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Chapter 13

OPTICAL N}IR AS A SHI ELDING PHENOI{I]NON

1,1.  W.  Evans

O p t i c a l  N M R  s p e c t r o s c o p y  i s  a  t e c h n i q r e  w h i c h  h a s  b e e n  d e m o n s t r a t e d  e x p € r i m e n t a l

1 l /  a n d  t t i e o r e t i c a l l y .  L a s e r  i  r r a d i a t i o n  0 1  a  s a m P l e  i n  a n  N M R  s P e . t r o n e t e r

p r o d u c e s  c h e n i c a l  s h i f t s  t  h i c h  a r e  d i f l e r e r L  l o r  e a c h  r e s o n a t i n g  n u c l e u s  i n  a

n o l e c u 1 e .  I t  i s  s h o v n  t h a t  o p t i c a l  N M R  a n d  E S R  s p e c t r o s c o p y  c a n  b e  i n L e r p r e t e d

g e n e r a l l y  a s  a  s h i e l d i n g  p h e n o m e n o n ,  i n  $ h i c h  t h e  a p p l i e d  l a s e r  g e n e r a t e s  a n

e f f e c t i v e  s h i e l d i n g  c o n s t a n t  o l b r )  .  T h c  c a l c u l a t i o n  o f  o r i ' d )  i n v o l v e s  s c v e r a l

d i f f e r e  t  m e c h a n l s m s  o f  i n d u c L i o n  i n  g e n e r a l  ,  a n d  o r r ' r )  i s  a  f u n c L i o n  o f  t h e

m o l e c u l a r  s t r u c t u r e ,  v a r y i n g  f r o n  c h r o m o p h o r e  t o  c h r o ß o p h o r e  o r  a t o m  t o  a t o m

I n  p r i n c i p l e  l h e r e f o r e ,  O N M R  s p e c t r o s c o p y  p r o v i d e s  a  u n i q u e l y  n e v  f i n g e r p r i n t  o f

a n y  s a m p l e ,  b e c a u s e  t h e  l a s e r  i n d u c e d  s h i e l d i n g  L s  u r ) i q u e  t o  t h a t  s a m p l e .

1 .  In t roduct ion

T h e  t h e o r y  o f  t r a g n e t i z a t i o n  b y  e L e c r r o m a S l r . t  i .  r : l d i a t i o n  v a s  f i r s t

d e v e l o p e d  i n  t e r m s  o f  n o l e c u l a r  p r o p e r : t y  t e n s o r s  b y  I ' i . k ; r r a  a n d  K i c l i c h  I f  5 l  a n d

w a s  f i r s t  d e m o n s t r a t e d  b y  P e r s h a n  e t  a 1  .  [ 6  8 l  a r . l  S h e t r  l 9 ]  , s  t h e  i n v e r s e

F a r a d a y  e f f e c t .  R e c e n l l y ,  i t  h a s  b e e n  P r : o p o s e d  r h a r  c i r c u l a r l y  p o l a r i z e d

e l e c t r o m a g n e t i c  r a d i a t i o n  c a n  s h i f t  N l { R  a n d  L S R  L L l ) r  ,  3 n d  s e v e r a l

m e c h a n i s m s  h a v e  b e e n  d e v e l o p e d  t h e o r e t i c a l l y  [ 1 1 - 1 5 1 .  I : \ ' i d . r t ] .  f o r  t h e  e f f e c t  h a s

b e e n  p r o v i d e d  b y  W a r r e n  e t  a l .  [ 1 6 ]  i n  a  v a r i e t y  o f  : i a n p l . s  f o r  H  a n d  D  n u c l e a r

m a g n e t i c  r e s o n a n c e s  i n  o n e  a n d  t w o  d i m e n s i o n s ,  u s i t t r ' ,  ( l l " /  l a s e r  i r r a d i a t i o n  f a r

f rom opt  i  ca1 These sh i  f ts  sere  foun. l  I  o  be s  i  Le  spec i f ic  ,  th t ls

p r o v i d i n g  a n  i n d i w i d u a l  f i n g e r p r i n r  o f  t h e  s a m p l e .  f \ r r L h e r  e v i d e n c e  f o r  t h e

m a g n e t i z i n g  a b i l i t y  o f  l i g h t  h a s  b e e n  p r o v i d e d  r e c e n t l v  a s  t h e  o P t i c a l  F a r ä d a y

e f f e c t  I 1 / ,  L g l  i n  m a g n e t i c  s e m i c o n d u c t o r s .  T h e s e  e l l { r c t s  h a v e  b e e n  r a t i o n a l i z e d

b y  t h e  p r e s e n t  a u t h o r  [ 1 9  2 3 1  i n  t e r m s  o f  t h e  p h o t o n ' s  m a g n e t o s t a t i c  f l u x  d e n s i t y

o p . r " t o r  - 6 ( ' r ,  a  f u n d a n e n t a l  p r o p e r t y  o f  t h e  p h o t o n .

Sect ion 2  o f  rh is  päper  sho\ ts  that  opt ica l  NMR spect roscopy can be thought

o f  q u i t e  g e n e r a l l y  a s  a  s h i e l d i n g  p h e n o m e n o n ,  w h c r e b y  l a s e r  i r r a d i a t i o n  i n d u c e s

a n  e t e c t r o n i c  m a g n e t i c  d i p o l e  m o n e n t  v h i c h  c a n  b e  i n t e r p r e t e d  a s  a  l i S h t  i n d u c e d

s h i e l d i n g  f a c t o r  o r i ' d ) .  T h e  e f f e c t i v e  p e r m a n e n t  m a 8 D e t i c  f i e l d  s e e n  b y  r h e

resonat ing nuc leus is  there fore  chanS€d by the Iaser  f rom the or ig ina l  I r  to  a ,

( 1 + o 1 - d ) ) -  I n  g e n e r a l

w b e r e  f f , ' " ' '  i s  t h e  l i g h t  i n d u c e d  m a g n e r i c  e l e c l r o n i c  d i p o l e  m o r n e n t ,  a n d  n ,  i s
t h e  n u c l e a r  n a g n e t i c  d i p o l e  m o n e n t  a s s o c i a t c d  w i t h  t h e  o r i g i n a l  N M R  r e s o n a n c e

l ine.  The induced nagnet ic  d ipo le  moment  ,A, r ' ' " '  i s  propor t iona l  in  genera l  ro  ä
n u m b e r  o f  m o l e c u l a r  p r o p e r t y  t e n s o r s ,  s u c h  a s  m a g n e r i c . l c c r r o n i c  s u s c e p r i b i l i t y
a n d  v a r i o u s  e l e c t r o n i c  h y p e r p o l a r i z a b i l i L i e s .  l r  i s  v ' . 1 I  e s t a b l i s h e d  J 2 4 - 2 6 1
t h a t  t h e s e  n o l e c u l a r  p r o p e r t y  t e n s o r s  d e p € n d  o n  e l . c r r o n i c  d i s r r i b u L i o n  i l h l n
t h e  m o l e c u l e ,  f o r  e x a m p l e ,  t h e r e  e x i s t  w e l I  d o c u f l e n t c d  m o l e c u l a r  p o l a r i z a b i l i t y
a n i s o t r o p i e s  T h e  s u s c e p t i b i l i t y  a n d  h y p e r p o l a r i z a b i l j r y  I o r  a  g i v e n  g r o u p  o r
a t o m  o r  c h r o n o p h o r e  u i t h i n  t h e  n o l e c u l e  v a r i c s  f r o m  s i t { r  t o  s i t e ,  a n d  t h i s

v a r : i a t i o n  c a n  b e  c o m p u t e d  a b  i n i r i o  [ 2 4 ] .  f h e  s h i . l d i n g  l a c r o r  o ( i n d )  i s
t h e r e f o r e  d i f f e r e n t  f r o m  s i t e  t o  e l e c r r o n i c  s i l .  a n d  t h e  n p p l i . , d  f i e l d  B !  i s
s h i e l d e d  d i f f e r e n t l y  b y  t h e  l a s e r  f o r  e a c h  r e s o n a r  i n 8  n u c l e u s .  T h . ,  e f f e c t  o f  r h e
] a s e r  i s  s i t e  s p e c i f i c .

I ä i s  r e s ü l t  i s  A e n e r a l l y  v a l i d ,  a n d  a g r . . s  w i r , , r  r b e  e x p e r i r k r ) r . j l  f i r d i n g s
o f  H a r r e D  e t  a L .  [ 1 5 ]  t h a t  l a s e r  i n d ü c e d  N l l R . s l r i l r s  r r e  a l i l f e r - - D t  j n  D a t u r e  f o r
e a c h  r e s a r a t i n q  n ü c l e u s  a s  a  f u n c t i o n  o f  r l  a p p l i e d  l a s e r  i n t p n s i t y  a n d
f requency.  ONNR spe. t ra  are  there fore  un ique spe. . ra l  s igräru- rcs  tor  a  E jven
s a n p l e ,  a n d  t h e  t e c h n i q u e  i s  t h e r e f o r e  p o r . D r  t a l l v  t e n e r a t l y  u s e f ü L .

P a f t s  o f  t h e  c o n p l e t e  n o i e c u l a r  . c , ) s r ) r  l o r  t h e  n o l e c u l e  a r e  l o c a l l v
s p e c i f i c ,  1 . e .  t h e  n a t u r e  o f  t h e  l i g h t  p . r l r [ b r r t o n  a t  t h e  n u c ] e a r
n e d i a t e d  b y . h e  e l e . t r o n - i c  n o l e c u l a r  p r o p e r t y  r . ' s o r  d e p e D d s  o n  t h e  i n n e d i a t e l y
ad jacent  e lec t ron ic  topography o f  .äe resor ) . -?r  i r )g  . r r ! . leus.  tn  o ther  vords the
l i q h t  p e r t L t r b a t i a ,  i s  a l s o  s i t e  s p e c i f i .  i . ;  I  o u r k l  e x p e r i n e n t a l l y  [ 1 5 ] .  I n  S e c .
- l  täe  var ious nechanisns present  in  a  c i , i r . " l  , ) ( ) lecu le  such as Lhat  üsed byHarren

e .  a ]  .  a r e  e x a m i n e d  i n  n o r e  d e t a i l  u s i n 8 ,  . o r r s i d e r a t i o n s  o f  m o t i o n  r e v e r s a l  (  i )

a n d  p a r i t y  i n v e r s i o n  ( p )  s y n n e t r y  t o  s . t r l ' r r ( ,  o u r  t h e  v a r i o u s  c o n t r i b u r i o n s .
F i n a l l y ,  i n  S e c . 4 ,  t h e  q u a n t u r  n n . ( : h r n i c a l  n a t u r e  o f  t h e  p r o b l e m  i s

d e v e l o p e d  u s i n g  C r i f f i t h  c o e f f i c l e n t s  t o  r i  i n l  o r c e  t h e  c o n c l u s i o n  i n  S e c .  2  t h ä t
t h e  l a s e r  i n d u c e d  s h i f t s  o f  t h e  o r i g i n n l  N M R  I . a t u r e s  a r e  s i t e  s p e c i f i c .

