Chapter 10
SOME CONSEQUENCES OF FINITE PHOTON MASS IN ELECTROMAGNETIC THEORY
M. W. Evans

Abstract

Some consequences of finite photon mass are reviewed in electromagnetic field
theory, using as a conceptual framework the Einstein-de Broglie interpretation
of wave particle dualism, recently supported by experiment. It is demenstrated
that finite photen rest mass (m,) embodied in the Proca field equation, is
consistent with special relativity and with gauge transformation of the second

kind provided A“A,,'-‘O. where A, is the (complex) potential four-vector. Finite m,
is, however, inconsistent with the transverse, radiation, or Coulemb gauge, this
being a subsidiary condition which is used roulinely, but which is inconsistent
with special relativity. Finite photon mass leads to longitudinal magnetic and
electric fields in free space, fields which conserve the fundamental discrete
symmetries of nature, which remain finite in the limit m,-0, and which are
related to the corresponding transverse field components through Lie algebra.
The 1limit m,~0 represents the transition from the Proca to the Maxwell
formalism. The longitudinal fields B and iE' respectively are frequency and
phase independent components of four-vectors 5, and E,, so that electromagnetic
energy density is represented by Poincaré invariants such as EE, and BB, .
Although B™ and iE have no Planck energy (i.e. correspond to zero frequency)
they are expected to produce a variety of novel spectral effects in the
laboratory, effects which if observed, would provide evidence for finite photon
mass.

1. Introduction and Brief Historical Perspective

The idea that the photon may have non-zero mass was developed by Louis de
Broglie [1-5] over many years of investigation. His first massive photon
equations [6] were proposed in 1934, shertly after the emergence of the Proca
field equation in 1930 [7-10). De Broglie's work in this area is recorded in
numercus books and articles which are accessible [6] through Library of Congress
listings [11, 12]. The development of these ideas in the Paris of the 1930's is
summarized by Goldhaber and Nieto [6]). The de Broglie photon equation of 1934
(not to be confused with the de Broglie equation, the famous guiding theorem) is
described by Goldhaber and Nieto as coming from the product of a Dirac particle
space with a Dirac antiparticle space, from the ocutset they regard the photon as
a particle with mass, and the anti-photon as an anti-particle with mass. The de
Broglie photon equation is related to the Duffin-Kemmer-Petiau wave equation [6]
for mnon-zero and spin-one particles in its fundamental (reducible) sixteen
dimensional representation. The latter can be defined [6] as a symmetric product

Some Consequences of Finite Photon Mass in ... 117

space of two Dirac spaces (a composite of two Dirac particle spaces). The
uffin-Kemmer-Petiau cquation provides the Klein-Gordon and Proca equations if
it is assumed that the wave function transforms as the product of two Dirac wave
functions. The Klein-Gordon equation is, in this context, the irreducible
representation corresponding to a five dimensional pseudo-scalar equation
obtained by specializing to a plane wave and diagonal matrix elements. The Proca
vquation is the irreducible representation corresponding to a ten dimensional
spin one equation. The de Broglie photon equation on the other hand decomposes
into a one dimensional pseudo-scalar irreducible representation; a five
dimensional irreducible representation corresponding to a scalar Klein-Gordon
cquation; and a ten dimensional axial wvector representation of the Proca
cquation. Duffin [13] has described the general mathematical properties of
characteristic matrices of covariant, quantum relativistic systems.

It is clear, therefore, that the de Broglie photon equation of 1934
vonsiders Dirac spaces for particles and anti-particles, giving the possibility

of photons and anti-photons. The Duffin-Kemmer-Petiau equation on the other hand
considers only Dirac spaces, and therefore only photons, which are their own
anti-particles. If these equations are applied to photons (and anti-photons) in
the classical limit m,~0, the Maxwell equations of the classical electromagnetic
field must be recovered. In contemporary description [l4!, the charge

conjugation operator ¢ applied to the photon in de Broplie's equation must
produce the anti-photon by definition, i.e. & is defined [14] as the operator

that produces the anti-particle from the original particle, while having no
«ffect on space-time properties such as helicity. Thus, & produces the Dirac
anti-particle space from the Diraec particle space. This must mean that & has
the effect, for example, of reversing the sign ot all four components the
potential four-vector A, of the electromagnetic tield, and all components of
vlectric and magnetic fields of a plane wave in vacuo. {In general Lhe non-
trivial topology [15] of the vacuum is also affected by &, all particles of the
lirac sea [15], of which the vacuum is composed in contemperary thought, are by
definition of &, changed to anti-particles, and the effect of & on the vacuum

is mon-trivial.) It is clear that the effect of & in the de Broglie photon
(quation is to produce the anti-photon equation. In the interpretation of the
huffin-Kemmer-Petiau equation the photon is its own antiphoton. Therefore the
tact that

&la,) = -4, )
n this equation means that the photon is in an cigenstate of &=-1, which in
ontemporary understanding is a consequence of the covariance of the U(1)
(clectromagnetic sector) field equations [16] under € and GPF. Here F is the
pirity inversion operator and § the motion reversal operator. The Duffin-
Femmer-Petiau equation, being a physical law, i.e. a relativistically consistent

rquation of the electromagnetic field, must be invariant under a discrete
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symmetry operator such as &. This implies that the negative charge parity of
the photon must be conserved. If so, the distinction between photon and anti-
photon becomes unmeasurable [14], which is consistent with the fact that the
Duffin-Kemmer-Petiau equation is written in a symmetric product space of two
Dirac spaces, i.e. is a composite of parficle spaces, the particle being
identified with the massive photon. 1In the de Broglie equation, which appears
to this author to be equally valid, the anti-photon is produced by & from the
photon and vice-versa, all space-time properties such as photon helicity being
unaffected by definition of & [14].

In contemporary field theory, however, the notion that the pheton is its own
anti-particle is prevalent [14, 15), and we adopt this point of view as a matter
of convention rather than as a logical necessity. In this framework the Duffin-
Kemmer-Petiau equation is a description of the electromagnetic field considered
as a massive gauge field, whose quantization produces well defined massive
photons with three space-like polarizations, Lwo transverse to Lhe direction of
propagation, one parallel to this direction, and therefore longitudinal. This
equation must be invariant under local U(l) gauge transformations [l6] in the
contemporary description. We show in Sec. 3 that Lhis leads to the limiting
gauge condition

AAl -0, (2)

where A, is considered as a complex Dirac gauge {17, 18]|. Equation (2) is valid
for finite photon mass (m,) in the limit of infinitesimally small photon radius,
considered as a four-vector r,. The latter is orthogonal to the energy momentum
vector, p,, of the photon in its rest frame [1/, 18].

The usual contemporary description of the U(l) sector differs from this in
that the photon mass is considered {15| to be identically zero. Goldhaber and
Nieto [6] show that there is no evidence for this idea, mor can there be, since
it implies that the range of electromagnetic radiation is infinite, and therefore
unmeasurable experimentally. In contemporary unified theory, Huang [19] has
discussed finite m, in the context of the Glashow-Weinberg-Salam (GWS) and SU(S5)
theories, showing that a non-zero m, leads to a finite electron lifetime, for
example, and is a central theme in contemporary particle physics and grand
unified ficld theories.

Since electromagnetic field theory is the U(l) secctor of grand unified
theory, it is essential that meaningful consideration be given to the concept of
finite photon mass introduced in the 1934 de Broglie equation. Earlier
considerations of finite m, date to Einstein’s proposals [20] of 1916, and
before that, the existence of non-zero m, had been proposed [6], in necessarily
classical and non-relativistic terms, since Cavendish. This implies an overhaul
of habitual notions in electrodynamics. As soon as we accept the possibility
that m, * 0, the theory of gauge invariance is affected at a fundamental level
because the Lagrangian [15] is supplemented by a mass term. If this is non-zero,
invariance under local U(l) gauge transformation is lost, meaning that the action
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hanges under gauge transfermation of the sceond kind. Since the mass term is

9, = —%m,,ﬂuﬂp' . 3)
it follows immediately that for m; # 0, gauge invariance is satisfied under the
Cimiting condition (2) {217]. The idea that w, 0 identically [15], the

conventional idea, means that APA; ig allowed to take anv value, i.e. there is
vauge freedom. A startling consequence of Eq. (?) is that the everyday Coulomb,
o1 transverse, gauge [27] becomes inconsistent with finite photon mass., If (in
5.1, units}, €, being the permittivity in vacuo,

A, = (U(A, 1(}1), )

v usual, Eq. (2) implies
b - c|A|, (5)
«hich contradicts the condition of the Coulomb gaupe because in that paupe [7272],
=0, A=0. (6)
jmation (9) means that the difference between ¢ and o Al is infinitesimally
mall, bur Eq. (6) means that ¢ 1is identically wcro while A is non-zero

dentically.
The Coulomb gauge 1g inconsistent with finite photon mass.

Equation (6) is also linceonsistent with special relativity unless A is
dentically zero, in which case Lhere is no clectromagnetic field. This
‘nndamental inconsistency in the transverse pauge is related to the habitual
cisumption in electrodynamics that the longitudinal components of Maxwell's
‘quations in vacuo are "unphysical”, presumably zcro. The reason for this is
hat the longitudinal and time-like components of 4, are discarded in the
ransverse (Coulomb gauge), so that Lorentz covariance is lost. The longitudinal
i time-like components of A, cannot therefore appear in the definition of the
‘lvetric and magnetic components of the planc wave in vacuo. This inconsistency
accepted customarily on the grounds that the lour vector A is not directly
sservable or physically influential. In this view [15), ¢ and A form parts of
mathematical subsidiary condition to the Maxwell equations. and since these are
(roduced by (6), the transverse gauge is accepted. This leads in turn to the

wbitual assertion Lhat longitudinal solutions of Maxwell's equations in vacuo
e "unphysical"™ and presumably therefore unrelated to the usual transverse
lutions. However, it has been known experimentally for over thirty years that
1 Bohm-Aharenov effect [23] means that A, is physically meaningful, since a,
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in the absence of a magnetic field, produces fringe shifts in electron
diffraction by changing the electron’s wave function. Since the space-like part
of A,, 1.e. 4, is a physically meaningful quantity, then all four components of
a, are also physically meaningful if A, is to be accepted as a four-vector of
special relativity. This in turn leads to the conclusion that longitudinal
solutions of Maxwell's equations in vacuo cannot be discarded, i.e. the manifest
covariance of the theory of electromagnetism must be maintained rigorously. The
habit of discarding the time-like part of A, destroys the structure of Minkowski
space-time, i.e. is geometrically unsound.

Recent work by the present author [24=30] has resulted in a Lie algebra
which shows mathematically that the longitudinal solutions of Maxwell'’s equations
in vacuoc are related to the transverse components. This algebra is consistent,
furthermore, with the Proca equation for finite m,, and by implication, with the
Duffin-Kemmer-Petiau and de Broglie equations for massive photons. The novel Lie
algebra [24-30] remains valid, furthermore, in the Maxwellian field, where
mg—~ 0, and is therefore consistent with what is known about the U(l) sector of
contemperary grand unified field theory. For example, the magnetic components
of the Maxwellian field can be described by the following vectorial Lie algebra
in the three space-like dimensions,

BW wB@ - jplOg@ _ jui0 g, (7a)
B B - jgioglie _ jyinga (7b)
B g - jgloig@e - jpipga), (7e)

This algebra is derived in Sec. 4. Equations (/) are written in a circular basis
[24-30] in which (1) and (2) denote the (ransverse polarizations, BW =gi#*
being complex conjugate pairs. Importantly, there appecars in Egs. (7) a
longitudinal component, labelled (3), which is real, so that B =g+ gl
in these equations is the scalar amplitude of magnet ic flux density in vacuo of
the electromagnetic plane wave. Furthermore, if B _g, then B' =0 from Eq.
(7b) and B -0 from Eq. (7c¢), and because it is the complex conjugate of B!,

We conclude that non-zero transverse components imply a non-zero longitudi-
nal component ., the latter being freguency independent .

This is an obviocus departure from the conventional idea that B™ =70, while
B =g@=20 . More details are given in Sec. 4. Since electromagnetic theory
is a Poincaré invariant local gauge theory, it must conserve PP [14]. It is
shown in Sec. 4 that Egs. (7) conserve the seven [l4] discrete symmetries:
&, B, 7, 8B, &P, BP, and 8PP, a result which is consistent with the fact that
B B@  and B® are sclutions of Maxwell's equations in vacuo, equations of
a field theory that conserves &PT. Since the equations conserve APT, then no

o i
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mithematical solutions therecf can violate &P, The habitual proposal that

B® =20, BW=BY":zo, (8

| therefore heterodox, in that it contradicts the &PF theorem and a Lie algebra
ich as that embodied in Eqs. (7). It is clear that the longitudinal solution,
B must therefore conserve the seven discrete symmetries in vacuo. For
cwample, applying & to B® we obtain,

HBY=-B, &) =4, S

.hile the beam helicity (i) is unchanged by definition. Equation (9) must be
interpreted to mean that the negative charge parity of B has been conserved.
1 other words, there is no & violation [14) implied by the existence of B,
1l there is, for the same reason, no & violation implied by the existence of
B and B .

From Eq. (7a) it follows that changing the beam helicity implies changing
‘e sign of B, because the sign of B™ xB® is changed, while that of the
calar amplitude B is unaffected by beam helicity. Equation (%) becomes

H-BWY=BD,  E(-A) --h, o)

md trhe nmegative charge parity of -B has this time been conserved, while -2
(5 remained unaffected by definition of & [14].

Tt may be objected [31] that since B' depends on the sign of A (through
‘i cross product B™M x B@) that & should leave B unchanged because it leaves

4 unchanged and vice-versa. The flaw in this assertion is revealed simply by
writing
B8 = B B £(A) (11)
igto! g’
Lhere f(A)y means "function of A". While & does not change f(A) by definition,

1 changes the sign of the scalar amplitude B' by definition, so that Eq. (11)
¢. Egq. (7a)) is invariant to & and there is no & violation implied by the
istence of B . Equation (7a) is invariant te & because operating on each

‘mbol of the equation by & produces the same equation. Similarly for Egs. (7b)

il (7¢). This exercise can be repeated for the other discrete symmetries,

vvealing that Egs. (7) are invariant to the seven discrete symmetries, and thus

iolate none of these symmetries.
Another fundamental consequence of my, # 0 is the implied existence [32] of
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electric and magnetic four-vectors, E, and #,. in vacue, four-vectors which are
associated with the electromagnetic plane wave. The Proca equation [15] for
my, * 0 may be written as

; it
LA, = =8, £ - ot (12)
where 4, is in general complex [32] and h is the reduced Planck constant. Thus 4,
takes on the role of a physically meaningful eigenfunction, upon which the
d'Alembertian L) operates in Minkewski space time to produce the eigenvalue &2
The Maxwellian limit of Eq. (12) may be rcached in different ways (Sec. 3), but
in Lhis limit,

na, - o, (13)
which is the d'Alembert equation [13] in wvaeuo,

eigenfunction equation, and in
habitually regarded as a subsidiary

Equalion (13) is no longer an
electrodynamics [33], a4, 1is
consequence, or condition,

convent ional
mathemat ical
arising from the Maxwell equations in vacuo. Although £ is very small (~10%%m™*)
there is a critical difference, therefore. between the Proca and d'Alembert
equations, in that A, is a physically mcaningful eigenfunction in the former,
and a mathematical subsidiary condition in the latter. Experimentally, the Bohm-
Aharonov etfect, first observed by Chambers |34 ], and repeated several times in
independent laboratories, shows conclusively that 4, is physically meaningful .
This result is support for the Proca equation and finite photon mass. The latter
is consistenl, in other words, with the tact that 4, directly influences the
wave function of an electron, meaning that all four components of A, are
physically meaningful, as in the Proca equation. The latter is relativistically
consistent, but mathematically inconsistent with the Coulomb, or transverse
gauge. Tt is well known [15] that the Proca cquation implies mathemat ically that

B ey, (14)

which is the Lorentz condition [15], defining the Lorentz gauge. In general,
$+0 and A+0 in this pauge, which is consistent with the fact that 4, is a
physically meaningful four-vector. Moreover, for complex A, , it can be shown
that the Proca cquation is consistent with the Divac gauge [32], from which Eq.
(2) has been derived [30] in the limit of infinitesimally small photon radius.
In this limit, as we have seen, the Proca equation is consistent with local gauge
invariance of U(1) for finite photon mass. The latter is numerically so small
[6] that the Proca equation is always, for all practical purposes, consistent
with local gauge invariance. The gauge freedom associated with identically zero
photon mass is however lost. For example, the Proca equation is mathematically

T
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inconsistent with the transverse gauge, as we have seen, and produces longitudi-
nial photon polarization piloted in vacuo by longitudinal electric and magnetic
lields. '

Thus A, is a physically meaningful, fully ¢i e.
veeltor for my#0. This interpretation is retained in the Maxwellian field under
the condl_hon (2). which is consistent with lecal pauge invariance in the U(1)
sector of unified field theory.

Tfhe Lie algebra (7) (that of a sub-group of the Lorentz group [15]) is
-:m:-usl_cnt with the representation of the magnetic component of the electromag-
netie field in vacuo as a four-vector in spacce-time [ 24307,

manifestly) covariant four-

et . . - The derivation of
1his .rusult is given in Sec. 5, and is consistent [32] with the Proca equation
and Ltut,h the Einstein-de Broglie theory of light. The four-vector thus defined
s, in the circular basis

B, =(BW, ™, M i), 5)
el similarly

(B, W@ gy (16)

for the electric component of the plane wave in vacuo. [t can be shown from Fgs

t1h) and (16) that 8™ and E™ are identified as time |1k component s of i3 and
i s oy s ey -~ - S "

L, respectively. In consequence of Eqs. (15) and (100, and of the phvsical
teal i ! e i 5 velatior . = . . = A ;

val 1.ly L:[ P there is a relation between 5, &, . and A, which is established
1 Sec. . For our present purposes, we note !t Hyoand BB, are Lorentz

mvariants and contribute to the electromaguetic cimorpy density in vacuo, he

cupression for which becomes

AH (17)

(R T

Sing,

units where ¢, is the vacuum permittivity and u the vacuum permeability.

En, = BE-E-ElO2,

By B0, = BB -t (18)

becomes clear that the usual electrodynawmical delinition of energy in terms
| E-E and B-B only, is inconsistent with special relativity, and wth,h the Lie
Ipebra exemplified in Egqs. (7). The space like products E-E and B'5 are nol
ljig;z ;,T\;ir;;?‘:skiif SPEE;,C;f;dim&l are regavded as physically meaningful four-

However, it is known that the Planck radiation law is obeyed precisely [6],

ceming to imply the existence of only two (transverse) deprees of freedom:
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whereas finite photon mass implies three space-like degrees of freedom (two
transverse and one longitudinal). How is this paradox resolved? The answer is
given by the internal structure of E.E, and B,B,,

BE = pD2egz, gtz gloz (19)
b
BB = pWZ.g@i,gaiz_pgloz, (20)
WP

and by using the Lie algebra described in Eq. (7). Specifically, Eq. (7a) gives,
in the Maxwellian limit,

B - B,u) XB,[f) - B (21)
ig oy "

where k is a unit axial vector in the propagation axis of the plane wave in
vacuo. Similarly, it is shown in Sec. 5 that

EFO - gl (22)
where k is a unit polar vector in the propagation axis. From Eqs. (21) and
(22),

gz _pioz - g, gluz gz - g, (23)
and in Egs. (19) and (20},
EE = EW24 gz, BB, - gz g gy (24)
[T}
which is precisely the result indicated by Planck’s law. For all practical
purposes, Lhe same conclusion holds in the Proca field, where {(Sec. 4),
(25)

P - g a-fag,

Since E~10%m?! for my,~10% kg [32], we recover Eg. (21) to an excellent
approximation. Thus, Planck's law 1ls consistent with finite m, because the
longitudinal electric and magnetic fields iE®! and B do not contribute to the
electromagnetic energy density of the classical field. In other words, iE™ and
B'® | being independent of frequency in the Maxwellian limit (Eq. (21)) have no
Planck energy, an energy that is by Planck's law proportional to frequency
through h.
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We arrive at the important conclusion that neither iE™ nor B® can
ontribute to electromagnetic energy density in the classical Maxwellian field
despite the fact that each is non-zero in vacuo. This is a key result, and goes
. long way towards explaining why the influence of 7E and B' has been
mdetected through measurements of light intensity.

