic ficlds
of the Lorentz group by,

B < Em)k“)e“‘, E® o gl i, Pl E[:\.R—[iw,
(A9)

A = —pm G eid B = g Gty e hits FHIO GO,

Finally, the cyclically symmetric algebra of the Lorenmtiz group is completed by
the relations

(B, 3 =g, L&', W g, L&, 3¢ = 0. (AG)

Therefore in the space part of the lLorentz group, the complete set of fields arc

3 g and B™ and B, E®@® and jE® . These components, expressed in the
vireular basis (1), (2), and (3), take theirv place in the antisymmerric four-
matriz F,., the four-curl of A, in space-time. The fields B'™ and PE™ arc
therefore generators of the Lorentz group in [ree space, and alse in the presence
i matter.
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