2-  The L ight  Induced Shie ld ing Ef fecr

C o n s i d e r  a  I a s e r  i n d n c e d  m a g n e t i .  c l . . r r o n i c  d i p o l e  m o m e n r :

nl'"o' = 2/, ih, * . ,ß ::,E.tE; . . .9 lra,e; * ..9 t\)rt lJ; * + any other nechanisn, <2,

where we have inc luded severa l  o f  nany poss ib le  mechanisms deve loped r igorous ly
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b y  t h e  P o z n a i  S c h o o l  [ 2 5 .  2 6 ] .  t l e  h a v e  a l s o  a l l o w e d  f o r  t h e  p o s s i b i l i t y  o f  o t h e r

m e c h a n i s m s  o f  l i g h t  i n d u c t i o n -  I n  E q .  ( 2 ) ,  t h e r e  a r e  v a r i o u s  c o n t r i b u t i n g

m o l e c u l a r  p r o p e r t y  t e n s o r s  s u c h  a s  s u s c a p t i b i l  i t y  t i r j .  a n d  t h e  v a r i o u s

h y p e r p o l a r i z a b i l i t i e s  0 t i , .  T h e  I a t t e r  p r e m u l t i p l y  t h e  a p p r o p r i a t e  t e n s o r

p r o d u c t s  1 2 5 ,  2 6 1  o f  t h e  u s u a l  o s c i l l a t i n g  e t e c t r i c  a n d  m a g n e t i c  f i e l d  c o n p o n e n t s

of  the e lec t romagnet ic  p lane vawe.  The superscr iPr  *  denotes complex con jugat ton

f 2 5 ,  2 6 1  s o  t h a t  t h e  p h a s e  i s  r e m o v e d  i 1 1 - 1 5 1  i n  t h e  t e n s o r  p r o d u c t s  T h e  r e a l

magnet ic  f ie ld  s l ' )  i s  the c lass ica l  equ iva lent  o f  the photon 's  magnetosta t ic

t l u x  q u ä h t  L r n r  l o - l t .  a n d  i s  o e , i n e d  i n  v e c l o r  ' o l a  i o n  b y

Optical NMR as a Shielding Phenomenon

A i =  r n ! ( L I - o  ' t t ' , . ( 6 )

ar r r  =  t  : { ,
2 Eo.1

( 3 )

! , h i c h  s h o v s  t l r a t  t h e  a p p l  i e d  i r r a d i a t i o n  i l r  o N f l l {  ( . a l  b .  t r e a t e d  e e n e r a l l y  . 1 s  a
s h i e l d i n g  p h c n o n e n o n ,  i r r e s p e c t i v e  o f  t | e  ( l ( , r ; . i 1 . ;  o l  r l r .  i n d i v i d u a l  ß e c h a n i s m s
i n  E q .  ( 2 )  a n d  o f  t h e  v a r i o u s  i  t o r a c t i o l s  r h r r  c : r n  o . c u r  b c L w e c n  m e c t r a n i s m s ,
s u c h  a s  L a n d 6  c o r l p l i d g  [ 1 1 - 1 5 ,  l 9  2 3 ] .  l ' 1 o r ( , o v ( r .  r k .  o r d e r  o 1  n a g n i t u d e  o f

b e  e s t i m a t e d  s i m p l y ,  g i v e n  t 1 r ( ,  o i d . r  o l  m ; , t j  u d e  o f  t h e  n e d i a L i n g

m o l e c u l a r  p r o p e r r y  t e n s o r .  F o r  e x a D p l e ,  r h .  ( ) r ( t ( r -  o t  u r a a n i r u d e  o f , P r i i :  i s
- I o 4 5 A n 4  r ' : .  i n  s m a l l  d i a m a g n € t i c  m o l e c u l ( , s ,  , | r l  ( i r n  l ) ( .  . s t i n r a t c d  [ 2 7 . 2 8 ]

i n d e p e n d e n t l y  f r o m  t h e  F a r a d a y  e f f e c t  I h . ,  I i t l l r r  i n i {  : r i r r ,  1 , ,  ( w r r r s  p e r  s q u a r e
n e t e r )  c a n  b e  r e l a L e d  t o  t h e  s q u a r e  o f  ! - "  r h r o u , t h  1 1 , ,  1 r 1 ,  : r | r . , . e q l r a t i o n

t a  ( t ) . : t t , ; ,  ( 7 )

w h e r e  e o  i s  t h e  f r e e  s p a c e  p e r m i t t i v j  t  y  i l  s  I  l i r ( , r . t . ) r e .  f o r  I  h .  . c h a

n i s m  ' p , j " ; a j a ;  o f  E q .  ( 2 ) ,  t h e  s h i e l d i n g  l a c r . l  d  " r  l ( , r  r  l i s e r  o t  1 0 0  w a t t s  p e r

s q u a r e  c e n t i m e t e r  i n t e n s i t y  a n d  f o r  " p , i ;  . ) l  t r i  , 1  r ! 1  , /  I  i s  a b o u t  o n e  p a r t  i n

1 0 3 ,  i . e .  a b o u t  1 . 0  i i e r t z  i n  1 0 0  M l l z  l l  ( i r l , ( . r  w o r ( t s  t h e  I i g h t  s h i f t s  a n
o l i S i n a l  N M R  l i n e  a t  I 0 0  M I L  b v  r l r (  ( , r ( t (  I  ( , 1  I  o  H z ,  a n d  r h i s  i s  t h e
o r d e r  o f  n a g n i  t u d e  o b s e r v e d  e x p e r i m e n t a l l y  l 1 ( ,  w i 1 l ,  i r l r e n s i r i e s  a s  l o w  a s  l . L )

l , l o r e  g e n e r a l l y ,  A L L  t h e  v a r i o ü s  ü ( , l i i n i j ; m : ;  i I  E q .  ( 2 )  c o n r r i b u t e
s l m u l c a n e o u s l y  t o  t h e  l i g h t  i n d u c e d  r e s o n ; , i r ( . ,  , , l r i l r  .  a n d  L t r e  v a r i o r r s  t € r n r s  n a y
c o n t r i b u t e  a d d i t i v e l y  o r  m a y  c a n c e l  . r . h  , ) r  l , r  r  I  ( )  : ; ( ) m e  e x r e n r .  T h e  i n d u c e d
n a g n e t i c  d i p o l e  m o n e n t  i s  a l s o  d e p e n d e n l  i I  l t r  l ,  r ; r l  o r )  r h e  p o l a r i z a t i o n  o f  r h e
l i g h t .  S o m e  m e c h a n i s m s  e x i s !  i n  c i r . L , l : , r '  r ) ( ) l ; , , i r . , r  i o , ,  o n l y  l I r - 1 5 1  a n d  v a n i s h
i n  l i n e a r  p o l a r i z a t i o n .  l n  s o D e  c i r c r n r s l , r , r (  (  1 r .  l o r  ! x a m p l e  i n  a  p a r a n a g n e r i c
m o l e c u l e  w i t h  a n  o d d  n ü m b e r  o f  e l e c t r o r r : ; .  r l r { . r ( .  i : i , r  r e s i d u a l  c o n t r i b u t i o n  i n
l i n e a r  p o l a r i z a t i o n  [ l a ] ,  b u t  t h e  e x p . r i n r ( r r r , , l  r ( : j ü i r 5  o f  w a r r : e n  e r  a l .  [ 1 6 ]  s h o ü
c l e a r l y  t h a t  t h e  s h i f t s  a r e  m u c h  l a r A ( . r  i D  ( . i r ( . 1 r 1 . , r  t ) o l a r i z a r i o n  r h a n  i n  l i n e a r
p o l a r i z a t i o n ,  a n d  d o  n o r  e r . h i b i t  a  s i n r r r l ,  ( l ( . t ) d r i i . I . ( .  o n  c i r c u l a r  p o l a r i z a t i o n .
E q u a t i o n  ( 2 )  a I I o n s  f o r  t h i s  b y  e m p l o v i r r l t  : r  . . ! n b i n a r  i o n  o f  s e v e r a l  d i f f e r e n r

v a l i d  n e c h a n i s m s .  T h e  b i g g e s t  e f f e c r  i : ;  ( r p c ( t c ( l  L o  b c  f r o m  a ( 3 )  [ 1 9 ] ,  a n d  t h i s

v a n i s h e s  i n  l i n e a r  p o l a r i z a t i o n .  l l ( ) w ( . \ ' r  r .  B 6 )  . l r a n S e s  s i g n  r i t h  c i r c u l a r
p o l a r i z a t i o n  [ ] 9 - 2 3 1 ,  a n d  t h i s  i s  o n l v  p : r r l i . l l v  o b s e r v e d  e x p e r i D e n t a l l y  I I 6 ] ,
i n d i c a t i n g  t h e  e x i s t e n c e  o f  o t h e r  m e c l r a  i s m s .  l r  g o n e r a l ,  t h e  i n d u c e d  n a g n e r i c
d i p o l e  m o m e n t  i s  a s s u m e d  t o  a r i s e  f r o n  d l  i  p o : i s i l , l e  c o n r r i b u t i o n s -

I t  i s  a l s o  w e l l  e s t a b l i s h e d  t h a t  i n  c o n v e n t i o n a l  N M R  s p e c r r o s c o p y ,  i n  t h e
a b s e n c e  o f  l i g h t  i r r a d i ä t i o n ,  t h e r e  e x i s t s  a  s h i e l d i n g  f a c t o r  o  s u c h  t h a t  r h e

where Eo is  the e lec t r ic  f ie ld  s t rength  ampl i tude o f  the P lane uave änd c  the

s p e e d  o f  1 i g h t .  N o t e  t h a t  e a c h  n o l e c u l a r  p r o p e r t y  t e n s o r  a p p e a r i n g  i n  E q .  ( 2 )

is  cornp lex  in  genera l  1251,  and each can be deve lop€d l t i th  t ime dependent

perLurbat ion theory ,  vh ich sho l ts  that  each is  f requency dependent  and shovs

opt ica l  resonances.  The rea l  and inag inary  par ts  o f  each molecu lar  p toPer ty

tensor  has un ique ly  def ined F and i  symnet ry .