In the Proca field on the other hand B'® has a small amount of Planck energy
m,c?) through the de Broglie guiding theorem [32],

hv, = mc?, (26)

] 0

the fundamental theorem of wave mechanics. The pholon rest mass which appears
£ of Eq. (23) is also both a frequency, v,, and an cnergy hv,. Since {=0
dentically in the Maxwellian field, this energy disappears when that field is
mantized.

The question of why longitudinal photons from the Proca equation do not
ontribute to the Planck radiation law has been addressed by Bass and Schrodinger
i9], using a statistical argument which shows that the approach to equilibrium
'f longitudinal photons in a cavity is very slow in comparison with that of

Iransverse photons, comparable with the age of the universe. For Lhis reason
0], longitudinal photons have a negligible effect on the statistical thermody-
wimies, and thus on the Planck radiation law. Thus, the c¢ffect of leongitudinal
cliotons on radiation energy {6] is negligible, a conclusion which is consistent
«ith our demonstration given already. It is critically important to note,
fowever, that this coneclusion does not extend to the magnetic and electric
lfects of B™ and iEB™ on matter, discussed in detail elsewhere [24-30, 36].

ith are expected to produce, in the laboratory, specific spectroscopic effects
neh as a Zeeman shift due to B'™ [25] in atomic spectra. These effects, if
hserved, can be interpreted as being consistent with finite photon mass. While
wth B™ and iE'™ are well defined in the Maxwellian [ield, where m, can be
+parded as being identically zero, there has accumulated [32] plentiful
cwperimental evidence from several independent sources thal is consistent with
.+ 0. For further consistency, therefore, B'® and 8" should be interpreted
«t1hin the context of the Proca field, where m 7 0.

On the question of absorption or emission amplitudes for longitudinal
(hotens of frequency v, Goldhaber and Nieto |6 show that these are suppressed
it comparison with their transverse counterpavis by a factor myec?/{hv). The
rresponding rates and cross sections are suppressed by the square of this
‘witor [6]. Thus, the quantum mechanical matrix element for ordinary transverse
lotons is given [6] by

TR = |, e zr

1 a photon induced transition to an arbitrary state f, where i is the initial
iwpet state. The corresponding matrix element for a longitudinal photon is
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(28)

where v is its frequency. For m,~10 " kg (as given by Coldhaber and Nieto
[61), c~3x10%ms ' h-10"Jg; v~ 10" 35 ', and for comparable transverse and
longitudinal matrix elements it 1s seen that

el -, (29)

X,

e

This result shows why spectral absorption and emission of longitudinal
photons of spin zero and frequency v are never observed in the usual infra red,
visible., and ultra violet regions of the clectromagnetic spectrum.

However, as v—-0, (i.e. as the frequency of the longitudinal photon goes to

zera),
My ” me” i (30)
T hv v, o
from the de Broglic guiding theerem, FEq.(/06) This means that at frequencies
comparable with
o
v, = or 10 HE, (1)
h
(for m, - 10" kg)
7.;3: = 'i”r‘\."" . (32)
in Eq. (29). Ihis result is consistent with Fq. (/a) ol the vectorial Lie

algebra developed in Sec. 4. because Eg. (/a) shows that BB is independent of
frequency in the Maxwellian field. Equation (25) shows clearly that in the Proca
field, B® is associated with a frequency of about 107 hertz, as in Eq. (31).

We conclude that significant spectral absorption and emission of a
longitudinal photon piloted by B and {E® takes place at -107 hertz in the
Proca field and at zero frequeney in the Maxwellian field.  This is another way
of saying that the frequency of B®™ from Lg. (/a) is zero, and that from Eq.
(25) is 107 hertz for m, of about 10 kg. This cxplains why the well known
clectric dipole transition selection rule appears in the infra red, visible, and
ultra violet always to be the familiar [37]
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Al =41, (33)

nd not
Al =0, =1, (34)

veause the transition Al -0 accompanying the absorption of a longitudinal

dhoton is possible only at very low frequency (Proca field) or zero frequency

Mixwell field). (The transition AI=0 happens also to he forbidden by the
aporte selection rule.)

Apain it is emphasized that this result does not mecan that B9 and 1E™ are
ntrinsically unobservable by spectroscopy, because, as we have detailed

+lsewhere [36], both produce spectral effects normally attributed to magneto-

tatic and electrostatic fields, such as the Zeeman efloct due to the B®  of
vircularly polarized laser pulse [25, 36]. These offects do not depend on
bsorption, and do not time average to =zero becanse BB and (E® are
ndependent of the phase of the laser. Indeed, well known experimental effects
wh as magnetization by a circularly polarized laser pulse, the inverse Faraday

tlect [38], can be expressed in terms of B™ at firs) and higher orders [26].

tn inverse Faraday effect (Sec. 4) is consistent therefore with finite photon

v, although it was originally interpreted in terms ol the product B « g
nown in nonlinear optics as the conjugate product [39].  From Eq. (/a), it is
iiily verified that the conjugate product in vacno is directly proportional to
n'" . The existence of the conjugate product implics that of B'™ | and therefore
In experimentally observed [38] inverse Faraday eftect 15 cxperimental evidence
o B™ and by implication, for finite photon miss as we have argued.

Finally in this introductory survey we address the cifect of [E® and gt
1 the Poynting theorem of electrodynamics, the law of conservation of
lvectromagnetic energy density. Further details, following a recent paper by
mihi and Evans [27] are given in Sec. /. In classical cleetrodynamics [27] the
woof conservarion of energy is expressed customarily through the continuity
jmation,

VN 7('”!' (35)
at

nre N is known as Poynting's vector,

N- ' ExB. (36)
B

e vector N is therefore longitudinal, and is interpreted as the flux of
lvetromagnetic energy of a plane wave in vacuo, i.e. the electromagnetic power
- unit area. This neotion is meaningful by taulology only when the beam
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interacts with matter, otherwise there is nothing that can be observed. We have
argued that B and iE'™ do not contribute to U, and their contribution, if
any, to N will therefore be governed by

U, =0, (37)

where ¢, is the contribution of these fields to clectromagnetic energy density.
From Eq. (35), therefore,

VN, -0, (38)

showing that any non-zero contribution te N from iE® and B'"™ must be
divergentless, This result is akin to the Gauss theorem in differential form.
Furthermore, terms such as E® x B cannot contribute to N, because iE® is
parallel to B® . Terms such as E' x B and so on could provide a contribution
in principle to N .

A term such as

E@ L g3 _; jpllgl (39)

time averages to zero, and cannot contribule to the electromagnetic momentum
density N. It is shown later that Eq. (39) also violates ¥ symmetry, and is not
a valid law of electrodynamics for this reason.

It is concluded therefore that neither B nor B® contribute to the
Poynting vector N, and it becomes clear that the lLie algebra (7) and (39)
represents a limiting procedure [40] which does net affect N as m~0. This
means that only transverse field components affect N, which is the usual
conclusion of classical electrodynamics. Apain, the fields B and iE™ elude
direct observation through that of the flux of electromapgnetic energy, Poynting's
vector N.

To conclude our brief introductory survey of the effects of finite photon
mass we put these results in the context of the Einstein-de Broglie interpreta-
tion of wave-particle dualism, the cornerstone of wave mechanics, and thus of
much of twenticth century natural philosophy. Our remarks lean heavily on a
recent article by Vigier [32].

The school of thought of Einstein and de Broglie in this context interpret
wave particle dualism to mean that light is constituted by real waves, be these
Maxwellian or from the Proca field, which physically co-exist with photons in
Minkowski space-time. This is a causal, realist, and stochastic interpretation
of wave particle dualism which has recently received strong, if not definitive,
experimental corroboration in the experiment [32] of Mizobuchi and Ohtake on
single photons. This experiment, and other related experiments [32] have now
succeeded in demonstrating that a single photon coexists with a physically

e
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meaningful wave (the electromagnetic field). In the Copenhagen interpretation
of dualism, proposed by Bohr and others, this is not possible [32]. Einstein
concluded that in his view, light energy (p,=hv,) travels in particle form, the
particle being identified with the photon. The particle is dual with an
vlectromagnetic wave, to which there is a co-existent physical reality. The

~choel of Einstein and de Broglie therefore interpret light as being constituted
by spin one photons (bosons) which are controlled, or piloted, by physically
meaningful fields. The wave drives the particle through the quantum potential

}2]. Photons are the only elements of light that are directly observable, for
+xample by transfer of momentum in the Compton effect or photoelectric effect.
I"ields are indirectly observable through interaction Hamiltonians. The photens
15 particles carry energy-momentum and angular momentum {spin). They behave in
“Minkowski space-time as relativistic particles with finite mass, and are
therefore governed by the Proca equation, Electromagnelic energy is not carried
v the Maxwellian field in Einstein’s interpretation but by the photons which are
piloted by these fields.
1

Each photen carries an energy hv, a power fHv?, and
wts in time v~ Therefore, if v is zero or very small, as for a longitudinal
photon as we have seen, its energy and power vanish and it never acts. The
longitudinal fields B and i8™ in this interpretation do not therefore
ontribute to hAv, nor do they contribute to the power of each individual photon.
'his is consistent with the fact that B'* and iE® do not contribute to the
lassical electromagnetic energy density U, which is the power per unit volume
i classical form. The internal motion [32] of each phuton is governed by the
le Broglie guiding theorem, and photons oscillate in phase with the surrounding
md oscillating electromagnetic field. Photons conserve energy-momentwn and
mpular momentum when they interact with matter, for cxample with electrons in

the Compton effect. The quantum potential is only indirectly observable through
imterference phenomena, as in the Bohm-Aharonov ¢ffect, which reveals the
chysical reality of the wave A,, the eigenfunction of the Proca equation. In
‘his context the eigenfunction 4, is usually written [32] as the complex

wivefunction ¥, in Minkowski space-time, and the Proca equation becomes

Ow, = 28%%, . (40)

it the limit m,~ 0 the field or wave component ol light obeys Maxwell's equations
i the classical limit, equations which give the novel Lie algebra (7)., an
I pebra which shows ineluctably that the longitudinal field B'™ has a physical
rvality. The fields B'™ and iE™ dinteract with matter, as in the experimen-
ally observed [38] inverse Faraday effect, to produce measurable effects, even
“hough the longitudinal photon is not absorbed, i.e. does not act because v =0.
lis is of course an example of the fact that the wave and particle components
1 the dualism of de Broglie, the cornerstone of wave mechanics, each have a
lvsical reality. In some cases the photon as particle is seen to act, i.e. to
i1oduce experimental effects as in Compton scattering, in other cases the field
. observed to act, as in the inverse Faraday effect, even though the longitudi-
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nal photon has no Planck energy and no pewer, and cannot be absorbed. Wave and
particle are present simultanecusly, and both have physical reality.

2. Summary [32] of Experimental Evidence for Finite Photon Mass

The various types of experimental evidence for this conclusicn has been
reviewed by Vigier [32] whose summary is repeated here.

Hall et al. [41] have recently observed a direction dependent anisotropy of
light in the direction of the apex of the 7.7 K background of microwave radiation
in the universe., These data are consistent [32] with non-zero photen mass.
Experiments on the existence of superluminal action at a distance [32] have been
performed and are being repeated with increasing accuracy with the overall
intention of investigating the centrally important idea of non-locality in the
quantum potential. Other types of experiments are designed to investipgate
directly the Heisenberg uncertainty principle for single photons, this being
central to the interpretation of wave particle dualism. In atomic self-
interference, optical and meutron experiments, tests are being devised for the
existence of particle trajectories (Einweg-Welcherweg). Other experiments are
being designed to test the Copenhagen interpretation of dualism, put forward by
Bohr and others, and in which light is constituted either by waves of probabili-
ty, or by particles. The probability waves never coexist with the particles in
space-time. The physical coexistence of wave and particle is therefore a central
point of interpretation, It is possible in that of Einstein and de Broglie,
impossible in the Copenhagen interpretation There are no real waves in the
latter school of thought, and experimental evidence for real waves would be in
favor of the Linstein-de Broglie school even though the influence of the
concomitant particle may not be observable. This, as we have argued, is the case
for the B' field, which produces observable e¢ffects [38] such as magnetization
of matter, without the concomitant longitudinal photon, which, being associated
with a zero frequency, has no Planck energy hv, and no power, hv?. This type
of evidence for the Einstein-de Broglie interpretation of dualism is also
provided by an experiment [32] such as that of Bartlett and Corle [42] which
measures the Maxwell displacement current in vacuo and without electrons.

Experimental tests for the existemce ol the guantum potential, which is
responsible for the idea of photons being piloted by waves (electromagnetic
fields) have been devised [32] using coherent intersecting laser beams.
Experimental evidence from such sources, and form laser-induced fringe patterns
[32] is available, and shows an observable enhancement of photon energy due to
the quantum potential, In this context the optical equivalent of the Bohm-
Aharonov effect, in which the tiny solenoid (iron whisker) of the conventional
experiment is replaced by a narrow, circularly polarized, laser beam, would be
a critical test of the existence of the vector potential associated with B
|43]. Experiments such as that of de Martini er al., discussed by Vigier [32],
show that it is possible to pass continuously from Bose Einstein to Maxwell
Boltzmann (or Poisson) statistics in an ensemble of photons. The passage from
one type of statistics to the other can be explained [32] in rerms of non-
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locality in the quantum polLential . which results in non-local action at a
listance, currently a central question in quantum mechanics.

In astrophysics the consequence of non-zero photon mass are many and varied,
md have been considered repeatedly throughout the twentieth century |[32].
Foremost among these 1s that the Proca equation, as we have argued, produces
Iongitudinal photons which do not affect the validitv of the Planck radiation

AW The present author has now shown that the longitudinal field B s
present in beth the Proca and Maxwellian formalisms, und is for all practical
jmirposes identical in both. The longitudinal photons are therefore piloted by
the longitudinal fields iE'™ and B'™ in the Einstcoin-de Broglie interpretation
I wave particle dualism. Furthermore, the field B produces observable
‘llects in matter, such as magnetization {38| duc to B™ a1t {irst and higher
wders in the dnverse Faraday effect. The existence ol these fields is
lnrthermore consistent with non-zerc photon mass, as we have argued here. In the

“roca formalism the fleld B decreases expoucntially, and over large enough

Jdistances, Z, on a cosmic scale (e.g. light from far distant galaxies) the

deerease in B® might become observable. This is ol coursc a direct measurement

1 the photon mass through the parameter £.

The photon flux from the Proca equation also decrcases exponentially, and
“he Coulemb potential is replaced by a Yukawa potential |32 This phenomenon
:alves the Olbers paradox [32] and results in low velocity photons, i.e. thos
that travel at considerably less than the speed of 1iphl The residual miss ol
‘hese photons contribulte to the mass of the universe, and may solve the missing
rass problem of cosmelogy [32].  The factor such as that which appears in B!
‘rom the Proca equation, implies a distance proportional red shifc,

% ~ exp(-£Zy. h1)
his is the well known "tired light" of Hubble and Tolwan [ 32]. This type of red

hift could contribute significantly to the cosmolaogical red shift, and explain
mmerous reports by astronomers of "anomaleus" red shifts in objects such as
jnasars bound te galaxies by matter bridges. Photon mass ls also consistent [32]
~ith anomalies in: Q.5.0. sky distribution., double star motions, red shift
liscrepancies in galaxy clusters, anomalous variations in the Hubble constant,
aul quantized peaks in the N-log z plot [32].

Since all these phencmena are evidently detceted through telescopes, 1.e.
w the use of electromagnetic radiation, the novel [ields iB™ and B™ are
sresent in all of them in one form or another, as well as in laboratory scale
ptical experiments of many different kinds. The fields iEB™ and B® are
mmnifestations of finite photon mass, as we have argued, and are therefore
tnindamental in nature.
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3. Gauge Invariance Under Local U(l) Transformation

Contemporary understanding of field theory implies invariance under local
(U(l)) gauge transformation, this being a fundamental requirement of the
Lagrangian formalism upon which the theory is based. Contemporary theory also
requires that the Proca equation for finite photon mass be consistent with
special relativity and that electromagnetic field theory be part of grand unified
theory. The question of finite photon mass therefore becomes part of the general
theoretical understanding of mass itself in elementary particles and fields, a
central contemporary theme. A description of grand unified field thecry such as
SU(5) [44, 45] depends fundamentally on the ideas of local gauge invariance and
gauge symmetry breaking, and it is therefore important to show that finite photon
mass can be accommodated within this overall theoretical framework. The latter
has been sclidly effective in unifying the electromagnetic and weak fields,
predicting new boson masses which have been verified experimentally. A
consideration of the electromagnetic field in isolation of the weak and strong
fields is therefore mno longer complete unless a consistent understanding is
attained within the context of unified and grand unified fields.

Following the development by Ryder |[15] the complex scalar field (4) in
electromagnetism is described by the Euler lLagrange equation of motion,

. 87 &

¥ ox, a[ a¢] ! (42)

ax,
where # is the lLagrangian and x, the four-vector,

x, = (X, Y, 2, ict), (43)

in Minkowski space-time. If the complex scalar field has Lwo real compeonents ¢,
and ¢, then

e (. * id;) o - (0, id;) (44)
vz V2
and the Lagrangian required to produce a real action [13] must be
g - 2 iy, (43)
» Y

where, in §.1. units, m is a mass associated with Lhe fields (44). (This should
not be confused with photon rest mass, m,.) It is seen that the mass enters the
Lagrangian ¥ by premultiplying a quadratic term ¢¢°. This is a prominent
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feature of contemporary unified field theory [l5], where boson mass, for example,
is identified in this way. A gauge transformation can be understood geometrical -
ly as a rotation of the vector,

b=¢d-0,7. (46)

in the internal space (1,2) through an angle A. The action must not change as
a consequence, because this would violate the fundamental principle of least
action, which in classical mechanics states that motion is determined by
minimizing action, 3. The Lagrangian (45) must therefore be invariant to

¢_e—iﬁ¢‘ ¢.’4ei.\¢-’ ([lf)

which is equivalent to a rotalion of the vector ¢ through an angle A.