There r iay  a lso  be present  o ther  mechanisns o f  induct ion o f  a  magnet ic

d i p o l e  m o n e n t  b y  t h €  l a s e r ,  a s  d i s c u s s e d  b y  w a r r e n  e t  a ]  1 1 6 l  f o r  a n  H  a t o m

nodel .  These are  a l losed for  in  the tern  "any orher  mechanism" in  Eq (2)  The

c o n p l e t e  e x p r e s s i o n  i n  E q .  ( 2 )  i s  m e a n t  t h e r e f o r e  t o  e n c o n p a s s  a l l  p o s s i b l e

r0echanisns o f  induct ion o f  a  nagnet lc  e lec t ron ic  d ipo le  lüonent  by  laser

i r r a d i a t i o n .  I n  g e n € r a l  e a c h  n o l e c u l a r  p r o p e r t y  t e n s o r  i s  a n  o P e r a t o r  i n  s e n l -

c l a s s i c a l  l h e o r y  t 2 5 1 ,  a n d  t h i s  i s  n o t e d  i n  E q .  ( 2 )  b y  t h e  s y m b o l  "  o v e r  e a c h

W i t h  t h e s e  p r e l i m i n a r i e s  t h e  e f f e c t  o f  t h e  l a s e r  o n  t h e  s i m p l e s !  p o s s i b l e

NMR Hami l ton ian operator  is

^ i t  '  - \hN,  -  n ' , t "d  )o . . , .
( 4 )

uhere ,4 ,  is  the nuc l€ar  magnet ic  d ipo le  molDent  operaror  o f  the resonat ing nuc leus

and a ,  Lhe externa l ly  app l ied homogeneous and un i form magnetosta t ic  f ie ld  o f  lhe

N M R  i n s t r u m e n t .  N o v .  I e t

,  . , ,  =  1" ! '  
, ' . .  (s )

where o t ' " ' t  i s  rhe d inens lon less I iSht  induced sh ieLd ing fac lor '  Equat ion (4)
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f i e l d  a t  t h e  n u c l e u s  i s  s h i f t e d  f r o m  t h e  o r i S i n a l  8 e  t o  s r  ( 1  o )  [ 2 9 ]  T h i s

is  Lhe ve1 l  kno n  chen ica l  sh i f t ,  and in  Senera l  o  is  o f  the order :  par ts  Per

n i l l i o n ,  i . e .  1 o  6 .  I n  t h e  p r e s e n c e  o f  t h e  1 a s e r ,  t h e  c o n p l e t e  s h i e l d i n g  e f f e c t

( 8 )
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b y  l i g h t  o f  L h i s  s l m p l e s t  t y p e  o f  n u c l e a r  H a m i  I  t o n i ä n  o p e r a t o r .  S e v e r a l
percurbat ion mechanisms häve been cons idered a l rcady and order  o f  magni tude
e s t i n a t e s  m a d e  I  l ]  l 5 I  .  C o n s i d e r i n g  t h e  o v e r a l  I  s i m p l i c i t y  o f  t h e  t h e o r y ,
( r e s t r i c t c d  t o  a t o m s )  a n d  t h e  c o m p l e x i t y  o f  t t r .  . : h i r a L  m o l e c u l e  c h o s e n  L l 6 l  f o r
. x p e r i m e n t a l  i n v e s t i g a t i o n ,  f a i r l y  s ä t i s f a c t o r y  a t ' r e e r n e n r  h a s  b e e n  o b t a i n e d
b e t w e e n  t h c  o r d o r  o f  m a g n i t u d e  e s t i m a t e s : r n d  l i m i t . d  l i g h t  i n d u c e d  s h i f t  d a t a
a v a i l a b l e .  I n  m o l e c u l e s  r r i t h  n o  n e t  e l e c t r o n i c  a n s u l a r  m o m e n t u , n ,  t h e r e  a r e

p e r t u r b a t i o n s  o f  t h e  t y p e  - t i . 6 ' r r ,  \ r h e r e  b o t h , f l a l r . J , 6 i ' )  a r e  q u a n t i z e d  o p e r : a t o r s

i n  g e n e r a l  ,  w h i c h  i n  s e m i - c l a s s i c a l  a p p r o x i r n a t  i o n  b e c o ß c s  - n a . a ( 3 ) ;  o f  t h e

t y p e  " p r i " B s j n j f ) ,  w h e r e  I I 1 ! ' )  i s  p r o p o r t i o n ä l  t o  t h c  ä n t i s v n m c t r i c  p a r t  [ 2 1 ]  o f

t h e  l i g h r  i n r , n s i r !  r e n s o r  o l  r i r c u l ä r l v  p . l . , r i " ,  |  - . , < 1 r , . r  i . a  d n d  . P . f f  i s  a
h y p e r p o l a r i z a b i l i t y  t e n s o r  o f  r a n k  t h r e e ,  a n d  l ' ( r m i  . o n t a . l  m e c h a n i s m s  [ 1 2 ]  i n
u h i c h  l i g h t  i n d u c e d  e l e c t r o n i c  n a g n e t i c  d i p o l c  m o m { r r s  s e t  u p  a  m a g n e t i c  f i e l d
a t  t h e  n u c l e u s .  I t a r r e n  e .  a - I  .  h a v e  p r o p o s c d  a  n ( . . h a t r i : ; n  l l 6 l  i n  w h i c h  t h e
r o t a t i n g  e l e c t r i c  f i e l d  o f  t h e  e l e c t r o m a g n e t i c  p l a n .  w r r v e  i n d u c . s  a  p o l a r i z a t i o n
c u r r e n t  l r h i c h  s e t s  u p  a n  e x t r a  m a g n e t i c  f i e l ( l  , r r  r h ( ,  n u . l e u s  T h i s  i s  i n
s a t i s f a c t o r y  o r d e r  o f  m a g n i t u d e  a g r e e m e n t  v i t h  r h i  ( ' l ) s . r v c d  s h j f t s ,  b u t  t h e
c a l c u l a t i o n  w a s  c a r r i e d  o u t  i n  a t o m i c  H ,  v h c r c a : ;  l h c  d i l a  w c r c  o b t a i n c d  f o r  t h e
H  n u c l e a r  o f  a  f a i r l y  l a r g e  c h i r . t l  m o l c . u l . ,  p  m o t h o x y  p h e n y L i m i n o
c ä n p h o r .  I n  a t o m s  a n d  m o l e c u l e s  w i t h  n e t  c l c c l r ( )  i .  a l l t u l r r  m o n r c n t u m  t h . r c  a r e
ä d d i t i o n a l  p e r t u r b a t i o n  n € c h ä n l s m s  n e d i a t e d  b y  l h (  : [ r 1  i s y m n c t r i c  p o l ä r i z a b i l i t y

t 1 f - f 5 l  A i l j  w h i c h  c a n  b e  r e d u c e d  t o  a n  a x i a l  v . ' . l o l '  w i r h  l t r o  s ä m a  s y m n c t r y  a s  t h e

m a g n e t l c  e l e c t r o n i c  d i p o l €  m o m e n t .  T h e  t  c r r : r , , r  8 , ' ,  f o r m s  a n  i n t e r ä c t i o n

H a r D i l t o n i a n  v i t h  t h e  c o n . j u g a t e  p r : o d u c t  r x ! ' ,  l , h i . l r  i : ;  t r o p o r t i o n a l  t o  t h €  n o v e l

v e c t o r  8 ( ' ) ,  t h e  c l a s s i c a l  e q u i v a l e n t  o f  t l r ( .  t ) l ! , l o r i  , r p , r a t o r  6 i ' r
I ^ r h a t e v e r  L h e  r e v e L  o f  c o m p l e x i t y  o f  r l r ( .  ( 1 , . r , r i l r ( 1  . a 1 c u l ä r i o n  o f  t h e  l i g h t

i n d u c e d  m a g n e t i c  d i p o l e  m o n e n t ,  t h e  b a s i c  ß . c h : i n i r ; n  ( ) l  0 N M R  i s  a l v a y s  d € s c r i b a b l e
b y  t h e  s i t e  s p e c i f i c  s h i e l d i n g  e f f e c t  s u m m a r i : , . { ( l  v ,  r v : r i I n p L y  i n  t h e  c o e f f i c i e n t

o r ' " d ) .  C h e n i c a l  s h i f t s  o f  t h e  c o n v e n t i o n n l  l v l r , ,  { l (  ! ; (  r i b c d  b y  o ,  a r e  u s e d  l r i d e l y
f o r  a n a l y s i s  b y  N M R ,  a n d  i n  p r e c i s e  a n a l , , 1 ; v ,  r  l r t  r n i c r l  s h i f t s  o f  t h e  t y p e

d e s c r i b e d  b y  o ( ' " d )  p o t e n t l a l l y  h a v e  t h e  s . n ( .  u r  i  I  i r  v ,  p r o v i d e d  o l i " d )  c a n  b e  m a d e
I a r g e  e n o u g h  b y  t e c h n i c a l  i n g e n u i t y .  I l I r : ; .  o N M I t  h , r s  r h e  c l e a r  p o t e n t i a l
advantage o f  ex t ra  in format ion prov id . ( i  l )v  ; r  .ombinat ion o f  t \ , ro  types o f

s h i e l d i n g ,  o l i n d )  a n d  o  c o n p a r e d  l r i t h  o n l v  o r ) (  .  ( l i , s ; c r  i b e d  b y  o ,  i n  c o n v e n t i o n a l
N M R .  c l e a r l y ,  t h i s  a d v a n t a g e  i s  p r e s € i r t  l x ) l { n t i r r l l v  i n  a l l  t y p e s  o f  O N M R  a n d
O E S R  t h a t  t e c h n i c a L  i n g e n u i t y  c a n  d e w i : r c ,  t x c a l r s .  t h e  s h i e l d i n g  f a c t o r s  c '  a n d

a l r a y s  p r e s e n t .

I t  i s  a l s o  p o s s i b l e  t o  b y - p a s s  . o m l ) l c x i l v  o f  c a l c u l a t i o n  b y  a  c a r e f u l
c o n s i d e r a t i o n  o f  r h e  s y m n e t r y  ä n d  r a l a t { ( l  p r o p o r l  i . s  o f  r h e  m o l e c u l a r  p r o p e r t y
t e n s o r s  a p p e a r i n g  o n  t h e  r i g h t  h a n d  s i d .  o l  l , l q .  ( . ) ) .  S u c h  a  c o n s i d e r a t i o n  r e v e a l s
wi thout  fu r ther  c : r lcu la t ion the expectcd bch iv ior  o l  the spect r luD as a  funct ion
o f  t h e  p o l a r : i z a t i o n .  f o r  e r a m p l e ,  o f  t h c  i n c o m i r r g  l i g h t ,  a n d  t h e  e x p e c t e d  o v e r a l l
b e h a v i o r  o f  t h e  O N | 4 R  s p e c t r u m  L ' i t h ,  l o r  e x a n p l e .  r i g h t  a n d  l e f t  e n a n t i o m e r s  a n d
t h e i r  r a c e m i c  n i x t u r e .

TabIe  1  suf fnar izes the synaet ry  o l  the var ious molecu lar  proper ty  tensors

^ , E  =  - a " i ( 1 + o ( i ' d ) ( 1  - o ) - 8 " i  i  , t { i B r i ( 1  o . o ( ' " ' ' ) ,

and i t  i s  c Ieär  v i thou l  the need for  fu r ther  deta i led  ca lcu la t ion that  the laser

c h a n g e s  t h e  s i t e  s p e c i f i c i t y ,  o t  c h e m i c a l  s h i f t  c h a r a c t e r i s t i c s  '  o f  t h e  o r i S i n a l

NMR Jpect rum,  g iv ing a  un iqüe 0NMR f ingerpr in t  fo r  each sanp le  oNfR spect rosco

f f , . . ' . r . . . " r " .ä  "  
gJnerar ry  usefur  addendurn to  oNMR in  N d imens ions rh is  resu l t

is  
" "1 id  

for  a l l  types o f  NMR, and a lso for  a l l  tvpes o f  ESR

T e c h n i c a l l y ,  i h e  c h a l l e n g e  i s  t o  m a x i m i z e  t h e  I a s e r  i n t e n s i t y '  a n d  t h u s  t h e

l ight  induced chemica l  sh i f t ,  v , i thoüt  danaging the sanp le '  and th is  can be

. . i t r .a  i . '  many d i f fe rent  uays for  exanple  by  us ing a  t iming dev ice vTh ich

svnchron izes 
"  

faser  p , - r f  se  v i th  the usua l  rad io  f requency pu lse (p i  o r  p i /2  tor

e x a n p f e ) .  T h i s  h a s  t h e  e f f e c t  o f  n a x i m i z i n g  o l j n d )  a t  t h e  s a m e  t i m e  o r  a p p r o \ i

m a t e i y  t h e  s a m e  t i m e ,  o c c t l r s  i n  a n  r ' f  p u l s e ,  i ' e  a s  t h e  N r c l e a r

s p i n s  a r e  f l i p p e d  b y  r e s o n a n c e  v i t h  t h e  r o t a t i n g  r ' f  f i e l d  p u l s e  p r o d u c e d  b y  a

.o i l  i . r  t f ' "  
" " " " f  " "y  

[29]  in  Four ier  t ransform Nl ' lR spect roscopy Probably '  the

shor tes t  äva i lab le  r . f .  pu lse (ca n ic rosecon ' ts )  w i l l  have to  be much longer  than

the longest  e f fec t ive  laser  pu lse (ca.  nanoseconds)  in  contemporary  technology

but  eve i  so ,  i f  the  läser  pu lse or  pu lse t ra in  is  t imed to  occur  in  the center :

o f  the r . f  Pu lse in te iva l ,  the Läser  pu lse v i l l  p roduce a  change in  resonance

f r e q u e n c i e s  t h r o u g h  o r i ' d ) .  T h i s  u i l 1  p r o d u c e  I a s e r  p u l s €  i n d u ' e d  o s c i l l a t i o n s

in  t t "  r r " .  indu l t ion  decay funct ion [29 3 l l  neasured ower  a  much longer

induct ion decay in terwal  as  us 'a f  ,  osc i l la t io r ls  wh i  ch  upon Four ier  t ransformat ion

a n d s ü i t a b l e d a t a r e d u c l i o n i n a c o m p ü t e r : g i v e s t h e O N M R s p e c t r u m A c c o r d i n g t o

t h e  m e c h a n i s m s  i n  E q .  ( 2 ) ,  l h e  m o r e  i n t e n s e  t h e  l a s e r ,  t h e  g r e a t e r  t h e  s h i e f d i n g

e f f e c t  o i r l d r  ,  a n d  t h e  n o r e  u s e f u l  w i l l  b e  t h e  O N M R  s p e c t r u m  P r r l s e d  l a s e r s  c a n

d e l l v e r i n t e n s i t i e s o f t h e o r d e r l o q t h o s e o f C t , J l a s e r s . a n d t h e o r e t i c a l l y t h i s

" " r l  
p roar . "  ON| IR spect ra  o f  very  h igh e f fec t ive  reso lu t lon prov ided that  laser

inhomogenei ty  is  not  found to  be a  prob lem so far  L l6 l  l t rser  inhonogenei ty  has

Nor  leän found to  a f fec t  the oNMR spect r :a ,  in  which Cw laser  indr rced sh i f ts  have

b e e n  c I  e a r L v  r e s o l v e d .

3. S)rmetry Considerations in the }|olecu]ar Property T€nsors

I n  t h e  s i m P l e s t  c a s e  t h e  o r i g i n a l  s e m i - c l a s s i c a L  i n t e r a ' t i o n  H a m i l t o n i a n

oper :a tor  is  descr ibed by - fn  a ' '  vhere nv  is  the nuc lear  r0agnet ic  d ipo le  monent

op. r r tor  ^ t ta  Ar  the permanent  s ta t ic  nagnet ic  f ie ld  o f  the NMR ins t runent  Many

i ; ; " ; i " ; "  
" , 'a  

i , , t " . . . t i "g  deve lopments  r rave leen r iade in  contemporarv  NMR [2e-31]

b . r i  fo r  or r r  in i t ia l  purposes i t  i s  su f f ic ient  to  cons ider  the Per turbat ion caused
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a p p e a r i n g  r ' n  E q .  ( ? )  u n d e r  a p p l i c a t i o n  o f  t h e  B o t i o n  r e v e r s a l  o p e r a t o r ,  ? ,  a n d

L h e  p a r i t y  i n v e r s i o n  o p e r a t o r .  F .  S i m i I a t l y ,  T a b l e  2  s u m m a r l z e s  t h e  p r o p e r t i e s

o f  t h e  f i e l d  v a r i . r b L c s  o i  t h e  i n c o m i n g  l i g t i t  b e a m  a s  a  f u l i c t i o n  o f  c i r c u r a r

p o l a r i z a t i o n  o f  r h e  b e a n .  ( l n  l i n e a r  p o l a r i z a t i o n  L h € r e  i s  a n  e q u a l  a m o u n t  o f

r i g h r  - n d  l c l  r , u i . r  p o l . r i z . r i o n . )

I t  i s  c l e a r  l r o m  T a b l c s  l  a n d  2  t h a t  t h e  s h i f t  f a c t o r  i s  t h e  r : e s u l t  o f  a

combinat ion o f  molecu lar  proper ty  tensors .  sornc o f  r , 'h ich  are  F negal ive  and are

n o n  z e r o  o n l y  i n  e n a n t i o o . r s ,  c h a n g i n g  s i S n  b . L w e e n  e n a n t j o m e r s  a n d  d l s a p p e a r i n g

i n  t h e  r a . e n i c  n i x t u r e .  I t  i s  t h i  s  c o m b i n a t i o n  o f  t e r m s  t h a t  p r o d u c e s  t h e

i n d i v i d u a l  O N I { R  f i n g e r p r l n t  f o r  e a c h  n u c l e ä r  r e s o n a n c e .

W i t h  r h e  u s e  o f  s y m m e t r y  i t  i s  p o s s i b l e  t o  c s t a b l i s h  a s  f o l I o \ ' t s  v r h l c h

i n d i v i d u a l  m o l e c u l a r  p r o p e r t y  t e n s o r s  M A Y . o D t r i b u t €  i n  v h l c h  p o l a r i z a ! i o n  o f  t h e

a p p l i t ' d  l a s e r .