This is a simple example of gauge invariance, by which every contemporary
theory of fields is guided. It is usual in the developmenl of the theory [1Y]
to show that the gauge transformation of the first kind detined by Egq. (47)
results in

aJ,
B o= 48
ax Qs (48)

where J, is a four-vector identified as the generalized current associated with
a4 complex scalar field and defined by

7, = 1-(4), ap “¢6¢']. (49)

dx, dx,
The generalized charge is defined as the integral

0= [gdv = if(@’g?*tf’(?;']dv, (50)

over a volume Vv in three dimensional space.
Invariance of a complex scalar field under gauge transformation of the first
kind produces a conserved current, defined by Eqs. (48) and (49), and a conserved

charge, defined by Eq, (50). This is an expression of Noether's theorem [15]
which summarizes the conservation laws of physics under this type of essentially
geometrical transformation in an internal space of the complex field. For

example, from Noether's theorem it can be deduced that the laws of physics are
invariant to the origins of space and time, a fundamental requirement for any
analytical development or description. By application of the & operator (see
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introduction) te Egs. (49) and (50},

By 2. Hoy =g 3L

and it becomes clear that neither ., nor ¢ can be identified with electric
current or charge, which are both & megative. The quantities J, and O arise
from the way in which the complex scalar ficld has been defined, and because of
the fundamental requirements of Noether’s theorem. The application of & in Eq.
(51) therefore emphasizes Lhe difference between the complex scalar field and the
electromagnetic field. We proceed Lo show that the latter arises as a
requirement of special relativity applied to the gauge transformation ol the
first kind.

It follows therefore that all aspects of ¢lectromagnetic field theory must
be consistent with special relativity. Furthermore, as we shall see, clectromag-
netism enters the theory of the complex scalar field through the potential four-
vector A, scaled, or multiplied, by the unit of c¢lectriec charge e (the charge
on the electron). In consequence, the potential four-vector A, is physically
meaningful in the contemporary gauge theory of clectromagnetism, and is regarded
from the outset as being fully, or manifestly, covariant. All four of its
components, in other words, are regarded as physically meaningful. The habitual
use of the Coulomb gauge is obviously inconsistent with this method, because the
Coulemb gauge (see introduclion) destroys the manifest covariance of the
electromagnetic field by arbitrarily discarding the time-like and longirudinal
space-like component of A, . The Goulomb paupe is known as the transverse gauge
precisely becausc it has only two, transversce, polarizations.

The gauge transformation of the first kind (4/) is inconsistent with special

relativity because it implies instantaneous action at a distance [15]. The
rotation angle A is the same at all points in spacc-time, i.e. all points along
the vector ¢ must rotate simultaneously in space-time. In special relativity

c, the speed of light, is a universal constant and cannot be cxceeded, so that
there must be a minimum time delay between action at onc peint in space-time and

another. Electromagnetism clearly has something to do with this time delay
because the lalter is due to the speed of light in vacuo. Electromagnetism
introduces "curvature” into the vector ¢. (In general relativity. mass itself

becomes curvalure of space-time, so photon mass must be similarly interpretable.)
Special relativity therefore requires that the internal space angle A become a
function of the tour-vector x,, and so, it is written as A(x,}. Realizing this
leads to the central concept of contemporary field theory, which is local gauge
transformation {15}, alsc known as gauge transiormation of rthe second kind, We
are led to conclude that photon mass must be consistent with local gauge
transformation requirements of the U(l) sector of prand unified field theory.
If this were not the case, then m, would be inconsistent with special relativity
and grand unified field theory.

In the following development we derive a condition (Eq. (2) of the
introduction) which retains the internal consistency of the theory for finite m,.

I
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This is a departure from the usual development |15], which asserts that m, =0
identically, and thereby retains gauge freedom, as discussed in the introduction.
Clearly, the ad hoc choice m;=0 is fundamentally at odds with the Proca equation
and with collected experimental evidence 32] consistent with m,#0.

For A«<0,

b~ &-iAd, (e

but if A is a function of x,, however, as required hy special relativity, then
action can no longer be invariant under the gauge transtormation (52). We have

sy - g 28 L g, (53)

“u
Ix,

if the original Lagrangian is defined by Eq. (49).
The electromagnetic field is introduced to force 84 -0 in Kq. (53) through
the intermediacy of the extra Lagrangian term,

9, = -ed,A,, (54)
such that ed, has the same units as d/dx,, the four derivative of space-time.
Applying the & operator to #, in Eq. (54),

&) - oy, (55)
vevealing that eA, must be positive to &, where o is a scalar and A, a four-
veotor. At this stage of the development it is asserted that under gauge

transformation of the second kind [15],

A a1 O (96)

B u =3
!.(Xp

The introduction of %, implies the further nced to introduce [15]

4, = e’ AP, (57)

i order to force the condition

84 <84, + 8, - 0, (58)

~n that the total Lagrangian is invariant under local gauge transformation. The

latter has therefore produced the result
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Lo = Fora* T A, - 2AA0°0 = L,,,+4,, (59)

new

where ¥, is due to interaction with the four-vector A, through the scaling

constant e. The &, term can be written
Lo = (D) (D) + m 0", (60)
where
b, = 22 +iea,, (61)
B aX" (]

is the covariant derivative, i.e. a derivative which transforms covariantly under
local gauge transformation, i.e. D, transforms in the same way as ¢.

The minimal coupling interaction term %, is therefore obtained by replacing
the ordinary derivative 3/8x, by D,, and local gauge symmetry dictates the field
dynamics through %, minimal coupling. For this reason A, is a gauge field, and
produces its own Lagrangian, #,, which must also be invariant under local gauge
transformation, i.e. invariant under Eq. (56). We now see that the latter is a
consequence of the covariant derivative 10, .

The four-curl of A, , defined by

T (62)
o

is invariant to (56), and provides the Lagrangian,

= -1 ' 63
S 2 e BB (63)
The standard theory [15] identifies F,, with the electromagnetic four-tensor; e
with the charge on the electron; and A, with the clectromagnetic potential four-
vector. From this, the inhomogenous Maxwell equations correspond to varying A,
in the appropriate Euler Lagrange equation Lo produce

where
I, = i($" D0 -do4T), (65)
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and j, is identified as the usual current four-vector of electromagnetism. It
is clear from this development that & can act only on a scalar quantity, the
scaling constant e, the elementary electronic charge. Thus, as in the

introduction, we obtain

2Bl = —go (66)

for the scalar amplitude of a magnetic flux density. All space-time properties
are invariant to & by definition of this operator [l4{, and so all types of unit
vector are invariant to &. It follows that A, is a four-vector whose absolute
scalar magnitude is & negative.

We now address the role of finite electromagnetic field mass in local gauge
transformation. This is necessarily within a classical [ramework, we have not
vet addressed the effects of field quantization.

The conventional development [153], having arrived at Fgs. (54) and (58),
asserts that the vector A, cannot be associated with ¢lectromagnetic field mass,
@, , because the latter would necessarily be identificd through a Lagrangian of
the type,

g = lpioa 67
o, = S € A, (67)
in §.I. units, and not in reduced units [15], where o« is habitually set to
unity. Since & is not invariant under Eg. (b6). it is asserted that m -0
identically, so that the electromagnetic field has "no mass". As surveyed in the

introduction, this is inconsistent with collected cxperimental data [32 ], and as
is actually well known [15], leads to considerable physical obscurity in
vlectromagnetic field quantization. The Coulomb gauge is one of these
obscurities, and attempts at quantization |[15] in the Coulomb gauge are
meaningless. Nevertheless, it is habitually accepted in contemporary electrody-
namics, although standard tables [6] ne longer list the photon mass as

identically zerc. The literature is therefore frequently self contradictory.
It is clear that for m;#0, the Lagrangian ¢ vanishes if
68
AgA, - D, (68)

;4 condition which is also consistent with

8L, - 0, (69)

hecause

94, < e?a,a,¢'¢ -0, (/0)




138 The Photomagneton and Quantum Field Theory

and

5+ 54, = -5, =0, (71)

automatically. Therefore for AA -0 finite photon mass is consistent with local
gauge invariance, and the latter does not mean that photon mass is identically
zero, The conditien AA =0 is also consistent with the Loremtz condition
8A,/0x, =0, which is implied automatically by the Proca equation [15, 32]. As
described in the introduction, AA, =0 is inconsistent with the Coulomb gauge.
In view of the available experimental evidence [32] for finite m,, we abandon
the Coulomb pgauge and quantization procedures [15] based thereon, and adopt
A,A, =0 instead of m;=0 in ¢, and ¢,. This implies that A, must always be fully
covariant and physically meaningful in special relativity, where A, and
BAP/GXP are invariant to Lorentz transformation in Minkowski space-time.
Furthermore, if we write the Proca equation as [15]

8y . _gin,, (72)
dx,
and multiply both sides by A,
AShe - _praa, o, (73)
v axp v

it becomes clear that if AA -0, the Proca equation reduces to the Maxwell
equation [15],

kil (76)

even though the mass my, is not zero.
We conclude that the Maxwell equation in vacuo, Eq. (/4), is a "subsidiary”
of the Proca cqualion described by the requirvement A,A, -0 for m, in general #0.
This result, although mathematically self-consistent, is not physically
acceptable however, because we know that finite m, is the very factor that
distinguishes the Maxwell equation from the Proca cquation, This is obvious from
writing
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ar
ey 0, (Maxwell) ,
dx,
(75)
aF
Racih -E%A,, A, +0, (HProca) ,
pr

whereby the Maxwell equatien is seen in this light 1o be the limiting form of the
Proca equation for m,=0 identically. Therefore A, -0 identically implies
m, =0 ldentically, even though m, is not specifically sct to zero in Eq. (67).
7e musl therefore accept that AA, is not identically wero if m, is to remain
linite, in line with collected experimental evidence [37?]. We must therefore
look for a way in which this conclusion can be made to be consistent with local
vauge invariance of U(l). This is possible through the use ot , for example, the
Dirac gauge [327},

r,r, = k? = constant, (76)

where r, is the photon radius four-vector defined throuph the complex wave four-

cector W, [32],

ﬂ‘”érpexp( _(P;"q . on
[he Proca equation in the form (12) can be derived [rom the Lagrangian [32],
[ T
ﬁ‘, - ‘Zi‘#‘“bpviE)q’va+)‘(rurn*k.))' (18)
wWith
p - G 9, 79)
r¥ dx, Idx, '
which yields, by varying i,
ar
BY - of% 80
= 28y, . (80)

v

liv contraction
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b, _ W (81)
dix,, ax, !

so that
D¥, = 289, (82)

Converting this notation into that of the present paper, and assuming that A,
is in general complex, the Dirac gauge corresponds to

ApA"‘ - constant, (83)

and the Lagrangian &, is consistent both with finite photon mass and local gauge
invariance of U(1). The condition A,,A,,'—O is the limit of Egq. (83) for
constant =0,

What does this mean physically? The magnitude of the photon radius is
about 107%*m [45], and it follows that

' 4 84

TyIy, ~ 10 Y m o, (84)

is an excellent approximation. Therefore the condition AA, =0 for real A, is
equivalent to wvanishingly small photon radius, a condition which for all
practical purposecs is the Dirac gauge [3?]. Finite photon mass is therefore

consistent with local gauge invariance in the Dirac gauge, a limiting form of
which is AA -0,

4. Lie Algebra of the Electromagnetic Field in Vacuo

In conventional, classical electrodynamics it is customary to consider only
the transverse, oscillating, solutions of Maxwell's equations [46]. For the
magnetic flux density in vacuc these are,
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8w = B i1 ge 0, (85a)

VZ
B« B iq. 460, (85b)

VZ

where ¢ =wt-x'r is the phase of the travelling electromagnetic plane wave. In
Eqs. (83a) and (85b), 4 and J are unit vecters in the X and Y axes of the
laboratory frame (X, Y, Z), mutually orthogonal Lo the propagation axis, Z, of
the wave. Here w is the angular frequency in radians per second at an instant
of time t, x the wavevector in inverse meters al a position r in the laboratery
frame, The complex conjugate of B®, i.e. B, is also a physical solution of
Maxwell's equations in vacuo.

Corresponding to Egs. (85a) and (85b) there arce oscillating, I|ransverse,
clectric fields, usually written as

E® _ Eu(i*ij)e " (86a)
VZ
E ,
E@ - 004, 1o 4, (86b)
VZ
in the same notation. In Egs.(852) and (85b), B, is a scalar magnetic flux

density amplitude and E; a scalar amplitude of e¢lectric field strength. By
direct substitution, it can be shown that FKgs. (85) and (86) obey Maxwell'’s
cquations in vacuo, and in the standard development of electrodynamics these
transverse solutions are usually the only ones considered. Some texts mention
briefly the possibility of longitudinal solutions, but the latter are not linked
directly to the transverse waves. Two of the Maxwell equations in vacuo,

V-E-o0, (87a)

vV-B-o0, (87b)
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would be violated bv any Tongitudinal solution which depends on Lhe phase ¢,
because a field of that kind cannot be divergentless, In other words these
fields would not obey the Gauss Lheorem in differential form.

On the other hand., it ig well known in the literature [15] that the Proca

equation leads to tLhree well defined space-like polarizations, and upon

quantization, leads to a well defined particle with mass, identified with the
phoeton [15].  On the other hand, attempts at quantization of the d'Alembert
equation are beset with obscurity. For rcasons described already, we reject
quantization in the Coulomb gauge. In the Lorenty gauge, quantization of the
d'Alembert equation can proceed only through the use of a gauge Lixing term, and
through the Gupta Bleuler condition [15]. Quantizalion of the Proca equation,

being a natural wave equation, proceeds straightforwardly, producing two
transverse and one longitudinal space-like polarizations for the photon in vacuo.
The Praca and d'Alembert equations are identical, however, for all practical
purposes [32], because the photon mass is very small, and we are therefore led
to expect a well defined longitudinal space-like polarization in the Maxwellian
tield as well as the Proca field. Clearly, this polarization emerges classically
through equations (7) of the introduction, i.e. through a Lie algebra recently
proposed by the present author [24-30].

Furthermore, the existence of the longitudinal |, classical Maxwellian fields
iB® and B' in vacuo must not violate the Gauss theorem or Planck radiation
law (see introduction). Well known photon seclection rules, experimentally well
supported, must not be affected by ;E®'™ and B as discussed in the introduc-
tion.

The first indication [24] of the well defined nature of B* in vacuo
appeared through its relation to the well known conjugate product of nonlinear

optics [47], the cross product B x BE™®  This is also referred to in nonlinear
optics as the vectorial part of the light intensity tensor, 1I,; [48}, and
therefore has a well known physical interpretation. The quantity 1I,, is
habitually usecd as the basis for calculatiens in electro- and magneto-optics [49,
50]. From Egs. (86a) and (86b), the conjugate product in vacuo is easily seen

to be a purce imaginary, longitudinal quantity

EW . ED - ipik, (88)

which is independent by definition of the phase of the plane wave. Furthermore,
the unit vector k on the right hand side of Eg. (8#) must be axial by defini-
tion, because it is formed from a vecltor cross product of two pelar vectors. For
this reason, the conjugate product is positive to parity inversion, #, and for
this reason in turn cannct produce a static electric tield. It changes sign with
the sense of circular polarity, and vanishes for this reason in a linearly
polarized electromagnetic field, because the latter is made up of 50% right and
50% left circularly polarized components. The conjugate product also vanishes
in a standing wave, i1.e. is non-zero only in a travelling wave which has a degree
of circular poelarization. It has been shown [24-30] that the T (motion
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reversal) symmelry of the conjugate product is negative. Finally its & (charge
conjugation) symmetry is positive.

Using the well known fundamental relation from the Maxwell equations in
vacuo,

E, = CB,. (89)
the field B' emerges simply [24],
iElk = iEcR = iF,cB™ (90)
Theretore in Eq.(88)
B» - gy EFxED (91)
2 (1E5c)
It is fundamentally important to note that the (icld B® has all the known
attributes of magnetic flux density (tesla). It is an axial vector, positive to
£, and negative to T. It is also negative to & as required [51] because
although the conjugate product is positive to &, it is divided by the scalar
iE,c to produce B in Eq. (91). The & symmctry of g, (Scc. 3 and introduc-

tion) is negative by definition of & as an operator which leaves all space-time
guantities unchanged but which reverses the sipn ol (scalar) electric charge.
In particle physics & produces the anti-particle from the original particle as
described in the introduction. In the classical Maxwellian field however, the
particle-antiparticle interpretation is inappropriate becausc quantization has
not occurred. & is therefore the operator that reverses Lhe sign of the unit
of electric charge e. This is not a quantived gquantity, i.e. is well deflined
in classical physics.
A similarly simple analysis leads to the resull
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BW @ _ jpng® _ jplg@e gy =g (92)

which is Eq. (7a). Note that Egs. (91) and (92) are identical in vacuo, clearly,
they both define B, and both conserve the seven discrete symmetries [51] of
nature: &, B, T, &8, &7, BF and &PP. This is straightforwardly verified by
operating on each symbol of Eqs. (91) or (92) by each of these operators in turn.
In each case the original equation is recovered unchanged, and is therefore
invariant to the symmetry operator thus applied. The equation is therefore said
to conserve the symmetry described by the operator being applied (for example, &, B, T
etc.) If this were not so, a symmetry would have been vieolated. It is clear, as
discussed in the introduction, that B®¥ violates none of the seven known
discrete symmetries. In order to come correctly to this conclusion, it is
essential to realize that the scalar amplitudes &, and B, are negative to &,
The & symmetry of B' is therefore negative, and opposite in sign to that of
the conjugate product E™ x g® . We emphasize these points because of the recent
incorrect assertion [31)] that B viclates & and &FF.

Further simple calculations of this type, based on vector cross products,
leads to the Lie algebra described in Eqs. (7), showing that there is a cyclical,
or closed, structure which ties together the three magnetic fields B, B® and
B . If any one of these fields be zero, then Eqs. (7) imply that the other two
must vanish in vacuo. The importance of this result, simple as it is, cannot be
overemphasized, because it is habitually neglected in classical electrodynamics.
The latter cannot therefore be a complete description of nature.

Equation (91), furthermore, rewrites the conjugate product EW x E™®, a
well accepted, experimentally verified [52] concept, in terms of B®  which is
therefore physically meaningful in the classical Maxwellian field. 1t is also
of great significance that B (and iE™) is a natural consequence of the Proca
field, implying that B! is consistent with finite photon mass. Since the
conjugate product has been used [53-55] to interpret the experimentally observed
inverse Faraday cffect [52], then the latter is experimental evidence for B®,
and is also experimentally consistent with finite photon mass. Evidence for the
latter can therefore be accumulated [56] in the laboratory as well as through
astronomy and cosmology [32]. These points are emphasized by the equation

EW x g = jopB'Y, (93)

in which the conjugate product on the left hand side has been rewritten in terms
of B premultiplied by a scalar iE,c. Obviously, experimental evidence for the
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quantity on the left hand side of this equation is also evidence for the quantiry
on the right hand side. The latter is simply the non-zero scalar ig,c multiplied
by the longitudinal magnetic flux density B® . [f the latter were "unphysical"
(presumably zero) as habitually asserted in electrodynamics [57], then the
inverse Faraday effect would not be observable, in direct contradiction with well
defined and well accepted experimental data |52]. This is one example of many
of the inherent contradictions of classical electrodynamics [57] if longitudinal
solutions in vacuo are discarded. These data also show experimentally that B
conserves the seven discrete symmetries of nature, because B®™ has been observed
experimentally, through the inverse Faraday effect, to magnetize material matter.