3 .1 .  ?  Synnet ry

! o r  a n  a t o m  o r  m o l e c u l e  c o n t a i n i n g  a n  e v e n  n u m b e r  o f  e l e c t r o n s  t h e

e x p e c t a t i o n  v a l u e  o f  a n y  ?  n e g a t i v e  m o l e c u l a r  p r o p e r t y  t e n s o r  o p e r a t o r  v a n i s h . ' s

[ 3 2 ] .  T h e r e f o r e  a l t  i  n e g a t i v e  o p e r a t o r s  i n  T a b l c  I  v a n i s h  u n l p s s  t h e r e  i s  a n

o d d  n u m b e r  o f  e l e c t r o n s  i n  t h e  a t o m  o r  m o L e c t r l € .  i . e .  u n l o s s  t h e r e  i s  a  n e t

e l e c t r o n i c  a n g u l a r  n o m e n t u m -  T h u s ,  t h e r . '  i s  n o  p e t m a n e n t  m a g n e t i c  e l e c t r o n i c

d i p o l e  n o n e n t  u n l e s s  t h i s  c o n d i t i o D  i s  s a t i s f i e d .  S i m i l a r l y ,  t h e  r e ä 1  p a r t

o f  'P , "9 i  fo r  example  van ishes in  a  no l t ' cu lc  \ r i th  an even number  o f  e lec t rons but

t h e  i n a g i n a r y  p a r t ,  b e i n g  i  p o s i t i v e .  i s  n o n  z € r o  i n  g e n e r a l  .  T h i s  r u l e  i s

i n d e p e n d e n t  o f  t h e  s t a t e  o f  . j l - c u l ä r  p o l a r : i z ä t  i o n  o t  L t i e  a p p l i e d  l a s c r  r a d i a t i o n

3.2  F Synnet ry

I f  a  p r o p e r t y  t e n s o r  i s  F  n e g a r i v e ,  t h e n  i  t  v a n i s l i e s  i n  a n  a c h i r a l

n o l e c u l e  a n d  i n  a t o m s .  p  p o s i t i v e  p r o p e r t y  t e n s o r : ;  i n  g e n e r a l  i n

a l l  ä t o m s  a n d  m o l e c u l e s  i f  t h e  r u 1 €  o n  i  s y m m e t  I  y  i s  s a l  i s f i e d .  I n  c h i L a l

m o l e c u l e s  a l t  t h e  p r o p e r t y  t e n s o r s  c o n t r i b u t e  t o  r l r . ' s h i r l d i n g  f a c t o r  o { i n d )  i n

g e n e r a l .  a n d  t h o s e  p r o P e r t i e s  t h a t  ä r e  p  n e g a l i v . . : h a I i S e  s i S n  b e t u e e n  e n a n t i -

omers .  Th is  change o f  s ign does not  occur  hou.v . r  in  the acconpany ing p

p o s i t i v e  p r o p e r t y  t e n s o r s .  s o  t h a t  o l i n d )  d o e s  r r o t  c h a n g e  t o  - d t i i d )  b e t w e e n

e n a n t j o m c r s  b e c a u s e  i !  i s  n a d e  u p  o f  a  s u m  o f  L o r m s ,  t h e  m a i o r i t y  o f  w h i c h  ( t h e  t s

p o s i t i v e  t c r m s )  r e m a i n  t h e  s a r i e  f r o m  o n e  e n a n r i o n r . r  t o  l h e  o r h e r .  Q u a l i t a t i v e l y

t h i s  i s  \ . ' h a t  i s  o b s e r v e d  e x p e r i m e n t a l l y  [ 1 6 ] ,  t h e

T a b l e  l .  S o o e  P r o p e r r y  T e n s o r  S ) r o D e L r i e s

Table  I I -  Po lar iza t ion Proper t ies  o f  thc  f ic ld  Tensors  o f  L ight

Molecular Property Tensor t

+

1" , +

'p,;;, +

'p ,;; ' + +

.p , i;,

.p,tr,
'p,I,

F i e l d  P l o p e r t y Right L l ' f t

+ 0

+

+ 0

+ 0

+

: l r i ju; .  H,B:) + +

+
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observed laser  induced sh i f rs  change,  but  do not  reverse,  f rom one enant tomer  to
t h e  o t h e r ,  a n d  r e n a i n  f i n i t e  i n  r h e  r a c e m i c  m l r t u r e  _  I n  r h e  l a t t e r  t h e  p

negat ive  proper ty  tensors  sun ro  zero ,  bur  the F pos i t ive  prop€r ty  tensors
r e m a i n  n o n  z e r o .

3 .3  Po lar iza t ion o f  the Laser

T h e  s h i f t  f a c t o r  o ( ; d )  i s  d € t e r m i n e d  b y  p r o d u c t s  o f  t h e  m o l e c u l a r  p r o p e r t y
t e n s o r s  u i t h  t e n s o r s  o f  t h e  l a s e r  f j e l d  I n  T a b l e  2  t h e  p r o p e r t i e s  o f  t h e  f i e l d
t e n s o r s  a r : e  g r v e n  i n  t e r n s  o f  l e f t  a n d  r i g h t  c i r c u l a r  p o l a r i z a t i o n  o f  t h e  l a s e r , s
p lane vave.  In  genera l  a  f ie ld  Lensor  can be sp l i t  in ro  synnüet r ic  and
a n l  i s v m m e r '  i .  p ä - r s .  l o r  e x ä r p  -

Ep; = 
;(EjE; 

+ EjF:) .  
: (EtE; 

EjEi) ,  (e)

w h o s e  ?  s y m m e t r i e s  a r e  o p p o s i t e  [ 1 1 - 1 5 ] .  T h e  l a s e r , s  m a g n e t o s t a r i c  f i e l d  E ( 3 )
I  1 9  2 3 1  i s  d e f i n e d  b y

t h e r c l o r e  o n  r l r c  0 N M R  s p e c t r . u m .  l . h i s  i s  a g a i n  b o r n e  o u r  q u a t i t a r i v . t y
b y  t h e  a w a i l a b l c  e x p e r i n - . n r a 1  d a t a  [ 1 6 i .  I r  s h ( , u l ( ]  h .  n o t e d  r h . i r  i . u . r . t , , g  . t , "
p o l a r i z a t : i o n  f r o f l  r i S l i t  r o  l . f r  i s  N O T  e N p e c t ( . r i  r ) l  r t r .  g r o u n d s  o t  s y n m . r r y  s i m p l v
L o  r e v e r s e  t h c  : r i g n  o f  o r ' . , , )  ,  b e c a u s e  s u c h  : r  r i , v ( , r s . l  p r o d u c e s  s r g n  c n a n g . s  r n
s o n e  f i e l d  t e n s o r s  ( r ' a b t f  , )  b r L t  n o t  i n  o t h e r s .  l , t x p e r i m . n t a n y  t t 6 l  t h e  o b s e r v e d
s h i f t s  a r e  o u c h  l a . g . r  j n  c i r c u l a r  p o l a r i z a t  i o r r  r  t r , i r r  i r r  I  i n e a r ,  a n o  . i o  r 1 o r  s i n p L v
r e v e r s e  f r o n  r i t h l  r o  t e f r  c i r c u t a r -  p o t a r i z a l  i o n  . t . t r j s  

. . n  b c  i n r e r p r e r e d  a S a i n
i n  t e r m s  o f  t h e  f a c t  r h a l  d ' , . , , J r  i n  C € n e r a t  i : r  n r , r r l r  L r p  o f  a  l . r g e  n u m b e r  o f
c o n t r i b u t i n g  m e c h a n i s m s  r r  a p p e a r s  r h a r  r h ( , ( r o r i i . , i r , r  r n o c h a r r i s n  i s  r h a r  i n  a { 3 )
J 1 9  2 3 1 ,  w h i c h  v . t n i s h . s  i n  j i n e a r  p o l a r i z a t  i o n  , l r  ( t ( . : j . r i l ) . d  a 1 r e a . r y .

I n  s u m m a r y  r h . r e  i : r  a . : o m b i n a t i o r )  o f ' , r . . 1 , ; , . i s r D : i ,  o N t " t R  s t r i t r s  a r e  a t t o d , e d
b v  g q .  ( 2 )  i n  a l l  a r o m s  a n d  n o t e c u l e s  i n  g . I . . r , j t ,  , , ! i  t t j r  t : r c r o r  o , _ . , , r  r s  r L o t
e x p € c t e d  L o  s i n p l y  c t r i l l l s e  s i g n  f r o n  r i g h t  r o  i r , t r  (  l , r i t  i o n r ( . r  ( ) r  r l f h t  r o  L e f r
c i r c u l a r  p o L a r i z a r i o n .  I n  g e n e r a l ,  t h o  r e s L r l l : ,  t { ) r  r i t . t r t  (  r  t  1 o n . , r ,  r i g h t
c i r c u l a r  p o l a r i z a r i o n .  r i t h t  l c f r ;  I a f t  l c l l i j r r l t  l , l j  r i ] ] i r t  t r r (  ( \ p . . r e . i  r o  b c
a l l  d i f f e r e n t  i n  g e n i , r a t ,  a n d  a 8 a i n ,  t h i s  i s  i  , t r 1 . , I  r ; i r  i \ . (  . , ] l . r n k l r r  u i l h  r h c
e x p e r i n e n t a l  d a t a  I L a , ]