That B™ is a solution of the four Maxwell equations in vacuo is
demonstrated as follows, bearing in mind that its concomitant electric field is
the longitudinal iE®

V-B® -p, v.E®=p, yxp®- 1 EY g ogm Y (94)

e Ot ar
These results follow from the fact that neither B™ nor jE™ [26] depend on the
phase ¢ of the electromagnetic plane wave in vacuoc, and are both diverpentless
and time independent. The curls of B® and iE‘® hoth vanish for this reason.
It is concluded that B®™ | but not its concomitant iEB®  is physically
meaningful in the classical Maxwellian field, which in this light is a limiting
form of the Proca equation as m, approaches zero identically. Theretore p®
must produce observable effects when it interacts with matter, an example being
the already well observed and accepted inverse Faraday effect [52], which is
magnetization by a circularly polarized laser pulse, The wusual [52-59]
interpretation of the inverse Faraday effect in terms of the conjugate product
ED x E® 45, through Eq. (93), an interpretation in terms of B!¥, Consistent-

ly, therefore, B, being a magnetic field, mapnetirzes material.

There are available in the literature other types of experimental
indications for the existence of B . For examplc¢ the well known "light shifrs”
|58] of atomic spectroscopy. These are observable shifts in atomic absorption
frequencies, usually in the visible range, duc to intense light, and interpreted
in terms of an "effective magnetic field" [%8]. The latter is the conjugate
product E' x ®@  which is simply iE,eB™ . 1t is critically important to note
that B* is a physical magnetic field (i.e. flux density in vacue), and not an
"effective" magnetic field. The terminology in this subject is therefore

confusing, and it is not always clear whether the light being used to produce the
observed shifts is circularly polarized, or whether it is being absorbed. (In
contrast, the data obtained [52] in the inverse Faraday effect measurements were
vlearly obtained from a circularly polarized giant ruby laser pulse, light which
was not being absorbed.) Despite these uncertainties in the light shift
literature, it is safe to conclude that when there is any amount of circular
polarization in the light beam or laser being used, they are being caused by
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EW . B®  and therefore by the product of B with igec. Light shifts are
therefore evidence for the existence of B'™, because if the latter were zerec,
then so would E' x E® be zero.

Recently. more evidence for B'™ has emerged using contemporary NMR
spectroscopy, in which circularly polarized laser light has been observed
experimentally '59] to produce small but useful and measurable shifts in NMR
frequencies in liguids. following a theory by the present author [60]. The
observed shifts of a few hertz are far too large Lo he explicable on the basis
of perturbation theory applied [61] to shielding coelficients. Al though there
appear to be several contributing mechanisms, because the shift pattern is site
specific, their magnitude is qualitative evidence for the influence of the
magnetic field 8™ at the resonating nucleus. It appears from the available
data, however, that only a small fraction of Bf? reaches the nucleus, because
the observed shifts give no indication of a straightforward intensity dependence
[59] and are too small to be compatible with the applied B in vacuo. This is
in contrast with light shifts in atomic spectroscopy (58] and with the inverse
Faraday effect [52]|. wherc a simple intensity dependence has been observed. The
cffect of B'™ at the nuclear level is very different therefore from frs effect
at the electronic level. The reason tor this is not yet understood. The
technique of optical NMR (or light enhanced NMR spectroscopy) is potentially very
useful, however, for structural analysis of molecules, because the observed
shifts from B and other sources appeatr to be site specifie. The present
author has indicated |56| several other spectrosvopic tests for B, such as the
optical Faraday effect. optical Zeeman cftect, and so on which can be used to
accumul ate experimental cvidence consistent with tinite photen mass.

Circularly polarized light is also capable of producing an azimuth rotation
in a linearly polarized probe (the optical Faraday effect [62}) and recently
experimental data for this phenomenon have been oblained by Frey et al. [63] in
a magnet ie semiconductor known to give a glant Zecman cltfect. 1t is interesting
to see that  plot of the observed azimuth rotatlion vorsus the square root [64]
of laser intensity falls on a straight line for six experimental points. This
indicates that the observed azimuth rotation (in this case a selt rotation of the
pump lascr) is proportional to B This result is not uncquivocal, however,
because the pump laser used by Frey et al. [63] was not circularly pelarized, and
the data plotted as a function of B® did not po through the origin [64].
However, the lact that intensity dependent azimuth rotiation was observed means
that the initially linearly polarized lascr acquired a degree of circular
polarization while traversing a permanent magnetic field from a powerful
laboratory magnct. and that B in the experiment of Frey et al. [63] was not
zero as the lascr passed through the magnet. These suthors were not locking
specifically tor the effect of B® however, but rather for a nonl inear cptical
Faraday effect using a conventicnal magnet and pump laser.

These examples show. in summary, that available data support B
gquantitatively or gualitatively, and are theretorc consistent with finite photon

mass. A much more systematic investigation of B'? is needed. however. because
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5 field is fundamentally important to classical and quantum electrodynamics,
I'his brief survey is enough to show that the existence of B is supported
vuperimentally, and that the habitual assertion of claszical electrodvnamics,
(3) .- - - P : ; : ;

B =20, BW =g+, is inconsistent with experimental data and with the novel
l.ic algebra (/) to be developed in this sectiaon,

The existence of B® and 8™ in vacuo is consistent, as we have argucd,
with finite photon mass. m

, in the Proca equation. This is our central theme,

and to support it dircetly we now derive B'® from the Proca equation in vacuo,

(95}
Oay = =§2Au
in which § is non-zero only if m, is non-zero. The order of wagnitnde of £ is
o small, however, that Eq. (95) must closely approximite the ('Alembert equation
in vacuo, although the Lwo equations signify verv dilforont things  We therefore
cxpect Eq. (95) to produce B for all practical purposcs. oo non velativis-
tic approximation [15] we write the Proca equation in tarms ol o Laplacian
instead of a d'Alembertian,
ViA - E*A, (96)

an approximation that is ebtained in the galilcan limit, which is recoverahle

'3 ] analytically by asserting that the tevm in 1, in the d'alembertian can b

neplected.  Using the well known
B-Vxa, 9

it can be seen that the equalion
ViB - E'B (98)

!5 the same as Eq. (Y96), because
VHVxA) - £V.a, (99)

34

VxVA - V(A (100)
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meaning that the curl of the quantities on both sides is the same.
The solutien of Eq. (98) is

B - glO o i), (101)

and gince £~10 ¥ m?! for a photon mass of 10 %% kg [32] this is identical for all
practical purposes with the result (91) from the classical Maxwellian field,
Since Eq.(101) is time independent, it is alsc a solution of the original Proca
equation (95). without the need to approximate the d'Alembertian with the
Lagrangian. The effect of photon mass is therefore to transferm B of the
classical Maxwellian field inte (101) of the Proca field, i.e. to introduce an
extremely slow, distance dependent, exponential decay into B . As discussed
in the introduction, this exponential decay is the same as that responsible for
"tired light", in the terminology of Hubbard and Tolman [32], and thus fer the
distance dependent red shifts, Av/v, observed by astronomers [32] on many
occasions. The magnetic field B® and electric field iE®® arriving from far
distant radiation sources in the universe are therefore "tired fields",
associated with a frequency change Av/v. The very fact that they are associated
with a frequency change implies the presence of finite photon rest mass. If m,
were zero identically, then there would be no anomalous red shifts of this type.

4.1. Commutator Algebra in the Circular Basis: Quantization

It is shown in this section that the Lie algebra (7) can be expressed in
terms of commutators of matrices, allowing a direct route to the quantization of
the three Maxwellian fields B®, B%  and B™ . This route te quantization of
the electromapnetic field depends on the existence of the vectorial Lie algebra
(7), and, assumes from the outset that B'® is mnon-zero and physically
meaningful , and is for all practical purposes consistent with a finite field mass
which is interpretable after quantization as photon mass. The gquantization
procedure depends on the existence of commutation relations between B, p@
and B8 which are identical, within a factor %, with the well known commutators
of angular momentum in quantum mechaniecs. These are in turn identical, within
a factor %, to the commutator relations among the generators of rotation in 0(3)
of three dimensional space [15]. This novel roulc to quantization avoids the
obscurities of electromagnetic field quantization in the Lorentz gauge for m;=0
[15].

It is convenient to develop this commutator lLie algebra in a circular,
rather than Cartesian, basis, defined by
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e“’E%(i-iJ). e = 1 (J.iif), aWug@® - jg - ik, (102)

i
VZ
where 4, 7, and k are Cartesian unit vectors defined by

1xd =k (103)

'he unit vectors in the circular basis form the following cyclical Lie algebra,

el xg!® = jgM+ _ oM,

el® x g3 - jais _ ;g (104)

et xgt) = jgia)r _ g,
where * denotes "complex conjugate". Tautelogically. if @™ -0, then e —g@"-g
md if e 20, then e @ 2q This structure is the same as that of Eg.
/), revealing that the latter, for the classical Mauxwellian field in vacuo, is
cusentially geometrical in nature. The traditional asscrtion of electrodynamics:
B' 20, B®W=B™*=0, is therefore geometrically incorrect in three dimensional
mace.

To extend these calculations to quantum mechanics and space-time, it is
~usential to use commutator algebra [15]. Equations (/) can be put  in
commutative form by using the result from tensor analysis [65] that an axial
vector is equivalent to a rank two antisymmetric polar tensor,

Be= Lesud,, (105)
where €5, 1s the rank three, totally antisymmetvic, unit tensor (the Levi Civita
wmbol). The rank two tensor representation, 4., of the magnetic field axial
cotor 8, is mathematically equivalent, but has the key advantage of belng
weessible to commutator algebra. In other words, [, is a matrix, so that the
vctorial Lie algebra (7) can be expressed entircly cquivalently in commutator
torm,  This in turn provides a direct means of cxpressing B®, B and B in
terms of 0(3) rotation generators [15] and thereby in quantum mechanical form.
It s0 doing, these magnetic fields are related dircectly to quantum mechanical
mpular momentum operators, and have the same commutator properties. This was
niginally shown by the present author (24| using an independent method. These
m-thods show that the photon has an elementary longitudinal flux quantum, B,

«hich is an operator of quantum mechanics.
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The classical magnetic fields B, B® and B'™ in vacuo are all axial
vectors by definition, and it follows Lhat the unit vector components of these
vectors must also be axial in nature. In matrix form, they are, using tensor
analysis of the type illustrated in Eq. (10%)

U 00 a0 c 10
f=zfo 9 1], F=lo o o/, k-| -1 00]. (106)
o -1 0 10 0 c oo

Tt follews that the matrix representation of the unit vectors in the circular
basis is.

o 0 i noou i 010
g=2Llo o1|. &=1lo o0 1|, &= 100/ (107)
VE i 9 g LE IR 000

and that these form a commutator Lie algebra which is mathematically equivalent
to the vectorial Tie algebra (104},

. A -iat. _ia (108)

= - 18y, [é,,é,}=*.f@, - - id,, [Bys B 208 208

(8¢ &)=~

These are our basic geometrical commutators in the circular basis convenient for
the electromagnetic plane wave in vacuo. Fquations (104) and (108) therefore
represent a clesed, cyclical algebra, in which all three space-like components
are meaningful . If it is arbitrarily asserted that one of these compenents is
zero, the geometrical structure is destroyed, and  the algebra rendered
me.ningless.

Our geometrical basis (108) can now be used to build a matrix representa-
tion of the three space-like magnetic compouents of the electromagnetic plane
wave in vacuo,

st (109)

l,'i(!n Siplal gttt g 1¢, ﬁi/) = —i}j”’]é"’”u n1|' ',‘ju) _Blﬂ)e

from which emerges the commutative Lie algebra equivalent to the vectorial Lie
algebra (7).

“hiit the longitudinal component in space, #'
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Iéu), ﬁ(Z)] = iBIM BV _ _jgio O
Eﬁ(/-)' B‘(J)] = _iBEG!B“EH' - I’H'O)E:”, (110)
[B”", B"n)] = —{BIMFLI _ _ipgtu Gl

liis algebra can be immediately expressed in terms of the well known [15]
rotation generators of 0O(3) in three dimensional space. These rotation

enerators are complex matrices,

[
Sl
I

K
"
e §

. 208 . 0 01
gwo. e’ 1 g 5 g, 111
1
-1 -1 0
- am q -1 0
G == io6o0
o o o

he magnetic field matrices and rotation generators are linked by

I LTI TR Bl g 31 o a8 A0 ey 3 (112)

nis is a result which is of key importance in recopnizing that the commutative
Iyebra of the magnetic fields (110) is part of the Lie algebra [15] of the

rentz group of Minkowski space-time. This sugpests that the magnetic field is
n peneral a property of space-time, i.e. that it has a time-1ike component, and
«n be expressed as a four-vector B, as discussed in the introduction, and
loveloped further in Sec. 5. It is already clear from cqualions such as (112)

. must be physically meaningful ,
crause it is direetly proportional to the fundamental rotation generator J%',

lhe latter is a geometrical property of space, and from Kgq. (111) is non-zero.

Furthermore, the generalization of the rotation generators of 0(3) from
jpvice to space-time is well known [15] to be.
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06 0 1 0
e P W e |
7zl 1100
0 0 0 0
0o 0 10)
0 0 oD
3@ 2 s 1 . 4 ] (113)
-1 -100
6 0 00|
0 100
N N i o 00
F o 5o ,
6 0 00
0 0 00

i.e., the rotation generators of 0(3) become four by four matrices of the Lorentz
group. It feollows directly from Eq. (112) that the magnetic fields in the
Lorentz group are also described by four by four matrices of type (113), i.e.
that the magnetic components of the electromagnetic plane wave in vacuo are well
defined properties of space-time.

Similarly, it is shown in Sec. 5 that the electric components are related
to boost generators of the Lorentz group. These are also four by four matrices
in Minkowski space-time.

For our present purposes, we note that the rotation generators in space
form a commutator algebra of the following type in the circular basis,

[3‘.13 3(2?1 = -Fe = l?t\l'

[G@, 5@ = gt o g3 (114)
[j(]}' j(ll] E— ﬂ?,“'
which becomes
O, ] 880, [T 00 8880 [0 Bl =80y (115)

in the Cartesian basis, and which is, within a factor 4 lidentical with the
commutator algebra of angular momentum ecperators I1n quantum mechanics. This
provides a simple route to quantization of the magnetic fields of the electromag-
netic plane wave in vacuo, giving the result
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A1 - _go 3‘:{ e it 5% - _gtw 5:) eib, B3 - jgie j’:’ s (116)

where B'" are now operaters in quantum mechanics. In particular, the
longitudinal operator 8 is the elementary quantum of magnetic flux density in
the propagation axis, in other words each photon in this quantized representation
carries this quantum of magnetic field. This result is in precise agreement with
the original derivation [24] of the present author, which used creation and
annihilation operators, which in turn defined the Stokes operators introduced
recently by Tanas and Kielich [66].

We reach the general result that magnetization by light, and related
phenomena such as the optical Zeeman and Faraday effects [24-30] are described
in quantum optics through the operator %', which is independent of the phase
of the plane wave. As shown elsewhere, the effect of the operator is different

in general from the effect of the classical field B™ . For 8", the interac-
tion Hamiltonian must be evaluated in a different way from the semi-classical
flamiltonian inveolving 8, because in the latter case, B'® can be taken outside
the Dirac integral (Dirac brackets), and in the former it cannot, because it is
an operator. This leads to the expectation [25] that optical Zeeman spectra in
atoms due to B for example, are different thcoretically from those due to
g
The existence of the operators B, 8% and #'" is consistent with the
I'roca equation, which can be quantized straightforwardly to give a particle like
interpretation of the electromagnetic field in three space-like dimensions. This
particle is identified with the photon, and in the Proca equation, this has
{inite mass, m,. As we have seen, the existence of this mass, however small,
is critically important in removing obscurities of quantization of the classical
clectromagnetic field. The above simple method of quantization of the magnetic
{ield components is free from obscurities such as these, obscurities which arise
15] from the habitual assertions that the electromagnetic field in vacuo can
hiave only transverse components, and that the mass of the photon is identically
wero. Therefore, the most important implication of the Lie algebra (7), or in
commutator form (110), is that this algebra ties together the transverse and
longitudinal space-like components of the magnetic fields in such a way that it
hecomes impossible to assert that the longitudinal component is unphysical.

A.2. Algebra Involving Electric Fields

If we attempt to extend the methods of the previous subsection to iE® we
obrain an algebra which is not cyelic (contrast Eqs. (7))},
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EM <xEQ@ - jcE B, (11/a)
E® gD - - o BW-, (117b)
EW g =2 og g, (117¢)

Equation (ll7a) is identical with Eq. (/a), and can be expressed as a commutator,

(Eu)xg(z)}k___%’qﬁlgm' Y, (118)
but the other two cannot be reduced to a cyelic form as for Eqs.(7b) and (7c¢).
Equation {1l/a) conserves &, P, and T but Egs. (1ll7b) and (ll7c¢), although
algebraically correct, violate T symmetry. The reason for this is that any
attempt to construct a real E'™ from phase independent cross products of
transverse solutions of Maxwell's equations in vacuo violates T, the cross
products E x E@ | g g g@ . ¥ and so on  being T negative. An
electric field must be T positive. Multiplying both sides of Eq. (ll7b), for
example, by BE™, and rearranging the vector triple product E™ x (E@ x 2) as
ER(ED -g®) - g . g@). ysing the results ET-E™® =0 and B 'E‘”=E(f we
arrive at the putative physical law

Z 5 [ g”]N- (119)

(i

Since a recal E™ ig T positive and N is T nepative, this equation clearly
violates 7. Similarly, Eq. (1ll/c) violates 7.

The imaginary {E'™ on the other hand, is non-zere but unphysical. It has
the same symmetry as B as in Eqs. (7). Symmetry analysis in electrodynamics
is as important as algebraic analysis, thercfore, and only after a careful
application of T does it become clear that two out of the three Egs. (117) are
not valid physical laws. Equation (119) conscrves £ and &, but vioclates 7.
1t follows from the BT theorem (Introducticn). that Eq. (119) also violates the
fundamental symmetry SBT, since &P is conserved and 7 is violated.

Similarly, if an attempt is made to construct a formal algebra of "type
three,
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EQ , g@ o3 gl gise (120a)
E@ yB™ -7 jpgiie (120b)
EG xBW 3 - goig@e, (120c)

it is not cyclic, unlike Eqs.(7), and all three Egs.(120) viclate T and &BT.
These findings follow from simple vector triple products such as
B (E@ g3 - glal(g) . g3y _ gy gt . g2 (121)

In electrodynamics, care must always be used to apply the symmetry operators
nroperly. particularly in relation to cross products such as the conjugate
product of non linear optics, i.e. the antisymmetric part ol the light intensity
tensor. This is § negative, something which is not obvious frem inspection.
In particular, it is incorrect simply to apply 7 to cach symbol of E® x g@
'his would lead toc the incorrect conclusion that the conjugate product is 7

positive. The reason is that [60] ”f‘(xzf“) =&, HES) - BT, where L and R
lenote left and right circularly polarized respectively The correct way of
ipplying T and P to electrodynamic field cross products is piven elsewhere [60].

Finally, the vectorial Lie algebra of tvpe fouwr:

EY . g g, gl g _g g g _g (122)
completes the cyclical relations between the three magnetic and three electric
components of the electromagnetic planc wave in vacuo. In three dimensional

ipace, type four is superfluous, for example (E™® i parallel to B® | but in
1inkowski space-time, type four is part of the complete commutator algebra of
vlectric and magnetic fields defined in the Lorents proup.

It is seen that in three dimensional space, B ticlds, and cross products
ot E fields, can be put in matrix form. but individual E fields cannot,
mgpesting that three dimensional space is not completely adequate for a
description of electromagnetism, and that clectric and magnetic fields are fully
covariant four-vectors with a time-like as well as three space-like components.
'n the next section, this line of reasoning is developed, magnetic fields are
vvlated to rotation generaters in space-time, and electric fields to boost

prnerators.