4-  Sone Uochanis t ic  Deta i ts

T h c  e x p e c t a t i o n  v a t u e  o f  r h c  H a m i l t o n i r , ,  ( , t j (  |  , r , , r  ( / )  n m s r  b e  e v a t u a i c d  j n
g c t e r a l  b o t n e c n  e i g . r r s t a r e s  w h i . h  c o n b i n c  n r i .  r  ( , ,  |  . , r ! r  (  r { ,  r  r o . i  c  a . t u r a r  m o m e r r u m
s t a t e s ,  u s i n g  r h e  r h c o r y  o f  a n g u l a r  n o m c l t ü n  ( . , , u J , t j | r ,  t ( l  , l l .  T t r i s  i s  b e c a u s € l
t h e  l a s e r  c a u s c s  a  p . r t L r r b a t i o -  i n  t h e . t . , . r r , , ' , i , .  r , , , , . r ' r ' . '  o t  a  m o L e c u r e  o r
a t o n ,  a  p e r : t u r b . l r i o n  w h i c h  i n  O N M R  i s  p i c k . d  u t ,  r l [ , ) , 1 1  t r  | u c l . a r  r e s o . ] a D c e s .  S o m .
s p € c i f i c  m e c h a n i s t j .  d c r a i t s  h a v e  b e e n  i , v r t L r , , r , ( r  r ( , . ( l r  t y  i t 9  2 : l l  f o r  s i n p l .
m o d € ]  s y s t  e n s  s u c h  a s  a t o m s .  1 , h e  d e v e l o p m  r r r  r r : ; ,  r  t L ,  : ; r r r r r < t a r j  a l g e b r a i c  m e t h ; d s
o f  r l i e  g u . l n t u n  m e c h a n i c s  o f  m l r l r i p l e  a r r g r r l : r r  n , , r r ,  r , r 0 ,  . i v : j t c r n s ,  u s i n g  s y m b o L i c
m a c h i n e r y .  s u c h  a s  t l i e  n  j  s y m b o t s  a n d  t h t i  r l , , t , r \  , , 1  i r r , , < r r r c i b t e  t c n s o r i a l  s e t s .
l n  n o l e c u l a r  p o i n t  g r o u p s  t h e  n  j  s y m b o t s  l r . ( .  r ,  t , t  , , , ( l  t ) v  r h c  c r u f f y d d  V ,  W ,  a n d
X  c o e f f i c i e n t s  [ 3 4 ] ,  a n d  r h e r e  i s  a n  a t t l (  1 , r , ,  , , i  . , r J t j , t : r I  m o m . r t u m  c o u p l i n g  i n
m o l e c u l ä r  p o i n t  g r o u p s  b a s e d  o n  t h . ,  p r o p {  r r  i r  , ) i  r t L ( : r ( .  c o ( i f i c r c n t s .  I i o ' e v o r ,
t h i s  i s  f o r m a l  a n d  s y m b o l i c ,  a n d  i t  a p $ , 1 r , ,  r t j . , r  r t j ,  r {  i r j  l L o  e a s i l y  o b t : r i n a b l e
c o d e  l o r  t h e  r e d u c t i o n  o f  r h e  V ,  r , i ,  a n d  X  ( . , , (  i i  t .  L  r ! t . i  1 o  f u m l r . , r s .  a s
i o r  t h e  3 . j .  6  - j .  a n d  I  j  s y m b o l s  i n  a l o n : ,  t )  1 . 1 !  \ , .  1 , , , ,  a n d  X  c o e f f i c i e n r s
w e f e  \ r o r k e d  o ' r t  o r i g i r t a L l y  f o r  : r  w c r y  l i n i l  (  ( l  , , u t ) t  I  o l  p o i n t  S r o u p s  o f  h i g h
s y n m e t r y .  l t  i s  . : l e ä r  r h e r e f o r o  t h a r  . ( ) r u l j , r r , r t i , , l  i : r  l t r t  o n l y  p r a c t i c a l  q , a y  ; f
r i S o r o u s l y  c v a l u : i t i | g  t h e  s h i e l d i n g  J : r . r , , r  d  , , r ,  t , , r  . ü r v l h i i r g  o r g g e r  r n a n  a n
a t o n .  T h e  p r c t e r r . d  m L , r h o d  u o u t d  b e  , 1 ,  , , r , r , 1 ,  , . ( ) o r t ) r l  r i t  i o r  w i t h  n i g h  q u a f i r y
b a s i s  s e t s  [ 2 5 ] .  b L r t  m o r e  a p p r o x i n a t (  [ | t , , , , t r .  . , , , , 1 i 1  b e  u s e d  r n i t i a l ] y .  T h e
s h i e l d i n g  f a c t o r  o  o J  c o n v e n t i o n a t  N t { R  j r t : ; , )  i j ,  r r , , r  r r c r : t , s s i b 1 e  1 n  g e n e r a l  w i r h
a l g e b r a i c  m e t h o d s  c l . a r r y ,  r h i s  d o e s  r o r  I r  (  \ ' i  n r  . o r v . n t i o n a l  N M R  f r o m  b e l n g  a
v e r y  u s e f u l  a n a l y r i . ä l  r e c h n i q u e ,  a n d  r t r (  ! r i n r . ( . ( , D . t u s i o r i  a p p l i e s  f o r  L h e  n o v e L
s h i e l d i n g  f a c t o r  o i ' n  i n t r o d u c e d  i n  t h i s  p r p ( . r .  t n  o r h c r  w o r d s ,  r h e  a n a l y t i c a l
r a D o r a c o r y  u s e s  s p e c t r a  r L s u a l l y  o n  a  s e n i _ e m p i r i . a l  b a s i s ,  r a r e l y  i s  t h e  f u t t  N I { R
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g t : r  =  1 9 1 {  .
1 2  E o c i  ) '

d n d  r h c  v e c r o r  p r o d u c r  E . ! '  c h . n g e s  s i g r  t r o m  l e t l  l o  r i g h l

p o l a r i z a t i o n .  I t  i s  p u r e l y  i n a g l n a r y  b e c a u s €  r r r ;  i s  h e r m i t i a n  I 3 3 l
n e g a t i v e .  I t  v a n i s h e s  i n  l i n e a r  p o L a r i z a t i o . .  T h e  v e c r o r  E x  ! .
nota t ion is  fo rned f ron the product

( 1 0  )

c i  rcul  ar

and is ?

( 1 1 )

ü h e r - .  € , j k  i s  t h e  L e v i  C i w i t a  s y n b o l  a n d  w h e r c  E x r '  i s  t h e  a n r i s y r n e t r i c  p a r t

o f  l ' , l ' ;  de f ined in  Tab le  2 .  The symmerr ic  pär t  o f  F- rE i  is  on the o ther  hand i
p o s i l  i v e ,  a n d  d o e s  n o t  c h a n g e  s i g n  f r o n  l e f r  t o  r i g h t  c i r c u l a r  p o l a r i z ä t i o n .  T b e
c o n p o n e n t  a  a '  i s  f i n i t e ,  i n  c o n s e q u e n c e ,  i n  1 i n € a r t y  p o l a r i z e d  r a d i ä t i o n .

S i m i l a r l y ,  t h e  s y m n e t r i c  p a r t  o f  a , s j ' i s  i r D a g i n a r y ,  f  p o s i t i v e ,  a n d  c h a n g e s  s i g n
wi th  c i rcu lar  po lar iza t ion,  van ish ing in  l lnear  po lar izar ion;  the ant isyn l ,aet r ic

par t  o f  B iE j  is  rea l ,  f  negar ive ,  and does nor  change s ign wi th  c i rcu lar
p o l a r i z a L i o n .  b e i n g  f i n i t e ,  i n  c o n s e q u e n c e ,  i n  l i n e : i r  p o l a r i z a t i o n .

Carefu l  cons idera t ions o f  synnerry  rhere fore  lead to  the conc lus ion that
the s ta te  o f  po1är iza t ion o f  the incomins laser  beam has an e f fecr  on the fac tor

E\ E' = 
+e t j*EiE;,
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s p e c t r u m  c o m p u t e d  r i g o r o u s l y  a b  i n i t i o ,  t h e  e x p a r i m e n t a l  s P e c t r u r n  i s  o b w i o u s l y

u s e a  i n  a  d i r e c t  v a y  t o  i d e n t i f y  t h e  s ä n P l e  T h e  s a m e  a p p l i e s ,  c l e a r l y ,  t o  O N M R ,

which has the advanta8e o f  prov id ing f ingerpr in ts  o f  the sh ie ld ing fac tor  o{ jnd)

a s  a  f u n c t i o r l  o f  € x t r a  e x p e r i n e n t a l  v a r i a b l e s  s u c h  a s  I a s e r  i n t e n s i t y '

po lar iza t ion s taLc,  and f requency,  ar  1 . 'as .  tä .ee j )ew d inens ions for  the data

As examples o f  the l tay  in  which A,4  is  deve loPed theoret ica l ly  the

f o l l o r ^ , i n g  n e c t u n i s m s  a r e  c o n s i d e r e d  i n  t h i s  s e c t i o n  i n  a n  ä t o m  w i r h  n e t

e l  ec t ron ic  angu lar  momentun.

Cons ider  the wel l  knovn hyper f ine coup l -Lng Hani l ton ian operator  in  an a ton

s i t h  ä n  o d d  n u m b e r  . f  e l  e c r  r o r s

^ f r  =  - ( " {  
"3 .  r " i )B, .  ̂ 3  i . <r2)

v h i c h  i s  a n o n g  t b e  s i ß p l e s t  w a y s  o f  d e ä L i n g  w i t h  t h e  c o f l b i n e d  e f f e c t  o f

e l e c t r o n l c  a n < 1  n u c l e a r  a n g u l a r  n o n e n t a  l t  i s  w e l l  k n o m  [ 3 6 ,  3 7 ]  t h a t  t h e

quantun theory  o f  angu lar  nonentum coupl ing produces in  the coup led apProx ima-

t i o n ,  t h e  f o l l o i r i n g  e x P e c t a t i o n  w a l u e  f o r  t h i s  o p e r a t o r '

The Photomagnelon ond Qua um Field Theory

( r 3 )

(  1 4 )

( 1 5 )
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o f  t h e  o p e r a t o r  p r o d u c r  c a n  b e  v o r k e d  o ü r  ä s  L r s r a l  i n  c o r r p l c d  o r  d e c o u p l c d  f o r m
[ 3 6 ,  3 1 ] .  I n  r h e  t o r m c r ,

l .<.JrF,\-?r1.4.  f lsrFMr> -  ^ l l2 (  F I  r .*  \  )  . r ( r i+ I  )  1 (  .+t  )  t , ( 1 5 )

a n d  I ' t a k e s  t h e  v a l u c s  i n  L q  ( f 4 ) .  I n  t h .  ( 1 . . ( , , , p 1 ( . ( j  t o r r  i t  j s  v e t t  k n o m  r h a r
I  c a n  b e  v o r k e d  o u r  L h r o L r g h  t h e  F e r m i  c o n r a c t  i r r x t  ( t i p ( , j (  ( l i p o t c  a p p r o ) r i m a t i o  s ,

a n d  u e  s h a 1 l  r e t u r n  r o  r h i  s  c a l c u l a t i o n  l a t . r
I n  o r d e r  t o  w o r k  o u t  o n e  o f  r h e  . l i r ( t : ;  1 ) l  l p t , t  i ( , ( t  { . 1 o . r r  r o n ä g n e t i c

r a d i a t i o n  o l i  t h e  c x p e c r a L i o n  v a l u e  o f  l h e  h y t ) ( . r t i , i { ,  i . l ( , r n c 1 i o n  H a m i l t o n i a n
o p e r a t o r  ( 1 2 )  i L  i s  c o n v e n i € n t  r o  a d a p t  t i r e  I  ( , s , , l r  s  , , 1  M i [ r i r k r ) \ ,  1 . r  a 1  .  l : ] 8 j ,  w h o
c o n s i d ( r r e d  a t o m i c  s y s r e m s  w i r h  n e r  o l e c r r o . i r :  : r r r 1 1 r l r r r  , o r D { . ' l ' m .  I . t r . y  s h o w e d  t h a r
t o  o i . l c r :  t w o  i n  r h e  e l e c t r i c  f i e l d  s r r e n g t h  ! , , t  r l !  , t 1 . ( . t r o n r r t r r ( , l i c  f i e l d ,

( l  / )

I t h e r e  Ä s d ,  r s  m a d e  u p  o f  i r r e d u c i b l e  s p h € r r i . : , t  r , t , r ,  t n r , i r i o I r ;  o i  l h . . t { , c r r . o r ) i ( .
p o l a r i z a b i l i t y ,  v i t h  s c ä l a r ,  v e c t o r  a . d  r a n k  l w l j  j ( , , ; t , r .  ( . o r n p o n . n r s .  T t r .  s c a t r r
a n d  t e n s o r  c o n p o n e n L s  d e s c r i b e  t i r e  o p t i c a l  S r . I k  r J j ( i  ( ) t l  i c a l  q u a d r a i  i .  S t a r k
e f f e c t s  r e s p e c r i v e l y .  a n d  t h e  c o n p o n o l l  i , ,  \ . , , . t , , r i ; r t .  o r  a r i L r s y n r m e r r r . : .
p o l a r i z a b i l i t y  d e s c r i b e s  r h e  o p r i c a t  Z e e f t  ,  r  | , 1 . r  t r L  , , r o  s .  l . h e  e x r s t e n c e  o 1
a n  o p t i c a l  Z e e m a n  e f f e c r  u a s  i n d e p e n d e n l  l y  1 , r , , 1 , , ,  , , t  l ) \  t : \ . ,  r . j  [ ] 9  4 ? i  i n  m o t e c u l c s
w i t h  n e t  e l e c t r o n i c  a n g u l a r  n o m e n t u m .  r . l , ( .  , , t , r  i , . , i l  Z i  ( n l D  . , f f c c t  v a n i s h e s  i r l
l i n € ä r  p o L a r i z a t i o . ,  a n . t  i s  m a ) r i n i z e d  w l r i .  r t r  I  i 1 , ] j l  t x  r L u r  i s  f u l l _ y  c i r c u l a r t y
p o l a r i z e d .  l h e  t \ r o  o p t i c a l  S t a r k  e f f . . l , ,  , r ,  t r r r i t l  i L  c o n r r a s t  i n  t i n o a r

I L  i s  c o n v e n i e n t  r o  d e v e l o p  t h c  ( . | , , . r  , ) r )  I  t ! { ,  h } p . . r f i n e  H a m i t r o n i a n
o p e r a t o r  ( 1 2 )  o f  t h e  c o n p o n e n L  o f  A s , ,  r e s t ) ( ,  : ,  , t t  l , , r  r 1 r .  o p t i c a l  Z e e m a n  e f f e c t ,
a  component  which can b€ wr i r ta t r  as

^H.," . - 
l^","t''t, 

t

LH= <srFMSLfi lsrFMF, = 
| t ""C"

, ( 
F(F*1) *q(q:1) -r(r*1) _ 

l(.q"L;1f-1-r+-!1qju))
+ r< srFMFI3 i lsrF' t4p>.

1n this expression there appears the quantum numbcr F, which takes the values

F  -  S + t . . . , , 1 5 - 1  ,

w i th  lhe az imutha l  components  def ined by

T h e r e f o r e ,  t h € r e  a i e  s e v e r a l  e x p e c t a t i o n  v a l u e s  o {  l h e  i D t e r a c t i o n  H a m i l t o n i a r )

operator ,  the spect rün is  sp l i t  in to  cor lponents  bv  angular  momenrun coup l ing

bet \ reen the e lec t ron ic  and nuc lear  sp ln  angu lar  nornenta  .9  and i  Here ld  is

t h e  e l e c L r o n i c  a n < t  y "  i s  t h e  n u c l e a r  S y r o m a g n e t i c  r a t i o ,  a n d ] \  i s  t h e  r e d u c e d

Planck constant .  I  i s  the sp in  sPin  coup l ine cors tant .  Th€ expecta t ion va lue

v? t1clJ.  I  )

w h e r €  a r  i s  t h e  r e . l l r c . d  m a r r i x  e l e n x . r ) l

d ,  =  ( s l B ; 1 . . i 2 ,

( 1 8 )

( 1 9 )

o f  t h e  w e c t o r i a l  p o L a r i z a b i l i r y  o p e r a r o r  d , l  l 8  I .  s i n c e  A i  i s  a  f  n e g a t i v e .  F
p o s i t i v e ,  r a n k  o n e  i r r e d u c i b l e  t e n s o r  i n  s p l r e r i c a l  r e p r c s e n r a r i o n ,  i r  i s  d i r € c r t v
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proport ional  to the

eä = ro3.' ,

t ^  t , [  
' l i  

l - , 0 '  . ' '  ,  t k e t ,  t ' .
( . 'lJd . /

ÄHs! ,  on the in terac t ion Hal l i l ton ian operator  (12)

L4 = - ' t"(t '*x)8,3; -v' i ir ,*1t3"' ' ;" ' ,

r c /  P ' - y - | t , x , y . , 1  |  , .  s  I 5 - , .
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(25>

i n  w h i c h  r  i s  r h c  d i s t a n c e  b e t l r e e n  d i  p o l . , s  ,  : r n d  €  i s  a n  o r i e n r a r i o n a l
f a c t o r  [  ] 6 1  .

I n  b o t h  e x p r e s s i o n s  t h e  e f f e c t  o f  t h c  t a s e r  c a n  b e  a x p r e s s e d  i n  r h e
r n e c h a n i s m  c o n s i d e r e d  h e r e  b y  c h a n g i n g  r h e  e t e c r  r o n i c  S y r o n r a g n e t i c  r a t i o  f r o n  y ,
t o  l d ( 1  +  x )  ,  t h u s  a i v i n g  a  c o n v e n i e n t  e s t i m ä t e  o {  I  h .  . x p c c t e d  

" t r i f t .  
i . ,  t n u  . p i , ,

s p i n  s p l i t t i n g  s p e c r r u m  t h r o u g h  e i t h e r  n e c t r a n i s r 0 .  N o t e  r h a t  x  . r e p e n c t s  o n  t h e
a n t i s y n n e t r i c  p o l a r i z a b i l i t y  A j  v h i c h  c h a n p , e s  r r c c o r r l i r r g ,  r o  r h e  s L a t e  o f  t h e
a t o m ,  a s  s h o w n  b y  M a n a k o v  e r  ä 1 i a  i 3 8 1 .  N e a r  o p r  i . a l  I ( , s o n : r n c e s  o f  t h e  a t o m ,  a j
i n c r e a s e s  b y  o r d e r s  o f  m ä g n i t u d e ,  a n d  t h e r r i e o r .  s o  ( t o ( , s  x .  T h e  l a s e r - a f f e c r s
t h e  o r i g i n a l  H a m i l t o n i a n  ( 1 2 )  i n  s e v e r a l  d i f f e r o i r t  w a y s  t t r c r c l o r e  i n  r h i s  a t o m i c
model .  Resonance occurs  in  ONMR when

loR = ^n( l r 'F  I )  -  L ,H\Mi ) ,

The Pholomagnetot and Quantum Field Theory

angular  momentuü operator  th rough the gyropt ic  ra t lo  [40]  YD

Optical NMR as a Shieding Pheaomenon

( 2 0 )

(2r ' )

can there foreThe e f fec t  o f

vhere the fac tor  x  is

.  ln ro  ro  'o  1o
"  

4 'Oe.q  P"  
- '  

Bz

E q u a t i o n  ( 2 3 )  s h o w s  t h a t  t h e  e f f e c t  o f  t h e  c i r c u l a r l y  p o l ä r i z e d  l i 8 h t  b e a m  i s  t o

increase the e lec t ron ic  gyromagnet ic  ra t io  f rom 1.  to  1e(1  +x)  .  For  an in tens i ty

o f  ro  =  106 wat ls  rn  'z  the gyronagnet ic  r :a t io  is  changed by one Par t  in  lOs for  a

m a g n e t i c  f i e l d  B ,  a f  l . A  T .

The expectä t ion va lue o f  the Hami l ton iän operator  AF is  there fore  changed

by the c i rcu lar ly  po lar ized l igh t  beäf l  in  such ä  vay that  r r  in  Eq.  (12)  is

r e p l a c e d  b y  r s ( 1 + x ) ,  a n d  t h e  s p i n  s p i n  c o u p l i n g  c o n s t a n t  i s  c h a n g e d  f r o m  I  ! o

a  v a l u e  l /  t o  b e  d e t e r n i n e d  a s  f o l l o v s .

1  In  the ve1 l  known Fermi  contact  nechänism [36 ,  the express ion for  sp in

sp in  coupt ing becomes

w h e r e  o l P  i s  t h e  r a d i o  f r e q u e n c y  f r o n  a  r o r ä t  i l l t  I  i (  t ( t  S e n e r a r e d  b y  ä  c o i t  a s
u s u a l .  N o t e  t h a t  t h e  r e s o n a n c e  c o n d i t i o n  i s  d c s . r  j l l \ l  i n  t e r m s  o f  r h e  I , q u a n r u m
nlurber ,  L 'h ich  is  made up o f  cordb inat ions ( ) t  r l r ( ,  r i  a r ( l  r  qua. rum nurbers .
T h e r e f o r e  t h e r e  a r e  s e v e r a t  r e s o n a n c e  f r e q r h r r r  i , . : r  i r  l t ( . r e r a t ,  a t L  o f  v h i c h  a r c
af fec ted by  the facror  x

A s  a n  e x a m p l e  o f  a  p e r t u r b a t i o n  H a m i l l o n i ; | r  i , r . t r i r r r l  m o l e c u t e s  o e  c o n s i d e r
t h e  L y p e  C t J E p ;  ,  w h e r e  E ,  i s  t h e  o s c i l l a r  i r l i  , . t { . 1 . r r  i ( .  t i e t d  s t r : e n g r h  o f  t h e
e l e c t r o n a g d e t i c  f i e l d  a p p l i e d  t o  t h e  s ä r p t i  r r h  { , t  r l ) .  N M R  i n s t r u m e n t ,  a . r d  a j
i s  t h e  o s c i l l a t i n S  m a g n e t i c  f t u x  d e n s i l  v  v r . ( . r , , r .  I . t r | ,  s L a r  d e i r o r e s  c o n p l e x
c o n j u g a t e .  H e r e  G , r  i s  r h e  i { , e 1 1  k n o v n  r t ( ) : j ( . I I L . I ( I  t e r r s o r  o f  s e m L _ c L a s s i c a l
p e r t u r b a t i o n  t h e o r y  1 3 6 .  l 7 l ,  w h i c h  i n  g e , r f r l l  l r : , : j  r ( : r l  . n d  i m a g i o a r y  c o n p o n e n r s .
The per turbed Hani l ton ian is  rhere fore

(22)

(23 )

L f r ? =  -  t ? t ,  B , + e J j E t B ;  +  . . .  + . \ , ! n r , 1 t , x  . . 2 ) u q a t e +  . . . ,

(26 )

<21)

r  3  i  -  j u " r - r r  ' x ) 1 /  r , , . d  t ,

where po is  the magnet ic  permeabi l i ty  o f  l r ( ]e  space.