The only valid Lie algebra is that of Eqs. (/), defining 8.
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5. Electric and Magnetic Field Four-Vectors in Space-Time

Traditional electrodynamics, both in its classical and gquantum ferms, is
satisfied with a representation of electric and magnetic fields in Euclidean
space. The potential four-vector, however, is defined in Minkowski space-time,
and electric and magnetic field vectors derived there from by taking the four-
curl of A, to give the well known electromagnetic four-tensor Fyu s which is by
definition traceless and antisymmetric. We have seen in Sec. 4 that the
electromagnetic field enters gauge theory in a fully relativistic description
based on A, and F,, . In the introduction however, we have argued for the
existence of E, and B,, electric and magnetic field four-vectors which are fully
covariant in Minkowski space-time. The primary reason for this was that the
Lorentz invariants E.f, and BB, produced a satisfactory description of the
Planck radiation law, in that only the transverse space-like components
contribute to electromagnetic energy density. In view of the Lie algebra
developed in this article, and in view of the experimental evidence reviewed
herein, there is no doubt that there exists a longitudinal solution B' of
Maxwell'’'s eguations in vacuo, a solution which is tied inextricably (Seec. 4) to
the well accepted transverse solutions of the same equations. Longitudinal
fields such as B and iE‘ are also consistent with finite photon mass, and
we have demonstrated one simple method of obtaining B8 from the Proca equation.
Acceptance of finite photon mass, which is consistent [32] with a broad range of
experimental data from many different sources, leads, as we have seen, to the
abandonment of the Coulomb gauge. Section 3 has shown that finite photon mass
is consistent with the Dirac gauge in a limiting form.

The Proca equaticon is a wave equation with a physically meaningful, fully
covariant, four-potential A, acting as eigenfunction. This is consistent with
the fact that electromagnetism enters contemporary gauge theory through A,
scaled by the charge on the electron, e (Sec. 3). The Bohm-Aharonov effect
(introduction) shows experimentally [34] and theoretically [23] that a, is
physically meaningful, and is not just a mathematical subsidiary condition of
first corder differential equations, the Maxwell equations in vacuo. These
factors lead us to expect, therefore, that the well known four-tensor F,, of
electromagnetism is also fully covariant, i.e. that all its sixteen components
are physically meaningful. It is well known that the off-diagonal elements of
the tensor F,, are physically meaningful electric and magnetic fields in vacuo.
In 5.1. units,

0 _cBW g g

cB ¥ o — g iRt (123)
By = € —cB@  sgtv ¢ —igpiv|

B iRt g 0

We note that the diagonals vanish by definiticn of the four-curl,
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_ %A, oA, (124)

F
wEx, o,

The longitudinal fields B and iE‘ are non-zero in general in the off-
ftagonal elements of F,,. To discard them a priori (i.e. without analysis), as
often the custom in electredynamics, is not consistent with the fully
ovariant nature of the four-curl of Ay, and of A itself. The Bohm-Aharonov
~tfect shows that A, is physically meaningful. \Using Eq. (93) it can be seen
that B®™ is experimentally observable in the inversc Faraday effect. Symmetry
malysis of Eqs.(7) show that B is well defined in terms of the well known
BV and B and is therefore physically meaningful. I[f B® is assumed to be
cro, then Egs. (7) show that B'Y and B are also zero, i.e. the electromag-
wtic plane wave vanishes in vacuo if B'* is zero. On the other hand, the real g¥®
.5 not connected to transverse solutions of Maxwell's cquations because of 7

ivlation as argued already.
These findings are verified by solving the Proca equation (12) written

nut in the form,

, Fé . 125
w2 _ 1 B, ( a)
% c? at? Y
2 1 A _ . 125b
ViA- — A ( )
c? dc? 5
vince B from Eq. (/) is independent of time, longitudinal, and for all
iractical purpeses identical in the Proca and Maxwell descriptions of electrody-
numics, it must be obtainable from a time independent solution of Eq. (125b).

lor all practical purposes, the Maxwellian

B-Va, (126a)

E- -V§- gf, (126b)

in be used to find time independent B'* and iK' from the Proca equation.
lquation (126a) shows that if B is time independent, then so is A® its
cncomittant vector potential. So

L L 27)

ac?

in KEq. (125b) and
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B = gy (128)

in Eq. (126b). Using the gauge conditicn (2), necessitated by finite photon
mass, ¢ is the magnitude of cA‘* and must be time independent if A® is so,
Therefore,

0, (129)

in Eq. (125a). In order teo obtain from Eq. (l126a} a B® in the Z axis, the
required solution to Egs. (125b) and (127) is

A - 720{*X1+Yj)z1- & (130)

where R%*=x2+¥? is a constant. Therclore,

& = c|aty| ;;!.‘-,"‘!«r‘ £ (131)

and
POl - gg - é‘tg;’ x empex, (132)
B = pgig - g Y. (133)

Since £~107m*, Egs. (132) and (133) show that in the Proca description of
electrodynamics, {B™|>|B" in free space. In Maxwell's description, £-0, and
the real E vanishes but B remains finite. The (ield B is divergentless,
solenoidal and time independent, and is a solution ol Maxwell's cquations in free
space because it is a solution of Eqs. (125) under the conditions (126).

This finding is based on the gauge condition (?). which is a consequence
of finite photon mass, so that experimental evidence for |[B¥|»>|E'®| is consistent
with finite photon mass.

Significantly, the existence of B™ is supported experimentally in the
inverse Faraday effect and in other experimental evidence surveyed in this
article. In contrast, there appears to be no experimental evidence for the real
E® ., If the real E™ were non-zero, circularly polarized laser light would
pularize materials such as solids and liquids, and there appears to be no trace
of such an effect experimentally. The only well known experimental evidence for
electric polarization is optical rectification, which occurs in a linearly
polarized beam and only in chiral material, and is a small second order effect.
Equation (132) shows that F'®<£, in the Proca description and that E!® is zero

g
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i1 the Maxwell description. FEquation (133) shows that B =B, in the Maxwell
Loseription. The time-like component £ and the longitudinal compeonent iE(*
1 the four-vector £, therefore vanish in the Maxwell description. These two
mpenents are non-zero in general in the Proca description, but are very small

0 magnitude and for all practical purposes unobscrvable with contemporary

pparatus. Experimentally, it is found that longitudinal components such as
E™ and B™ do not contribute Lo electromagnetic energy density. This is

nsistent with E® =0 in the Maxwell description. [t has been shown by Evans
e Farahi {2/] that if the condition of Appendix € is obeyed, the classical
icetromagnetic energy density is unchanged. This ix precisely what has been
round from the Proca equation, i.e. if B"™ is real, then iE has no real part.

This is also consistent with the dual transform ot special relativity,
Hich states that Maxwell's equations are invariant to B9 - jE® /o Thus if
B is purely real, and a solution of Maxwell's ecquation, its dual is a purely
mapinary electric field.

The four-vector descriptions B, and &, in free space are cons
i experimental finding that neither B® nor JE™ contribute to clectromag-

istent with

wtic energy density. To be consistent with the fact that £ is not zero in
‘1w Proca deseription, we describe energy density through Eq. (1/7), leading, as
. have seen, to Egs.(22) and (23). These imply that the magnitudes of their

cngitudinal components of F, and B, must be cqual to the magnitudes of their
‘spective time-like components it B and JE® do not contribute to clectro-
cpnetic energy density in vacuo. In appendix B it is shown that the concept of
. and B, in vacuo is formally consistent with the Lorentz transtormation, so
"hiat these quantities are wvalid four-vectors.
By realizing the significance of E'® and #n'" as time-like components of
and B, it follews that Eqs. (/) is an expression ol the fact that the space-
ke and time-like components of | and E, are ticd together inextricably. For
.. however, because the longitudinal component is zcre in Maxwell’s description
vl very small in Proca’s. Several basically iwmportant consequences follow, some
which are summarized as follows.

1. In special relativity, the classical clectromagnetic energy density must
be expressed through the Lorentz invariant products g & and #,8,, and not
just through the space-like parts E-E and B'B as ls customary in the
Poynting theorem. As shown in the introduction, this leads to a descrip-
tion of the Planck radiation law which is consistent with the novel Lic
algebra of Sec. 4, which is in turn consistent with finite photon mass and
the Proca equation. The existence of £ and 5, is also consistent with
grand unified field theory, such as sU(%), wirthin whose framework photon
mass must be incorporated, as shown by tuang [19].

?. The existence of K, and B, is fundamentally inconsistent with the Coulomb
gauge, in which A'®) is zero, implying from our nevel Eq. (129) that £
should be zero. This is obvicusly inconsistent with the fact that g™
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is the scalar amplitude of the electric field strength (volt m™) of the
electromagnetic plane wave in vacuo. This result reflects the fact that
the Coulomb gauge is inconsistent also with a fully covariant A&,, and
inconsistent with the appearance of E™, B®3 g0 and B in the
four-tensor F, . The Coulomb gauge must therefore be abandoned if further
obscurity is to be avoided.

A, is fully consistent with the existence of E, and B,, which are linked
to A, through £,,, the four-curl of a4, .
In order that E, and B, be consistent with the geometry of Minkowski
space-time, the following relaticons must be obeyed,

E,E, = constant,  B,B, = constant, (134)
2B g, Moy, (13%)
ax" ax"

The first of these follows frem the fact that E,E, and B,B, are electro-
magnetic energy density terms, and are constant by conservation of energy.
The second of these geometrical laws mean that the Gauss theorem in
differential form appears in Minkowski space-time as the equaticns,

; 1 98 (136)
VE: o K

g+ 18BY (137)
V'B+ = 5 0.

Since E' and B'” are usually independent of time (e.g. in a constant
intensily beam}, this makes no difference to the usual in vacuo statements
in Euclidean space of the Gauss theorem in differential form,

VE=0, V-B=0. (138)

However, if for some reason E' and B'® are changing with time, the
statement of the Gauss theorem in space-time becomes different from that
in Fuclidean space.

The statement in vacuo of the Maxwell equations,

Fu o, (139)
ax, ax,
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is unchanged by the existence of E, and B3,, because, as we have seen, the
time-like components of E!'® and B® enter into F,, in such a way as to
be consistent with its traceless, antisymmetric nature. This 1is
essentially a tautology, because F,, is by definition a four-curl of
Minkowski space-time, and must be traceless tor this reason. The Maxwell
cquations in vacuo are consistent with r, and B, in vacuo.

6. The Proca equation is also consistent with i, and B, because these can
be derived from A,, the eigenfunction in space-time of the Proca
equation. Therefore E, and B, are consistent with finite photon mass,
i.e. with non-zero { in the Proca equation, and are also fully consistent
with the novel Lie algebra of Sec. 4. In particular, the longitudinal
equations in vacuo,

BO) . plotg, E® - gk, (140)

are identified as linking together the space-like (3) component and the

time-like component (0). This is consistent with the Planck radiation law
because

Bi¥2_pglmz o g2 _pima2 a (141)
and the longitudinal components iE®™ and B cannot contribute to
classical electromagnetic energy density. Obviously, they cannot be
observed in this way, and this is also consistent with the fact that B
can be defined (and was originally identificd |24|) through the conjupgatc
product E® x @ which is the vectorial part of the light intensity
tensor (24-30]. Only the trace (scalar part) ot I;; 1s observable as

light intensity in watts m™2.

In conclusion of this part of Sec. 5, it secms clear that the existence of B,
nd B, makes a profound difference to classical clectrodynamies, and therefore
to quantum electrodynamics. In particular, the habitual use of the Coulomb gauge
1 internally inconsistent, there exists a well defined Lie algebra which proves
'Iiis point beyond reascnable doubt. The notion that lengitudinal solutions of
lixwell's equations are unphysical is profoundly misleading and inconsistent both
«ith theory and with data such as those from the inverse Faraday effect, light

liifts, optical NMR, the optical Faraday cffcet, and preobably also with a range
't data from other sources, such as Compton scattering. Finally, E, and B, are
«v1l defined within F,,, the four-curl of 4,, which is the eigenfunction of the

I''oca equation for finite photon mass.
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5.1 Representation of E, and B, in the Lorentz Group and Relation To Rotation
and Boost Generators in Minkowski Space-time

It has been shown that E, and B, of the classical Maxwellian field are
four-vectors in space-time, and because of the relations,

Ia'[132+E(2'2+E‘332:f-,"“” U“.;‘BIZ)Z*’B”J\E:Bwjz, (1"—'}2)
they are four-vectors in the light-like condition, in which the magnitude of the
space-like part of a four-vector becomes equal te that of its time-like
compenent . The light-like condition for the four-vector x,, tor example,

corresponds to

(143)

B
M
+
<
o
+
o~
|

from which it can be seen that it corresponds to movement at the speed of light
(oo In the mathematical limit of the Maxwellian field, photon mass vanishes
identically, and the electromagnetic planc wave in vacue travels at the speed of
light, identified with the universal constant ¢, of special relativity. Since
E, and B, are defined in Eg. (142) in this limit, it is natural that they are
in the light-like condition. Again, we scc that the Coulomb gauge is inconsis-
tent with this representation, because the time-like parts of E, and B, are set
to zero. The four-vectors £, and B, cannot be defined in the Coulomb gauge, and
manifest covariance is lost, meaning that the basic pseudo-Euclidean geometry of
the problem is viclated. In a rough analogv, this would be equivalent to trying
to define a triangle with only twe sides. lLoss of manifest covariance in A, is
another consequence of the Coulomb gauge, as discussed in the introduction, and
can be traced to the arbitrary assertion that photon mass is identically zero,
allowing (Sec. 3) physically meaningless pauge frecdom.

By reinstating finite photon mass, using the Proca wave equation, this type
of gauge freedom is lost, the Lorentz condition becomes a mathematical necessity,
and A, is a physically meaningful, fully covariant eipenfunction in space-time.
For finite photon mass, however, E, and B, arc no longer light-like, because
photons, being massive particles, no longer travel in Lhe observer frame at the
speed <. The latter is no lenger the speed of light, but remains the universal
constant of the theory of special relativity (3x10*ms *). The phrase "tired
light", used {22] by Hubble and Tolman, means just this, it does not imply thate
is no longer a universal constant. It is essential also to realize that finite
photon mass in the Proca equation implies rigoerously that the Coulomb gauge can
no longer be uscd. The Lorentz condition is a direct mathematical consequence
of the Proca equation.

With this preamble, we proceed in this section to emphasize the physical
reality of the four-vectors E, and B, by defining them in terms of the well

n
known [15] boost and rotation generators, respectively, of Minkowski space-time.
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Il boost and rotation generators, denoted respectively K, and J, are unitless,
omplex, four by four matrices which define the structure of the Lorentz group

through the following commutator algebra [15] in space-time,
[Jx' Jy] = fjé, and cyclic permutations
Ry, B) = i3, » 443
[I?x' _}y] = -“?z' " " "
”?X, j_\,l = 0, etc.
i algebra which can be summarized by [15],
Fop 2 =dyy & Epgad
Jutov=0, om0 T T k12 €145)

ia [-33

his summary can in turn be displayed as a traceless, antisymmetric, four by four
atrix of matrices,

a _3m o F@ _pm

Jw o -gm o pia 146

i - ( )

(24 7‘5—(2] j(l] 0 A;u; i
g gt g &

The structure of the matrix in Eq. (l46) is identical with that of the
‘lvetromagnetic field tensor F, in Eq. (123), supgesting that there is a
jroportionality between the twe matrices. Equation (123) however describes a

atrix of vectors and Eq. (146) a matrix of four by four matrices in space-time,
md if there is a proporticnality between the two it means that a complete

‘wacription of electric and magnetic fields requires space-time. This is
jrvcisely the requirement fulfilled by the four-vectors E, and B,, which are,

definition, physically meaningful in space-time. That there does, indeed,
rwist a proportionality is already clear through our development in Sec. 4,
vading to Egqs. (112) in Euclidean space. These equations show that when the

wipnetic field vectors appearing in F,, are re-expressed as rank two anti-

mmetric polar tensors, they become directly proportional te the rotation
rnerators of 0(3). In Eq. (112), these were expressed in a circular basis
ppropriate to a consideration of the classical Maxwellian field in vacuo. The
ranusition frem Euclidean space to Minkowski space-time occurs for the rotation
‘nerators through the four by four complex matrices defined in Eq. (113). These
(e Lhe rotation generators in the Lorentz group [15], and occur in Eq. (l46) as

I{-diagonal elements, Jt, of the matrix of matrices, jw' We have therefore
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established an ineluctable chain of logic which relates the vectors B,

appearing in Eq. (123), to the four by four matrices occurring in Eq. (l46).
This reasoning leads to the result that the three by three magnetic field

matrices appearing in Eq. (112) occur in Minkowski space-time as four by four

matrices. For example, the four by four matrix defining B is,

13 - jploFm - g (147)

o
S O o0 O

and this 1s specifically a property ol space-time in rhe same way that G in
Eq. (113) is a property of space-time. Thus, all three components B B and
B of the original vector B in Euclidean space can be expressed as components
in space-time, and it follows that thc complete representation of the magnetic
part of the electromagnetic plane wave in vacuo must be a four-vector B,, thus
reinforcing our earlier reasoning. This conclusion re-asserts that in special
relativity, it is not possible to isolate Luclidean space from time. The space-
time rotation generators J, can also be expressed [15] (in a Cartesian basis) as
differential operators,

a s @ a8 -] 3 5 iy @ a

Te=-ilyZ -z 2\, 3,=- -x 2, F--ifx -y 2], (148

Y= T ¥ 5z " I 5y v l(zax az ER b T Yax) )
which, within a factor %, are the angular moementum operators of quantum
mechanics.  Quantized magnetic fields are therefore proporticnal to angular

momentum operators, which generate rotations, thus revealing the fundamental
nature of magnetism.

We must now establish a similar link between the clectric part of the
electromagnetic plane wave in vacuo and the boost generator £, of the Lorentz
group, in order to reinforce our earlier argument in favor of E,, the electric
field four-vector. From Eq. (118) of Sec. 4 il is clear that cross products of
electric fields can be expressed in terms of commutalors of magnetic fields, the
latrer having been re-expressed mathematically as malrices. The commutators on
the right hand side of Eq. (118) can be written in space-time through rotation
generators expressed either as four by four matrices or differential operators.
It follows therefore that the vector products of electric fields on the left hand
side of Eq. (118) can also be expressed in space-time. Using the first two
commutators of Eq. (l44), we obtain the result,
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(R, R =-1d,, 3, = -id,, and cyclic permutations. (149)

In a Cartesian basis for space-like components, therefore, the commutator of
rotation generators in space-time can be expressed directly in terms of the
commutator of boost generators.

We conclude that the vector cross product in Euclidean space of electric
tields, the left hand side of Eg. (I18), can be expressed in space-time as a
commutator of boost generators.

Care must be taken to use consistently either a circular basis, as in Eq.
(118), or a Cartesian basis, as in Eq. (144), otherwisc, we have shown that the
vlectric field of an electromagnetic plane wave in vacuo can be cxpressed as a
hoost generator of the Lorentz group in space-time, thus establishing the nature
ol the electric field as a fully covariant four-vector F,. The boost generator

can be expressed in a Cartesian basis as a differential operator [15]
5 a a o i a d o a ., 9 150
= 2 +x 2 4= 2wy 2 g, [T R (150}
iy 1(tax*Xat 3 R l,tay+yar, 7 S S Jr.J

definitions which intrinsically invelve space and time, and whose origin [15] is
the Lorentz transformation. Boost generators can also be described [15] as
dimensionless, complex, four by four matrices, which, in a Cartesian space-like
hasis, are,

0 001 0 0 00 a0 0 0
B 0O 00O , B 0 0 01 . 2 - 00 0 0 . (151)
& 5 000 1o o oo “leoo oo
-1 000 0-100 o0 -10
Ihese matrices arise [15] from considerations ol a boost Lorentz transformation
connecting two inertial frames moving with a relative speed v.
The electric fields defined in Eg. (86) arc polar vectors in Euclidean

space. Using the above results, they can now be cxpressed in space-time in terms
of boost generators, recognizing that

1xd =k -~k R) = -id,. (152)

i.e. that the cross product of two Cartesian, polar, unit vectors, 4 and 7, in
lkuclidean space, to give the axial unit vector k in this space, is equivalent
to the commutation of the boost generators K, and £, in space-time to give the

rotation generator -iJ,. In the circular basis the unit polar vectors of Eq.
1152} beceome the boost generators,




166 The Photomagneton and Quantum Field Theory
0 0 01 { 0 00 i

sgiv =i 1 0 0ol i iy ppiEE. 1] 0 00 -1 s (153)
JZ2l 0 0 0o A )
-i-100 [—i to o0

finally allowing the electric fields to bec expressed in space-time as boost
generators in the circular basis multiplied by appropriate phases and scalar
amplitudes,

ém:%éu)em' Bl _pame-ie, (154)
[V, BE®) = glle®), 6] = g™ = —igcBY, (155)

We conclude this part of Sec. 5 by recognizing that the electric and
magnetic components of the electromagnetic plane wave in vacuo are proportional
respectively to boost and rotation generators in Minkowski space-time. The
magnetic tields therefore form a Lie algebra of the Lorentz group.

5.2. The Poincaré Group, Electric and Magnetic Fields as Pauli Lubansky Vectors

We have seen that the four components of E, and B, are present in the well
known electromagnetic field tensor Pl through which electromagnetism is
described in gauge theery (Sec. 3), the novel aspect of our treatment in this
context being the demonstration that the time-like component B! is not zero.
This development suggests that since F,, is the four-curl of a,, and since the
individual components of E, and B, are related to individual components of A
there might be a relation between each of E, and B, and F, . This section
develops this method within the context of the inhomogenous Lorentz group, or
Poincaré group [15] of special relativity. The Poincaré group is formed from the
Lorentz group by adjoining the generator of translations in space-time, a
generator introduced by Wigner [67] in 1939,

p =12 (156)

Systems invariant under the Poincaré group [l5] are characterized by mass and
spin, which define the two Casimir invariants of the group. For finite mass,
spin is characterized by a rotation group symmetry SU(2) in three, physically
meaningful , space-like dimensions. For zero mass. this is no longer possible,
leading to obscurity in the interpretation of the hypothetical "massless" photon.
Before embarking on the main theme of this sub-section, it is instructive to
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explain the origin of this obscurity, because it illustrates the fundamental
difficulties associated with the concept ol zero photon mass.
In a Cartesian basis the generator of space-time translation is

= e 157
X“ X"+dp, ( )
and therefore has the same dimensions as ed, (See. 3). In the presence of
vlectromagnetic radiation, therefore, by is proportional to A The first

Casimir invariant of the Poincaré group, the mass invarianl, is defined as

c, = PP, (158)
and the second Casimir invariant, the spin invariant, as
= 159
c, = WW,. (159)
tlere W, is the Paull Lubansky pseudo-vector [19%]. defined through
wo--te 3 p (160)
M o Epvpotiop Tos
where €,,,, 15 the fully antisymmetric unit tensor in [our dimensions (vide
infra). Quantities invariant under the most genceral type of Lorentz transforma-
tion are therefore characterized by mass and spin, and by their respective
invariants. No other kinematic quantity is necded other than mass and spin.
For a massive particle in its rest frame., for example the massive photon,
the energy-mementum four-vector is defined by
By =k, =(0, 0,0, Im), Py -my e, (161)
so that the first Casimir invariant by definition proportional to mass. The
I"iuli Lubansky pseudc-vector W, in the rest frame is orthogonal to p, and is
therefore space-like. The subgroup of the Poincaré group that leaves p,
invariant, the little group, is a rotation group |15] in three dimensicnal space,
and is identified [15] as SU(2). Therefore, Lorentz transformation of any

jarticle with rest mass requires a representation of SU(2) in all three space-
like dimensions. Since A, is proportional to the rotation generator through e,
the same conclusion must hold for A, for a massive photon, i.e. for A&, with a
non-zero time-like component. Representations of the Lorentz group are given by
representations of SU(2), the rotation group, for a time-like four-vector such
s that representing the massive photon in its rest frame. This is the
tundamental explanation for spin In special relativity, Hence, the massive
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photon acquires by Lorentz transformation the fundamental kinematic property
known as spin, and spin is an inevitable consequence of the most general type of
Lorentz transformation. We mnote that spin defined in this way, through
representations of SU(2), is inevitably linked with mass.

If it is now asserted that mass is zero in the rest frame, the fundamental
kinematic structure just described is destroyed completely [15]. Representations
of the SU(2) rotation group in three space-like dimensions can no longer be used.
The Lie algebra of SU(2) is contradicted, and the little group is changed to the
physically obscure E(2), which is the group of rotations and translations in a
plane, i.e. in only two out of the three space-like dimensicns. This leads to
the habitual conclusion, based on zero photon rest mass, that the photon has only
two helicities, and only two cut of the three possible spin eigenvalues for a
boson, i.e. 1 and -1. If the photon is considered to have finite rest mass,
however small in numerical magnitude, the eigenvalues of spin become 1, 0, and
-1, and the longitudinal component is restored,

In the theory of special relativity, therefore, zero photon mass removes
one space dimension, resulting in physical obscurity. Evidently, experimental
data are acquired in three space-like dimensions, not two, and zerc photon mass
is therefore fundamentally incorrect. A similar conclusion is arrived at for the
neutrino, and it is no longer asserted in the literature that the neutrino is
massless. In special relativity, a massless neutrino results in the loss of a
space dimension, i.e. is a concept which is geometrically incorrect.

Returning to the theme of this sub-section, it follows from this line of
argument that fundamental special relativity requires electrodynamics, both
classical and quantized, to be modified to incorporate longitudinal as well as
transverse polarizations in the electromagnetic plane wave in vacuo. We have
seen in Sec., 4 that the Maxwell equations, which are consistent with special
relativity, and originally led to the concepts underpinning special relativity,
guide us towards the acceptance of physically meaningful longitudinal polariza-
tion. This is algebraically evident through novel [24-30] cyclical relatiens

such as (7). In one sense, therefore, the Maxwell equations point towards the
existence of finite photon mass, although such a concept is not explicit in the
equations themselves. Finite m, is found in the Proca equation, of which the

d’'Alembert equation is a limiting form, defined by m,~0. The novel Lie algebra
developed in Sec. 4, and exemplified in Eq. (7), shows that in this limit, there
remain well defined, physically meaningful, longitudinal fields which are
inextricably related to the transverse fields normally used in electrodynamics.
Accepting this, it becomes immediately mnecessary to explain why Planck's
radiation law is unaffected by longitudinal polarizations, and this leads, as we
have seen, to the establishment of E, and B, as physically meaningful four-
vectors of the theory of special relativity.

It is well known that under Lorentz transformation, electric and magnetic
fields regarded as three-vectors in space, behave in such a way that the electric
field acquires a magnetic component and vice versa. This result is based
essentially on the structure of the four-curl of 4,, the tensor £,. For
example, the simple (boost) Lorentz transformation of an electric field from
frame (X, Y, Z, ict) to frame (X, ¥/, Z/, ict/) results in
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‘ E, - VH E,
ol e ., Ei-E

z/ (162)

where v is the veleccity in the Z axis of the primed frame, with respect to the
[irst frame. We obtain the well known result of classical electrodynamics
proposed by Einstein in 1905 in his first paper on special relativity. We have
asserted, however, that there exist E, and By, and therefore the Lorentz
transformation in vacuo cf these novel four-vectors must not contradict the well
verified equations (162). That there is no contradictiocn is demonstrated through
the intermediacy of the relations,

cB, = Fy, cBy=~E,; (163)
which come from the Maxwell equations in vacuo. From (163) in (162), we obtain,
)
/ / " A
BEx-EE,, Ey=EE, Ef=g, E- -1 YL, (164)
-2
17 2
B
with a similar result for the magnetic fields. Equation (164) is the result of
i Lorentz boost transformation applied to the space-like components of £, in a
Cartesian basis in vacuo. Our theory goes further than this, however, because

it considers the amplitude E'! to be the time-like component of E,. The boost
lorentz transformations of E, and B, are thercfore expressible as,

B = ¢, .F,. (165)
and
B) = d,B,. (166)

s for any legitimate four-vector. Therefore the Lorentz transformation of the
«lectric and magnetic parts of the electromagnetic plane wave in vacuo can be
vxpressed consistently either as equation of Lhe type (162), where the Cartesian
components in the primed frame of the electric field become mixtures of electric
and magnetic fields in the original (observer) frame; or in the form (164), which
ls entirely equivalent but expressed in terms of electric components only. The
link between these two representations, Eq. (163), is a direct consequence of the
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Maxwell equations In vacuo expressed in the frame of the experimental observer
(the unprimed frame of reference). In this development we have restricted
consideration, as elsewhere in this article, to the vacuum state, when material
is present, however, there is still no contradiction between special relativity
and the representation of electric and magnetic components of light as four-
vectors. Care must be taken, however, to use Maxwellian (or other) linking
equations such as (163) consistently: a) in the same frame of reference for
magnetic and electric components; b) in the same basis, e.g. Cartesian or
circular.

A working relation between E,, B
of the four-curl of A, .

There must be a relation between £,, 7, and F,,. It is also apparent from

, and A, must be established now in terms

the foregoing that p, is dimensicnally the same as ea,; and that the J’Pv matrix
has the same antisymmetric structure as F,,, the four-curl of A,. From these
observations, there is evidently a Pauli Lubansky vector which can be defined by
analogy with that of W, in Eq. (160), but one which is made up of a product of

F,, with a translation generator in space-time,

W, Le Fopo. (167)

fa e 7 Cuepn .,p"",.

The concept of space-time translation is missing from the Maxwell equations,
which are relations between space-like electric and magnetic fields conventional -
ly identified with the off-diagonal elements of the four-curl of A . The latter
has four components in space-time, however. The four-curl of Ay, the matrix Fyes
has components which can be expressed as boosl and rotation generators of the
Lorentz group, but there is no direct reference within £, to space-time
translation. The Maxwell equations (139) therefore do not explicitly refer to
the space-time translation generator #,. However, we have seen that ea,
contributes to the translation generator in the presence of clectromagnetism, so
that the d'Alembert equation effectively considers a quantity, A,, with the same
dimensions as P,/e, and allows for the fact that the origin of a frame of
reference in space-time may translate. The gencrator F,, as we have seen, was
introduced by Wigner in 1939 [67] and could not therefore have been considered
by Einstein in his 1905 demonstration of the covariance of Maxwell’s equations.
This means that the description of electric and magnetic components of the
electromagnetic plane wave in vacuo in terms of the space-like E and B vectors
is not fully consistent with the structure of the Poincaré group, also known as
the inhomogeneous Lorentz group.

A fully consistent description requires that the four-vectors £, and B,
be expressed explicitly in terms of the translation generator F,, which adjoins
the Lorentz group to form the Poincaré group [15]. The following appears to be
a satisfactory method of achieving this aim. Following a recent paper by the
present author [68], the notation is slightly different from the foregoing, and
the differences are highlighted.

We first define the unit translation generator,
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&, = (0, 0,1, -1), (168)

which has the property

= 169
8,8, =0. (169)
This generator can be considered as a delta function in the light-like condition
corresponding to a massless particle moving at ¢, considered as the speed of
light, in the Z space-like dimension. This concept is consistent with the

vlassical Maxwellian limit m,~0, but is of course incensistent with rigorously
non-zero photon mass. In the presence of electromagnetism, the unil generator
8, becomes associated with a unit four-vector corresponding to the quantity ea,.
llsing (167), we are led to the following definitions,

€0By = % CuupeFundl (170)
2 1
€,CB, = *Eeuquwbﬂ, (171)

where the electric and magnetic four-vectors E, and B, are defined by

s =g (2) () e =(pn &5} (o jgtoy 172
BalEW i) | Ok cgplony, By=(a'v, pla, gt - gy, ( )

In these equations, recall that if ¢,,,=1, its other non-zero elements are +1
or -1, according as tc whether ¢,,, can be generated by an even or odd number of
subscript pair permutations. Thus, for example,

€300 =1, Eypn0 = 1o L (173)

and so on. The elements of Fy in the definitions (1/0) and (171) are labelled
vxplicitly as

11 12 13 10
21 22 23 Z0 (174)
31 32 33 30
01 02 03 00

Fv,p=0,1,2,3) -

With these definitions, and using the linking equations (163), it can be verified
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with tensor algebra [68] that the relations (170) and (171) do indeed give
electric and magnetic four-vectors; Eq.(172), with the required properties

E® -glog, B™ . plog (175)

for the longitudinal components. The transverse compeonents are the usual
transverse solutions (85) and (86) of the Maxwell equations in vacuo. Albeit
with a slight change of notation, it has been shown that E, and B, are indeed
simply related to the well known four-curl, ¥, , of A,, as expected. Once more,
this reinforces the interpretation of £, and B, as physically meaningful four-
vectors in Minkowski space-time.

Equation (171) covariantly defines B, as a Pauli Lubansky pseudo-vector,
and Egq. (170) defines E, as a Pauli Lubansky vector. Equation (171) is dual
with Eq. (170}, because under the well known dual transformation [15] of special

relativity,

. I 176
Fo = Fau  E ies,. (176)

The &, P, and T symmetries of B, and E, as defined in Egs. (170) and (171} are
consistent with those of F,, and §,, bearing in mind that the latter is a unit

space-time translation pgenerator. We denote B, a pseudo-vector because its
space-like components form a space-like pseudo-vector, and similarly, the space-
like components of £, form a vector. Both £, and B, are orthogonal te 8, in

space-time,

B,6, =0, K& =0. 77

Since E, and B, are defined covariantly, the time-1ike components E, and B, are
both explicitly and implicitly stated to be physically meaningful in space-time,
The products k£, and BB, are spin Casimir invariants of the Poincaré group,
while 8,3, is a mass Casimir invariant. Because 8, has been defined in the

"
light-like condition, corresponding to the Maxwellian field, it follows that

E,E, =0, BB, =0, 3,8,-0, (178)

i.e. the quantized Maxwellian field produces massless photons with helicity +1
and -1. These statements are of course modified fundamentally in the Proca
field. From Eqs. (177} and (178) E, and B, are both orthegonal and proporticnal
to 8, in space-time. The proportionality constant in the massless limit is the
helicity.

By way of illustration, it may be verified explicitly that the conditions
(178a) and (17/8b) are satisfied by the circularly polarized transverse components
of Eq. (86) in combination with the longitudinal components of Eqs. (175a) and
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(175b). For example,

J—"',.Ep =gz L g2, p3iz o g2

= E(O)z(étlh .é{]:ezi¢+é(z) .é(me zib, &3 ‘é(3) _1)

s (179)

2

((4-id) - (d-if)e? ¥+ (1« i) -(L1+id)e 214

= 0.

This is the result quoted at the beginning of this development as Eq. (142), a

result which shows that g, and B, are in a lighi-like condition. Equation (179)
must not be misconstrued to mean that the intensity of light is zero. In
Fuclidean space, the customary representation of Iq. (1/9) is E-E-0 in the
circular basis whose Lie algebra is Eq. (104) and which is used to define B
through Eg. (86a) and (86b). The observable., time averaged electromagnetic
energy density defines the scalar intensity of light in watts m?,
I, = €,CEf = %cr,c?h‘“iﬁ;. (180)

Here E, is the complex conjugate of E, in vacuo 'o be consistent,

E, =(EW, g, g0 _jgloy, E;?(x“", E@ g _pio)y, (181)
and

—({d-id) (d+id) + (4 id) (1-id)y - 2B, (182}

This result shows that E,E; is covariantly described because it is a constant in
Minkowski space-time. The beam intensity is a scalar quantity which does not
change with frame of reference, i.e. is invariant to frame (or Lorentz)
transformation. Note thart although £, is defined in Eq. (181) as the complex
conjugate of £, the sign of the time-like component, -iE® , does not change,
because the operation E, - E; takes place in a fixed frame of reference (X, Y,
7, -ict) in Minkowski space-time. Finally, if iE'® is assumed non-zero, it is
invariant under E,-E!. Thus iE' and -ir' do not contribute to I,, and this

is consistent with the Planck radiation law.
We have seen in Sec. 4 that a well defined Lie algebra leads to the
inescapable conclusion that there exist physically meaningful longitudinal field
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solutions of Maxwell's equations in wvacuo. In this section we have provided
support for the existence of the novel four-vectors E, and B,, whose properties
have been briefly outlined. This four-vector representation has the important
properties of being consistent with the Planck radiation law, with the Lorentz
transformation of special relativity, with the Maxwell equations, and with the
four-curl of A,, the well known electromagnetic field tensor F,,. Electric and
magnetic field components of the electromagnetic plane wave in vacuo have been
expressed in terms of boost and rotation generators, respectively, of space-time.
A fully covariant description of E, and B, has bcen proposed within the Poincaré
group.

6. Quantization: The Four-Vector E, as Conjugate Momentum =,
It is shown in this section that the novel four-vector E, can be identified

with the well known conjugate mementum =n, [15]| of the electromagnetic field in
vacuo, 1.e.

- = 6 ;
EGE” = im, = i aA——r . X = Fek, (183)
3l v
ax ‘o
where
o} .
@ o L pe _ BRSO 3Au' PR (184)
S S R T LY ) c
is a novel Lagrangian with an appropriate Feynman gauge fixing term [15]. This
is the second term on the right hand side of Eq. (184) and has the required
dimensions, symmetry and scalar character. This term is also covariant, and

invariant to gauge transformation of the second kind (Sec. 3) because cof the
Lorentz condition,

%A, 4 (185)
dx
N
It replaces the habitual [15] Feynman gauge fixing term, i.e. -2(84,/8x,)*, in the

theory of electromagnetic field quantization in the Lorentz gauge, and has the
key advantage of preducing the self coensistent result,

{0)
plo - 04

L= ek, (186)
aX 4]

which is Eq. (129b). This is demonstrated later, and removes a shortcoming of
the conventional theory, described for example by Ryder [15], and which results
in
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T (187)

making it difficult to quantize the electromagnetic ficld. The reason for this
difficulty is that a'® commules with its conjugate momentum component n'® if rhe

latter vanishes. Thus A'* becemes a c-number [19] and loses meaning as an
operator. This is equivalent tec a loss of manilest covariance in T which is
properly a physically meaningful four-vector, because it is the conjugate
canonical momentum of Aa,. The novel Lagrangian (184) restores meaning te =,

which becomes

I'Ttp = (rr,-, jﬂm))' (188)
and is fully covariant and fully consistent with the theory of  special
relativicy.

It is important to note that Eq. (18/) introduces difticalty into the
quantization of the classical Maxwellian field, cven with the use of the Lorentz
gauge. We abandon the Coulomb gauge because of the novel Lic alpebra of Scce. 4.

It is demonstrated at this stage that kg, (184) is consistent with the
d'Alembert equation, a demonstration that uses the Euler Lagrange cquation of
motion,

&,z o

o ki 0N
: (189)
da, dx, a( ‘,2"\:]
[X‘
We have [15]
a[ aAF] 3x, 9%, ) T oa, (190)
dx,
where g, is the Minkowski metric tensor, which vanishes for p#wv. For
pw=v=0, then g, = 1. and
glol = _ 9 _aatt e
(aAm, axtw  CoF (191)
axlul ]

which is Eq. (186). The space-like part of =, is given from Eq. (190) by
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setting v =0, p+0, so g, =0, and

{0y dA ., )
e B AR | 39 R; =€, F

] 3x,  dxl® i (192)

There is therefore a simple proportionality between the manifestly covariant
four-vectors =, and E,, proving that the latter is interpretable as the
conjugate canonical momentum of A,. This result has been arrived at through an
appropriate choice of pauge fixing term in Lhe Lagrangian of the Euler-Lagrange
equation of motion. This choice effectively adds zero to the original Lagrangian
because we are working within the Lorentz gauge, and using the Lerentz condition
(185). This link between By and A, is a direct result of the fundamental Euler-
Lagrange equation (189) given this gauge fixing term, and is another way of
showing that E, is a physically meaningful four-vector if A, is such a vector.
This implies that the scalar potential ¢, defined by

A= i ¢ (193)

=
cannot be set to zero, as is the customary procedure [15]. The usual Feynman
gauge fixing term —%(GA"/BXH)Z is chosen so that =" =¢, but if E'® is non-zero,

then n'" is non-zero. As we have seen, the use of the four-vectors E, and B,
satisfies the Planck radiation law given the novel lie algebra of Sec. 4.
The d'Alembert equation is recovered from Eqs. (189) and (190) by using

af %) a0, 09AN a (. aa)_
ax, a4, x|\ dx, dx,| dx, Fuv 5 t0) ' (194)
ox,
i.e.,
2 () _ma - g (195)
ox, | dx, # ’

and so the Lagrangian (184) is consistent with the d'Alembert equation in vacuo.
The existence of E, (and BH) therefore does not contradict this fundamental
relation.

Quantization of the Maxwellian field in the Lorentz gauge bhecomes a self-
consistent procedure with Egs. (188), (191) and (192). The "position-momentum"
equal time commutator is written as [15]
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(4, (=, ), &, (x/, £)] = ig, 8 (x-x", (196)

in the usual way, but now =, is fully covariant, having been identified through
Fgq. (183) with E, . The basic field commutator is therefore the fully covariant

[A, (x. 0), B (=, )] = - {»v 8 (x-x') . (197)
o
It is also clear that
(A ix, &), A (x!, &) = [B,(x, t), B (x’, t)| - 0. (198)
This commutator must be carefully distinguished {rom a commutator such as Eq.
(159), which commutes £, defined as a boost generator, with 2%, the complex
conjugate of this boost generator. In Eq. (1Y8), .'-“.'u and £, are not complex

conjugates.
There is a critically important difference, therefore, between the method

propesed here and the traditional method [15] in which wm'™ (and thus E!©)
vanish. In the traditional method, the existence ol #, 1s not recognized, but
the space-like m; is at the same time identified with the space-like E;. The
traditional method recognizes, therefore, thalt there must be a four-vector LIS
and that the space-like part of ®, 1is dircctly proportional to &, but
perversely sets its time-like component, =n'®, to vcro, and in this way destroys
manifest covariance, Clearly, the time-like part of My 1 sty =" should
properly have the same units as its space-like component, and therefore should
be proportiocnal to electric field strength amplitude in volt m®. We propose
that m, must be proportional to E,, whose time-like part, £'®, is non-zero in
reneral and proportional to n'® (Eq. (191)). This leads to a basic commutator,

Fqg. (197), which is fully consistent with the d’Alembert equation, and with the
fuler-Lagrange equation of motion of the Maxwellian tield. The four-vector £,
becomes the canonical momentum of A,, both being fully, i.e. manifestly,
covariant in the theory of special relativity. The four-vector B, is related
to E, by the dual transforms of special relativity,

E,~icB,,  of,~-il, (199)

which leaves Maxwell's equations invariant in vacuo. (Note that Epajch does
not mean “E, is equal to ica), but that E, is replaced by ics, in the Maxwell
vquations, which are then unchanged.) This is discussed in mere detail in Sec.
/. By defining E, as being proportional to the conjugate momentum =, of A,
it is clear that E, must behave under Lorentz transformation in the same way as
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m,, which is in turn defined through A&, by the Euler-Lagrange equation of the
Maxwellian field. The Lagrangian of this equation contains the four-tensor ¥F,,,
thus establishing a link between &, A, and F, .

The use of £, has the major advantage of retaining the Lorentz condition
as a meaningful operator identity, because da,/dx, is no longer equal to '
ag in the traditional methed [151, which depends on the traditional Feynman gauge
fixing term
Lorentz condition no longer conflicts with the basic commutation relations, (196)
and (198}, of the quantized Maxwellian field, and quantization becomes a self-
consistent procedure.

The well known Gupta Bleuler condition of relativistic quantum field theory
then emerges directly from the expectation wvalue of the quantized operator
corresponding to the Lorentz condition evaluated between eigenstates [§> of the
quantized field,

(3Ap,~'6xp)2_ If E, is recognized as a four-vector, therefore, the

A Al Al ak ! dA (200)
<l —=—Blr> = ——r L > -« L =< Lo >t =0.
Wiogp | o g R 5 WL = S
w [ n " "
This result implies the operator identity
A+l
G T O (201)
dx,
where A" contains only annihilation operators |15]. The operator fiu"" contains

only creation operators, and can mever act on an eigenstate |§» to produce zero,
i.e. A/’ must create a quantum state different from zerc by definition. The
d’Alembert cquation (195) can be solved and used in Eq. (201) as in the standard
theory (15!, leading teo the condition,

G0 (y> - 1 |y, (202)

where 4'" and 4 are longitudinal and time-like photon annihilation cperators.

In our approach, this condition is derived trom the Lorentz operator
condition (200), which is now fully consistent with the fundamental commutators
(196) and (198) of the guantized Maxwellian field. Our theory is manifestly
covariant, and fully consistent with special relativity. This implies that &%
and &‘Y must be physically meaningful pheton operators. 1t follows from Eq.
(202) that
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<SPl gy = AN Y s (203)

Now, Lt may be shown [15] that the total energy of a collection of photons is
siven by the Hamiltonian

_ dik [BM*. " G B AT, i 204
H = — = * ¥ (A™M (k) AWM (ky -3 (k) a' k)|, (204
f (2m) 2k, ' ;2

so that the contributions of the longitudinal and time-like photons cancel,
leaving only those of the transverse states.

This procedure is consistent with and cquivalent to the definition of
classical electromagnetic energy density in terms of the covariant products E, &,
and BB in which the longitudinal and time-like components cancel, leaving

e
contributions only from the transverse components. This is consistent, in turn,
with the Planck radiation law, and with the fact that longitudinal photons have
no effective Planck energy (see introduction). This is, furthermore, consistent

with the Lie algebra of Eq. (7) and Sec. 4, which shows that the longitudinal
fields B and ;E'™ are independent of frequency. 11 becomes ever clearer that &)
and {E® are physically meaningful fields in vacuo

The traditional approach, on the other hand., fails to recognize the
¢xistence of the novel Lie algebra of Sec. 4, and incorrectly concludes [15] that
longitudinal pheton states are not physically meaningtal . The existence of

B (and of B™) is not recognized, and the Uime like component of By Qs set
1o zero by a gauge [ixing Lerm. The critical tailure of the traditional approach
is the failure to recognize the Lie algebraic relation between longitudinal and
transverse Maxwellian fields,

These points are emphasized, finally, throuph the well known relations
between the electric and magnetic components of the Maxwellian electromagnetic

field and annihilation operators. In S 1. units [69],

g a0, B =£.4Y, AU g A, B Lgath, (205)

) y

3 2pphw 13 . ; .

wvhere EB*[% er EB*( u"v ) , and where Vo is the ¢quantization volume [ /0.
o x

Uaing these relations, Egq. (202) becomes

B> = B9 |y, A5 g -8 s, (206)

and Eq. (203) becomes
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CP|BCBO gy = BV ED s, <plBOT B gy = cp|BE B gy, (207)

Equations (206) and (207) are the quantized counterparts of the classical
Maxwellian equations,

EO - g Bl - gy, (208)

and

El02 - gz, g0z Z gz, (209)

which emerge from the Lie algebra of Eq. (7) and Sec. 4. These relations imply
that E'* is the time-like compenent of £, and B is the time-like component
of B,.

6.1 Lorentz Transformation of The Four-Vector E,

In the foregoing we have followed the traditional notation for =m,, and
therefore for oA From Eq. (190), however, it is clear that Ty is in general
a four-tensor, and can be simply related to the well-known electromagnetic four-

tensor F,,.

aA(uh]' (210)

Ty _(Fuv =™ ax (0

The notation described, for example, by Ryder [15]|. is, however, in terms of a
four-vector as we have seen. Self-consistency of notation and meaning must
therefore be obtained as follows. Scalar, time-like, elements of the tensor L
are obtained by setting p=v=0; and vector (space-like) elements by setting
p=p, v=0. We therefore write,

(211)

w2 LR

The time-like ¢lement is thereby linked to the trace of =x,, and the space-like
element to the off-diagonals. Since =, is directly related to F, (Eq. (210)),

the same conclusion holds for F,,. This is consistent with our novel analysis
of F,, in Sec. 5, where the diagonal elements were shown to be related to the
time-like E® and B'®. Since x'” is time-like, =, is space-like, they are

compenents of the four-vector =m,, which is the usual =, of the traditional
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evelopment [15]. Therefore Ty and therefore E, is a four-vector whose
«lements can be related to elements of the four-tensor mn,,. The latter is
related to the well-known electromagnetic four-rensor F,w through Eq. (210).

The Lorentz transformation of m,, is the same as that of F,, plus the novel

aa o ) } ]
Ierm gqu. It is well known that, in a Cartesian basis,
x
!
Fuy = 838,5F4, (212)
where
10 0 0
o1 e o v 3 vi)s (213)
Auy = el B=2, ¥y~ .
00 Y iyp e fat
00 -iyp vy
Jhowing that the transformation of electric components of #, produces a mixture
oI electric and magnetic components as in Einstein's original paper of 1905, a
rvsult whose space-like part is summarized in Eq. (167). From Eq. (210) this
I seen to be consistent with the existence of n,, and therefore of £,. To
vvmplete the analysis it is necessary to consider the Lorentz transformation of
, da o N .
he novel term 9'"‘@' a product of the metric tensor g, and the quantity
dA b :
o 1oy » defining the non-zero time-like component n'™ or £ By definition,
i -
lorentz transformation is the rotation in four space, therefore each quantity
mist be transformed consistently, or covariantly. The metric g,,, being a
tensor, transforms in the same way as By
The transformation of the term 8a% /dx'" is accomplished by using the
rransformation of the Lorentz condition. It is well known that
/
A
oy, B (214)
axp ax,
i
(o) foi?
wina 22 - o gugp g BAW (21%)
ax'm Jx‘""

rom the definitions, Egq. (129) of E© and 8'®, and using the fact that ig®
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and B'® always travel at the speed of light in the Maxwellian field,

B -5, E-E. 216)
It follows that
g’ Blo!, ALY I (2171)

i.e. that

V-A- VAl (218a)
and

aa (o i HA 0 . (218b)

ax (0} Jx L0t

The standard development [15] of the four-vector n, [15] implicitly reduccs
the four-tensor m,, to a four-vector. In this respect the standard treatment
[15] is again confusing and incomplete. The confusion is compounded by the
habitual use of reduced, (non-5.1.) units, in which ¢=h-1, and the permittivity
in vacuo, €,, does not appear.

The existence of E, (and by implication B, has therefore been shown to
be consistent with the Euler-Lagrange equation of motion, the d’Alembert
equation, the Lorentz transformation, and the tour-curl of Ay, the four-tensor
F,y- Quantization of the Maxwellian field using FK, becomes manifestly covariam
and consistent, the Lorentz condition becomes a well-defined operator condition
from which follows the Gupta-Bleuler condition. These procedures are consistent
with the lLie algebra of Sec. 4, and with the Planck radiation law.

On the other hand, the habitual procedure [l5] fails to recognize the Lie
algebra of Sec. 4, incorrectly asserts that #£' is non-physical, so that the
time-like component of the four-vector E, vanishes. This destroys manifest
covariance, means that the time-like component of A, cannot be defined as an
operator, means that the Hilbert space of photon particle states has an
indefinite metric, and leads to negative expectation values for the Hamiltonian
[15]. The key failure of the habitual theery, and of conventional electrodynam
ics in general, is its failure to reccghize the Lie algebra of Sec. 4.
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Quantization Of The Proca Field

The correct method of guantization of the Proca field has been briefly
mirized in the introduction, following an article by Vigier [32]. The Proca
tion of 1930 is a wave equation in Minkowski space-time, and is therefore an
cutinction equation of trhe Schrodinger type, in which A, is regarded as a
cfunction.  In view of the above development for the Maxwellian field, and in

it the evidence reviewed in the introduction tor finite photon mass, the
cpt of E, must be introduced in such a way that it is consistent with the
4 tield. The Lagrangian,

1 Ly _ @Al day 219
&, = b BB -v-Em0 ctALA, £ axu, ( )

lnces the required result, the only difference being the presence of the
on mass term. The conventional treatment of the Proca field [15%] in an
tromagnetic context is clearly inconsistent, because it relies on a mass term
the Lagrangian, but at the same time asserts that the mass of the photon is
‘ntically zero. Nevertheless, the conventional treatment does emphasize that
missive particles, quantization of the Proca field is self-consistent. From

treatment by Vigier [32] this is obviously due to the fact that the Proca
wition is a Schrédinger type equation. It should be noted, however, that the
«litional wview again asserts that the time-like part of n, is identically
., even in the Proca field. This is fundamentally inconsistent, in the
~tromagnetic field, with the Lie algebra of Sec. 4, which assumes central
jortance in electrodynamics, classical and quantum

Discussion: Survey of Experimental Evidence {or B

It has been shown theoretically that there exist longitudinal solutions of
wiell’s equations in vacuo, denoted B'™ and iE'™ | which are phase indepen-
1. and which are related to the usual transverse solutions by closed, i.e.
< lical. algebraic relations developed in this article. The experimentally
rved and confirmed inverse Faraday effcct is evidence for B'™, and other
rito-optic effects such as light shifts, optical NMR, and the optical Faraday

"tect can be explained in terms of B® . In general, the well known conjugate

et of nonlinear optics is directly proportional to B™ through the scalar
and therefore B can be expressed in terms ol the well known third Stokes
cameter, 8, of circularly polarized electromagnetic radiation in vacuo,

I,c

B =g, g _( € ]%lsll_ (220)
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It folleows that well known optical phenomena, usually described in terms of 5,
can also be described in terms of B'®, proving once again the latter's physical
significance. Thus, S, can be replaced wherever it occurs in optics, or, for
example, Rayleigh refringent scattering theory, by its equivalent in vacuo,

8, = +c?E B = 4 o2p@ g (221)

Kielich [/2] has shown that in material media, as opposed to free space, linear
and nonlinear optical activity depend on S,, and in the Rayleigh theory [73] of
natural optical activity in chiral media, it is well known that whatever the
nature of the several molecular property tensors participating in the polariza-
tion and magnetization of the material, the observable of circular dichroism has
pseudoscalar symmetry and is proportional to the third Stokes parameter. For
different enantiomers for a given sense of circular polarization, or for one
enanticmer for different sense of transverse circular polarization,

Ig~Ip _
I+ I,

&l

(222)

where I, and I, are the intensities of right and left components transmitted by
structurally chiral material, with,

Ty Tk Ip (223)

for the transmitted total beam intensity. Therefore

B g T,-1, (224)

gz Te+1,"

which shows that circular dichreism can be described in terms of B! at all
electromagnetic frequencies, (I,-1I;) being proportional to B¢ .p® .

For all practical purposes therefore, the same conclusion holds in the
Proca field, because B'™ in the Maxwellian and Proca fields are indistin-
guishable practically. 1In this sense, therefore, circular dichroism, and all
phenomena dependent on S,, are consistent with finite photon mass, and are
manifestations of the photon’s longitudinal magnetic field.

The observable I -1, is therefore a spectral consequence of the interac-
tion of B'™ or iEB™ with structurally chiral material, being proportional to
the real quantity B -B® after it emerges from the chiral material through
which the beam has passed, i.e. after interaction has occurred between the flux

!
!
:
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jnantum B and the appropriate molecular properties. For one photon, the
nbservable I,-1I, provides an experimental measure of the transmitted elementary B
it each frequency. Although B™ is itself independent of that frequency, the
interacting molecular property tensor is not. Semi-classical perturbation theory
rives, for linear optical activity:

S
|
e
tw

= tanh(mpﬂcINEgn(g)L (225)

where p, is the permeability in vacue, w the angular frequency of the beam, !
the sample path length, and £ is a combination of molecular property tensors
which may be electric or magnetic in nature. For nonlinear optical activity, Eq.
1225), as first shown by Kielich [74], contains additional terms. Therefore,
cvery time natural optical activity is observed with I,-1,, as in circular
lichroism, the field B has been measured. In the Proca formalism, this is
inevitably associated with finite photon mass, and the Maxwellian counterpart is
+ practically indistinguishable limiting form where photon mass goes to zero.
These conclusions follow directly from the relation between B and the
onjugate product, (expressible, for example, as Eq. (7a)), and the latter's well

runown relation to the third Stokes parameter 8,. (In the quantized field the
4lter becomes the well known third Stokes operator.) Note that &, is intrinsi-
ally frequency independent by definition, but can still be used to describe
trequency dependent phenomena such as circular dichroism, as in Eq. (222). A
imilar conclusion follows for B, the reason being that the frequency
lvpendence of the spectral phenomencn is to be found in Lhe molecular property
tensor, in which it appears through perturbation theory. This is a new way of

interpreting the well known and well measured phenomenon of circular dichroism,
md, more generally, any phenomenon that depends on g, and therefore on B,
'hrough algebraic relations such as Eg. (/a), this includes the traditional
rmterpretation, describable in a Cartesian basis by

(226)

fnt extends its meaning to longitudinal ficlds, which can be associated with
‘inite pheoton mass. There are several basic optical phenomena which are
lescribed customarily in terms of the Stokes parameter 8,, for example the
{vvelopment of ellipticity in an initially circularly polarized light beam. In
the electric Kerr effect [75], beam ellipticity (n) is expressed in terms of s,,
md is induced with an electric field in a probe laser. The description of this
jhenomenon is therefore,
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5. 3.l
2 . B B - sin{2n),
o gz

(227)

where 1 is the ellipticity developed in the transmitted probe as a result of the
application of an electric field to a sample. This effect is therefore
experimental evidence for B®'. Proceeding in this way, it becomes clear that
there are many different aspects of rraditional linear optics that can be
The scalar magnitudes of B and iE™ are B9
and E'® respectively, associated in the four-vector representations B, and E,
with the time-like components. The time-like polarization always appears as an
admixture with the longitudinal polarization, and both are physically meaningful
because they are observed in fundamental optical phenomena. Equation (225) for
example shows that circular dichroism is related to the molecular property tensor

reinterpreted in terms of B .

sum represented by £”, which is made up of the Rosenfeld tensor and the electric
gquadrupole tensor. However, E” is a material property, while both iE® and
B are properties of free space-time which interact with matter, in the same
way as S,. The latter can be defined without any reference to matter, and the
definition of &, in terms of B® is unaffeccted by any material property. In Eg.
(225), we have used the result that 7,-1i, is directly proportional to the Stokes
parameter S; in free space-time, and have replaced the Stokes parameter by a term
proportional to B2,

Realizing the link between 5, and B shows that there is in fact copious
evidence for B® | and that all of this evidence is consistent with finite photon
mass. Through a Lie algebra such as that of Eq. (7), the customary description
is supplanted in physical optics by a more complete understanding, one which is
fully consistent with special relativity and cne which does not arbitrarily
discard B'™ .
photon mass.

More generally, ordinary optical absorption, desecribed customarily by the
Beer Lambert law:

This leads in turn to an appreciation of the role played by finite

- k !
@ - Liog, B, (228)
can be interpreted anew in terms of B®™ . Here  §, is the incident beam
intensity, / the transmitted beam intensity, and  the sample length. (V)

is the power absorption coefficient in neper em, a quantity which can be
expressed in terms of the longitudinal field JE®” because the zeroth Stokes
parameter S, ls proportional to beam intensity. Therefore simple optical
absorption (at any frequency) is a process which can be interpreted in terms ot
B™  and is thercfore consistent with finite photon mass. The traditional
interpretation remains valid as far as it goes, bul is supplemented by the new
type of algebra exemplified by Eq. (7)., an algebra from which these cenclusions

- ————
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tollow directly. All four Stokes parameters (or operators of the quantized
licld) can be expressed in terms of B as well as in terms of the traditional
transverse components. It gradually becemes clear therefeore that the subject
of optics in general is enriched by the realization that B® is non-zero in
vacuo, and that there are many new interpretations possible,

In nonlinear optics [28] the light beam is used to induce phenomena in
milerial media (e.g. melecular matter); phenomena which depend nonlinearly on the
clectric and magnetic components of the intense laser beam. A larpe number of
seh phenomena are known {28, both in the classical and quantum field formalisms
of magneto and electro-optics. In principle, all can be reinterpreted in terms
of leongitudinal fields and in this sense all are consistent with finite photon
For all practical purposes the Proca and M:
came results in nonlinear optics of this type. Taking into consideration [32]
however, astrophysical and cosmological evidence for finite photon mass, all
liberatory phenomena must be interpreted consistentlv; i.¢. if evidence is found
for finite m, from cosmelogy, then all laboratory phenomena must also be
icscribed in terms of finite m,. The novel longitudinal fields of this article
provide a convenient means of doing so through the Maxwellian Timit of the Proca
lield B,

A comprehensive and rigorously systematic scheme for nonlinear optics is
wailable |28] in the work of Kielich and co-warkers. This is of course

NASSE . ixwel lian formal isms give the

formulated in traditional terms, in which B®™ and jE™ are not used specifi-
cally,
ungitudinal fields, while at the same time retaining the intricate tensorial
tructure of the original work [28]. An example ol how this mav be done is the

but the whole of this ceuvre can be re-worked in principle in terms ol the

replacement of the nonlinear conjugate product E™ « ®® by jEcB® . This is
more than a mere re-expression of the well known E'™ « E® | because BO | being
i magnetic field, interacts in principle with o magnetic dipole moment

rvlectronic or nuclear). This interaction occurs in addition to that of the
product 1EecB® | which of course is EWM x B with antisvmmetric electronic
polarizability. This is one example of how the tensorial tormalism of nonlinear
opties [28] may be developed. In tensor notation the conjugate product is the
mtisymmetric part of E;E, the light intensity tensor |28, an idea developed
vstematically by the Kielich School and many others. The antisymmetric part of
the tensor is an axial vector.

We proceed to sketch a few suggestions for development based on classic
pipers by Kielich et al.

In an early work, Kielich [/6] has considered frequency and spatially
wriable electric and magnetic polarization induced in nonlinear media by
‘lectromagnetic fields, using Born Infeld electrodynamics. The new term B'™
JTwould be systematically incorporated in this work, and novel nonlinear effects
predicted.  Nonlinear processes resulting from multipole interactien between
molecules and electromagnetic fields |//]| can also be considered in terms of
B'® at first and higher orders, a structure that would be consistent with
the role

‘inite photon mass. Examples include scattering theory based on B®;




188 The Photomagneton and Quantum Field Theory

of B™ in nonlinear optical processes where linear superposition is lost;
investigations of the probability of an u photon process with magnetic
transitions involving an incoming B'* flux quantum. In the theory (78] of
nonlinear light scattering from colloidal media [79], B'* is expected to play
a basic part in defining the polarization ratio, because B®™ is proportional to
Lo L In general in Rayleigh refringent scattering theory, the Stokes
parameters can be described in terms of B®™ . The role of B'® in phenomena such
as the Majorana effect and intensity dependent circular birefringence is also
fundamental. Ellipse self rotation [80] by a circularly polarized laser is also
fundamentally dependent on the longitudinal B .

The simple measurement of beam intensity does not, however, appear to allow
the detecrion of longitudinal photons, at least in a direct and simple way.
Although finite photon mass implies the existence of a third degree of freedom
for the photon, suggesting a 50% increase in the stored energy [6] of a system
of photons, this cannot be observed experimentally. The Planck radiation law,
for example, is derived customarily using only transverse polarizations, and is
found to hold precisely in comparison with experimental data. Bass and
Schrédinger [35) were among the first to explain how the Planck law can remain
valid even for finite photon mass by showing that the approach to equilibrium of
longitudinal photons in a cavity is very slow, and energy stored in transverse
waves takes a time approximately similar to the age of the universe to be
partitioned equally ameng three degrees of freedom. Farahi and Evans [27] have
shown recently that longitudinal electric and magnetic solutions iE®™ and B™
in the Maxwellian limit do not contribute to the electromagnetic energy density.
Their method was based on the simple assumption that the most general solution
of Maxwell’s equations are of the form,

E°-E(r, t)+E®, BO-B(r ¢t)+-BY, (229)

leading to the result that the continuity equation for electromagnetic radiation
in vacuo is unchanged if (Appendix C)

B xE(r, t) = E® xB(r, t). 230}

It was shown thal [27] this result is compatible with the dual transformations
(199}, a demonstration that is valid for electromagnetic waves in free space,
rather than for the cavity fields considered by Goldhaber and Nieto [6]. The
conclusion by Farahi and Evans [27] is consistent with the representation of
electromagnetic energy density in terms of products such as E,£, and B,B, in free
space, products in which longitudinal and time-like components cancel; a result
which is alsc cbtained from the d'Alembert equation and given as Eg. (204) of
this article.
Finally, in its quantized version, g¢) can be expressed as [27]
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50 = B® s ac 5 40 (231)
T( e vy )k,

howing that ¢ and the conjugate product operator i, g2 are rigorously
iroportional in quantum field theory. Both are described by the operator
i1 dy 7gyg;) whose expectation value between quantum states of the electromagnet -

1 field is always a constant, 2. The Stokes operator 4, in this notation is
M

8, = -2(a.4 -4,5) (232)

v. g is defined in terms of 8,8y - 8,4y, which operates on any number state

" to give the constant expectation value of 2. The latter is independnet of
the number state |n> of the photons, and generalizes the third Stokes parameter
', of the classical field. This is another way of sceing that F9 does not
ontribute to electromagnetic energy density, which is described by the zero’th
wder Stokes parameter, S,. The expectation value ol the energy of 1 pholons
<rfilms = fn+ L, (233
1 o
axl depends on n. Since the expectation value of ;0 docs not depend on 1, it
nmmot contribute to electromagnetic energy.
Nevertheless, gi! acts as a tield throughout electromagnetism, and is
cwpected to provide useful new techniques such as optical NMR and oplical
wpnetic resonance imaging, in which the image is enhanced by g, These

‘rehniques are currently under development .
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wie A is a function of v such that A(0) =1. [t ocan be shown AL that A Qs
vty for all v, TIf v=0, k¥’ deoes not move wilh respect 1o s, In peneral o the
Appendix A, Special Relativity and Consistency of Notation onlz transform takes the form,

Unfortunately, the literature in special relativity uses different types
of notation, exemplified by that of Ryder [15], and that of Jackson [71]. For
readers unfamiliar with this use of notation, this appendix briefly sketches the
foundations of special relativity, and explains the notation used throughout this (A3)
article. To avoid ambiguity and possible confusion, a comparison is provided of
different notations whenever necessary.

x'-x, Yi-v, #l=vy(g-vey, ey [!:‘.},

A clear account of the foundations of special relativity is given by wre B.-i’:, y-—[? & V:] ", This can be written in matviz form,
Jackson [/1], chapter 11, and this is summarized here. < g o
Maxwell's equations in vacuo are invariant (Appendix B) to the Lorentz
transformation of special relativity. This was shown by Lorentz in 1904, 7 ,
Shortly afterwards, Poincaré showed that all the equations of electrodynamics are PoX 100 0 A
similarly invariant. These results were proven independently by Einstein in v o1 o (I ¥
1905, and shown in the theory of special relativity to be generally applicable zt | oo oy iy ’
in physics, Einstein based his theory on twoe general principles, the first e 00 -iyp v ] fot
asserts that the laws of physics take the same form in all Lorentz frames; the (ML)
second asserts that the constant ¢ is the same in all Lorentz frames. The
latter is the speed of light in the Maxwellian theory of electrodynamics, but not
in the Proca theory (see introduction to the text). The constant o is GER I CeHEBE: Hotarien bessmes

independent of the motion of the source. The postulated constancy of ¢ allows

a comnection {71] to be made between Minkowski space-time coordinates in

different frames, customarily labelled ¥ and x‘, the latter moving at v with

respecl to the former along the Z axis. (A5)
In special relativity it is convenient to use pseudo-Fuclidean space-time

rather than Euclidean space. The pseudo-Euclidean frame of reference is written

as (X, ¥, Z, ict) in the notation of this article, following the original
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The four by four matrix in Eq. (A4) is known as the Lorentz transformation
matrix and defines the boost generators of the text. Note that our boost
generaters are in Jackson notation, and are real. In Ryder type notation they
are complex and loock quite different. However, in both notations they obey the
same commutation relations of the Lorentz and Poincaré groups. The Lorentz
transformation matrix is also different in Ryder notation. The matrix (A4)
defines the boost generator of the text as follows. We recognize that if

y =cosh ¢, yP =sinh ¢, lc’:ztanhtb, ¥yH{1-p%H =1,
(A6)
then
x! 10 0 ) X
¥y | |o1 0 0 Y
z/ | |00 coshé isinhé z |
ict! 00 -isinhd coshé¢ ict
(A7)
The boost generator in 7 is defined as
o0 ¢ 0
e 1 9a,, _|oo 00 )
U0 g, 00 0 1
00 -10
(A8)

which is a real, unitless, antisymmetric, four by four matrix in the Jackson

notaticen of special relativity. In the Ryder notation, £, is imaginary.
Throughout the text of this article we have used the Jackson notation, converted
into §.1. units.
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For a frame k' moving with respect to &k in the Y axis, we obtain
x! [1 ¢ o o x
y! 7| ¢y 0 iyp ¥
z |7 le o 1 0 z |
ict! [0 -iyp 0 vy irtJ
(A9)
and
0 0 00|
g |0 00 1|
*“lp oo ool
0-10 nl
(A10)
Thirdly, for a frame &/ moving with respect to x in the X axis,
x! ¥y 00 iyp X
v 0o 10 0 Y
2| | e a1 o ‘
1ttt -iyp 00 ¥ ied
(Al11)
and
0001
2 000
¥*"1oooo
-1 0aa0
(A12)

We see that the boost generators K,, K

antisymmetric 4 x 4 matrices,

Poincaré groups, for example,

, amd £, of the Lorentz group arc

It can be checked that in the Jackson as well as
the Ryder notation, they form the commutation relations of rthe Lorentz and




198 The Photomagneton and Quantum Field Theory

(R, R = -1id, & cyclics,
(A13)

as in the text.

Covariance of the Laws of Physics.

The first principle of Einstein asserts that the laws of physics have the
same form in different Lorentz frames; meaning that Lhe equations describing the

physical laws must be covariant in form [/1]. "Covariant” means that the
equations can be written so that both sides have the same, well-defined,
transformation properties under Lorentz transformation. Thus, physically
meaningful  equations must be relations between four-vectors, four-tensors,
Lorentz scalars [71}], and derivatives thercof. A relation valid in one frame
must also be valid in the same form in another. We illustrate the Einstein

principle of covariance (the first principle of special relalivity) by reference
to our novel Lagrangian {184) of the text, testing its covariance in the process.
The Lagrangian is an energy, and therefore a scalar quantity which is the same
in different Lorentz [rames, i.e. is Lorentw invariant, Combining this with the
principle of covariance means that the transformed Lagrangian must take the form:

¥ I
1 P aatn'|f 04
D= fp = ~= B R - =2
T P {Jx“” [axj
(Al4)
in frame k'. It follows rhat
' i’
i B o y dAa ' ga o aA aa
Fuv Fuy = F'“ FI“' o = -'_‘: - q—'ﬁ.
ax 1o Ox pr ax,
(Al5)

and this is indeed the case, as shown in more detail in Appendix B. Because of
the Lorentz condition:

da,  8a
3x e

(A16)
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the Lagrangians in both frames are also invariant to gauge transformation of the
second kind (Sec. 3 of the text). The Lagrangian is therefore covariant and
invariant in the required way.

Appendix B. The Formal Lorentz Transformation Properties of E, and B,

The four-vectors E; and B, are light-like, as discussed in the text. The
four- vector x,=(X, Y, 2, fct) is light-like if,

XPay2+2% = 039,
(B1)
i.e., if,
X%, =0
(B2}
As in the text
EE, =0, BH, 0,
(B3)
which is of the same form as Eq. (B2). The formal Lorentz transtform of a light -

like vector from frame K to kK’ takes place through the linear relation [/1],

=

(X”Z + Y"2+Z’42+C‘2t"‘2) = lz(X" A S W ) T
(B4)

tor all A,

XFw Yre gl e oty <o

(B%)

'herefore the formal Lorentz transformation ol x, gives another light-like four

vector x,f such that
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XX, = x,:xp =0
(B6)
Therefore,

(B7)

The novel fields iE™ and B®™ of Sec. 4 of the text vanish if there is
no electromagnetic plane wave travelling at ¢ in vacuo in the Maxwellian
formalism of electromagnetism. Therefecre they are not conventional static
electric and magnetic fields. The constant ¢, identified with the speed of light
in the Maxwell equations in vacuo, is the same in all Lorentz frames by
Einstein's second principle of relativity. This means that a Lorentz transforma-
tion from one frame to another cannot change the fact that fE® and B®™
propagate at ¢ iIn vacuo. To emphasize this point, consider the Maxwell
equations in vacuo in frame K,

ar
ax,

(B8)

This means that the four-divergence of F,, vanishes. This four-divergence is by
definition a four-vector in K, and Maxwell's equations can be interpreted to

mean that this four-vector vanishes in x. In frame &', following Jackson [71],
Eq. (B8) becomes,

3Fyy
—22 =,
dx,

(B9)
and the transformed four-vecter also vanishes in frame k7. This transformed
four-vector can be given the symbol a; in frame ¥’ By definition,

i
®, = a,0n,,
(B10)
under the Lorentz transformation a,, . Therefore,
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aF,,
B g, - D
3

(B11)

in frame X. We have simply back-transformed kq. (BY) (frame k) to Eq. (Bll)
{frame k). Eguation (Bl1l) must be the same as Eq. (B8), and so,

ar,, AF,, _ 3R,
a, =2 - = — F
7%, ox, Ax,
(B12)
showing that Maxwell's equations in frame Kk are Lhe same as in frame K. Tt is
impossible to tell the difference between the original and transformed Maxwell

cquations in vacuo. Note that in matter, this is not the case, because [71]

ﬂ}l“! 0
dax,
(B13)
. . HFW .
in vacuo, the transformation of a zero (i.e., O ) pives a4 zero,
If the Maxwell equations are indistinguishable in all Lorentz frames, then
i four-vector defined in vacuo, such as E,, whosc three space-like components
are all scolutions of Maxwell's equations in vacuo, will also appear the same in
411 Lorentz frames. Therefore,
sl /
E,=F,,  B,-i,.
(Bl4)
From Eq. (Bl2) we have the result,
dF
» ™
e, ma,, L Jxv .
(B15)

and this is pessible if and only if
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1000
o100
T oo010|
0001
(B16)

and in turn, this is compatible with the definition (Eq. (Al4)) of a;, as the
Lorentz transformation matrix if and only if wv=90.

Physically, this means that if a quantity is moving at ¢, it is not
possible, by Einstein's second principle, for ¢ to be exceeded, and a formal
Lorentz transformation is possible if and only if v=0. There is no frame
travelling faster than the speed of light, identified in the Maxwellian formalism
with c.

In summary, it is possible te write, formally,

/ 5 i
E."l = a,.\.f“p» B, = d"‘,BP,

(B17)

but v is always zero in a, by Einstein's second principle of relativity. It is
essential therefore to realize that iEB®™ and B'® are never static fields in the
conventional meaning of electrostatics, well described by Jackson [71]. The
field BY for example is formed from the vector cross product (Eq. (7)) and Sec.
4) of B and B"™ , both of which are plane waves in vacuo, propagating at ¢ by
definition. Therefore, B must propagate at ¢, although its specific phase
dependence has been removed by the cross product. As explained in the text, B®
is in general a quantum mechanical operator, and obviously differs from the
static magnetic field of magnetostatics. The latter is nol a quantized quantity,
and must always be generated by a moving charge according to the Biot-Savart law
[71]. The static electric field of electrostatics must be generated by a static
point charge according to the Coulomb law [/1].

It is well known that the Lorentz transformation of, for example, a static
electric field in electrostatics produces a mixture of electric and magnetic
fields. In S.I. units,

T
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; i / iz
Ex = ¥(Ey - vBy), By Y(Ey + vBYJ,
1-‘; = Y(Ey VB, Yo Y[f-.';. V[i_—i—.},
Ey Bl E, Ky,
8l = 'y(HX*‘ —VEYJ B, - y[u;— ”‘H].
oz EE
al = Y[BY_ V/gx], B, - y[.u,’- V/H:.],
o o
'
B, = B, B, - H.

(B18)
hese well known space-like relations are compalible with Eq. (BI8) if and only
it v-0. This means that &, and B, can be defincd il and only if they describe
i plane wave travelling at ¢ in vacuo in the Maxwellian formalism.  The latter
1w for all practical (i.e. laboratory) purposcs identical with the Proca
lormalism of electrodynamics in vacuo.

We claim no more and ne less than this in the text of this article.

Appendix C. Conservation of Classical Electromapnetlic Energy Density

If Eg. (230) is cbeyed in classical electrodynamics, the longitudinal
tields 1B and B'™ cannob contribute to clectromagnetic energy density in

Maxwell's description {[27]. This is observed cxperimentally, for example the
I"lanck radiation law is built up from transversce components only. Equation (230)
is obeyed in general by longitudinal fields with real and imaginary parts, for

cxample it is obeyed if

B =g (1+ 1)k, E™ i 1k,
(c1)

{ B®™ is real (i.e. if its imaginary part is zero), then Eq. (230) is satisfied
1t and only if iEB'™ is imaginary, i.e. if the real part of jE® is zero. This
i+ consistent with the text, which shows that B'® {rom the Proca (or d'Alembert)

cquation is real, and that the real part ol iE® is zero, a result which was
nbtained on the basis of a gauge condition (2) which was obtained in turn from
the assumption of finite photon mass.