2 .  In  the uncoupled approx imat ion the d ipo le  d ipo le  nechanisß for

coup l ing g ives the exPress ion,

t t h o s e  e x p e c t a t i o n  v a l u e  m u s t  b e  a t s o  t , c  { , v ; r l , r . r r  ! r i  b e r w e e n  e i g e n s t a t e s  o t  t h e
c o n p l e t e  e l e c t r o n i c / n u c l e a r  r . r a v e f u n c r  i o n .  i l | v o i v i n g  [ 1 1  1 5 ]  e l e c r r o n i c  a n d
n u c l e a r  a n S u l a r  m o m e n t u m  q u a n t u m  n u n b e r r s  s i n r l r ; r n t , o u i t y .

W€ deve lop the l tan i l ton ian opera lor  ( :onpon.n t :  e t j4B;  for  a  conp le te ly
c i r :cu lar ly  po lar ized e lecr romagnet ic  prant  wave l , , .p"g" i i " ;  in  ax is  z  o f  rhe
labor :a tory  f rame,

<24>

spr.n sprn
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^r . /  c r r . .8 ,  *  c ,  f  
"a ;  

-  c  ,F  a , '

l n  o r d e r  t o  P r o c e e d  i t  i s  n e c e s s a l y

L e n s o r  o p . r r : r t o r  ö i l  i r r t o  s p h e f i . , l

Shor t l  ey  phase convent  ion  [  39 ]  ,

The Photomagtetun ond Quantwn Field Theory

.6 , ,e ,e i  *  conqtex .an jüsate  +  (28)

t o  c o n v e r t  t h .  C a r t e s i a r l  c o m p o n e n t s  o f  t h e

t e n s o r i s t  r e p r e s e n l a t i o n  i .  t h e  C o n d o n

Optical NMR as a Shieding

i n  t h e  p r e s e n c e  o f  , t ! . a z
.xpras s ions i  nvo l !  i  ng ,  the
m o l e c u l a r  p o i n t  g r o u p s  o i
m a t r i x  e l c n € n l  i  s

an. t  v ice  versn nr (1s t  I  ak .

C r u f f y d d  x  c o . f i  i .  i c n t  s
the 9  j  symbol  s  i  i r t  onrs

287

pl  ac€ in  genera l  th rough

1 3 4 1 .  t h e  e q u i v a l e n t s  i n
' r F p  

o  p  n a r . l  f ^ r m , , F  r l - -

e,, i( ß@. aeil. \a:. e.)),

e,, ;(,fi e: , e: a'.J,

\
ö, .  j  ( /  I  ra;  .  na: t  + G: +. : '1 , ) .

e",= +1.{2e: G: e.,)),

< a b c e  %  
( t , 2 )  a t b l c ' ' . t >

F: .8 ;  l r i sh t )  =  -ExB;  I  l c t t )

EXB; = EvR;

L  f  a  b  , ; l
' l r r , . t  , r t , , , t  , x  a l  b t  c t l
0 /  a  .  r ]

^  . ; t  o " t a r )  < b l i . | b r > ,

r - ,  r ' " . (

( 2 e )
(  3 1 )

(3 t t )

I n  t h €  R o s e n f e l d  t c n s o r  t h e r e  i s  1 r o  s u b s c r i p r  s y m m e t - r ) '  [ 3 6 ,  : ] 7 1  i n  S e n e r a l '

b e c a u s c  i t  j s  a  m a g n e t i c  d i p o l e  c L e c t r i .  d i p o L e  p r o p e r L y  t e n s o r .  B o t h  r e a l  a n d

i m a g i n a r y  p a r t s  o f  6 , ,  t r a n s f o r m  i n  t h e  s a m e  { a v  f r o m  C a r t € s i a n  t o  s p h e r i c a l

r . ' p r c s e n L a t  r o n .

l h e  n a x t  s t e p  i n  t h e  d e v e l  o p r n e r l t  i s  t o  c o n v e r t  t h e  c a l c u l a t i o n  l n t o  r h "

c h i r a l  m o 1 . c u l a r  p o i n t  s r o u p  b e i n S  c o  s i d e r e d ,  b c c a u s e  6 ' ,  n e c e s s a r i l v  o c c u r s

o n l y  i n  c l r i r a l  m o l e c u l e s .  T h i s  s t e p  s h o \ r s  c l e a r l y  t h a t  t h e  c o n t r i b u t i o n  o f  6 j j

r o  o p t i c ä L  N M R  m u s t  b e  s i t e  s p e c i f i c .  b e c a u s e  i l s  i r r e d u c i b l e  r e p r e s e n t a t l o n s  r n

t h e  c h i r a t  p o i n t  S r o L r p  o b v i o u s l y  d e p e n d  o n  l h . ' m o L e c u l a r  e l e c t r o n i c  s t r u c t u r e ,

b u i l t  a r o u n d  v a r i o u s  r e s o n a l i n g  n u c l e i .

B e c a u s e  i n  O N M R  t h e r p  i s  a l w a y s  a n  a p p l i e d  m a g n e t i c  f i e l d ,  t h e  r : e l e w a n t

cru f fydd for f t  o l  the l " l igner  Eckar t  theorem is .

<ac lep, la ,c />  =  r  r r . ' " , " i ld ' i l l1 t "1  i  : ,  ; ) ,
(  30 )

i n  u h i c h  L h e  o r i g i n a l  n a t r i x  e l e n e n t  o f  t h e  o p i  I a l o r  ä ; '  i s  c o n v e r r e d  i n t o  a

r e d L r c e d  m a t r i x  e l e m e n t  m u l t i p l i e d  b y  a  v  c o e l  l  i . i ( ' r r t  I l ! r e .  r h e  e i g e n s L a t e

r d  )  t r a n s f o r m s  a c c o r d i n g  t o  t h e  d  c o m p o n e n t  o i  i  l ) .  i r r  e d u c i b l e  r e p r e s e n t a t i o n

o l  a  i n  r h €  m o l e c u l a r  p o i n t  g r o u p .  C r u f f y d d  [ : ] 4  l d f l i r r e s  i  r l " ' "  a n d  t a b ü l a t e s  v

i n  a c h i r a l  p o i n t  g r o u p s  o f  h i g h  s y m m e t r y ,  ü s i n g  r l r e  | . r r c  R a c a h  p h a s e  c o n v e n t i o n '

v h i c h  i s  g e n e r a L e d  f r o n  t h e  C o n d o n  S h o r t l e y  c o n \ ' . D l  i o n  b y  n u l t i p l i c a l i o n  l t i t h

r r .  w h e r e  I  i s  t h e  t e n s o r - r a n k  i n  s p h e r i c a l  r e p r e : ; . r i r a t i o n  l n  c h i r ä 1  m o l e c u l a r

p o i n t  g r o u p s ,  t l r u i f y d d  c o e f f i c i e n t s  a p p e a r  t o  b e  u r r a v a i L a b l e  i n  g e n e r a l ,  a n d  s o

i h .  r l ' c o r v  m u s l  r e m a i n  f o r n a l ,  a n d  f u r t h e t  c a l . : r r l a t i o n  m u s l  b e  n u m e r i c a l  T h i s

i l l u s t r a t e s  t h a L  t h e  e f f e c t  o f  l a s e r  l i g h t  o n  N l " l R  s p e c t r a  i n  c h i r a l  n o l e c u L e s  i s

r i c h l y  s u b t l e  a n d  f u l 1  o f  p o t e n t i a l  i n f o r n a t i o  .  ; r . i  t h e  a v a i l a b l e  r e s u l r s  h a v e

s t a r . t e d  t o  s h o v  i r 6
B e c a u s e  t h e  H a n i l t o n i a n  ( 2 7 )  i s  a  c o m b i n a l  i o n  o f  t e r m s  i n  t w o  s e p a r a t e

o p e r a t o r  s p a c e s ,  t h a t  o f  r n N  a n d  6 i j ,  t h e  e v a l u a t i o n  o f  n a t r i x  e l e n e n r s  o f  G r j E ' a ;

(32],

T h i s  t y p e  o f  ä l g e b r a  m u s t  b e  a p p l l e d  t o  i i n ( l  r l i , .  i L , r  r i ! :  , 1 ( .  r ( , n r s  t ) o t i r  o t  , r ! . 1 7

a r . d  o f  G t r E , B i  ,  b e c a u s e  t h e  s p a c e s  1  a n d  2  . | ,  i , ) r ,  r ( t ,  ] r . . r  c n t ,  r . . .  t h € ,  v a v e
f u n c t i o n  h ä s  b o t h  n u c l e a r  a n d  e l e c t r o n i c  c h : r r : r . r (  |  i r i  i t (  n ( . r a L .

P r o g r e s s  c a l l  b e  m a d e  a g a i n s t  c o n r e m p o r ; i r r  1 . , 1  [  , ) J  ( 1 , i r : r  r ) n  c r r l f l v d d  y ,  1 4 ,
a n d  X  c o e f f i c i c n t s  i n  c h i r a l  m o l e c u l a r  p o i l r  1 , r , , , 1 t , ,  1 ) \  1 r : i i n g . o l s i d e r : t r i o n s  o f

s y m e t r : y  a s  i n  t h e  p r e c e d i n g  s e c t i o D .  I n  l h l : ,  w ; , v  i l  i : r  ( t e d u c c d  r h a r  t h e  A i .
L e n s o r  m e c h a n i s m  c o n s i d e r e d  h e r e  d e p e n d s  o n  r l !  r , , , L . , r r , r , , r  i o n  o f  t h e  l a s e r  I i g h t .
T h i s  c a n  b e  i l l u s t r a t c d  s t r a i g h t f o r w a r d l v  l ) v  ' , , t i , (  i h r :  l l r (  f € , t e v a n t  p a r t  o f  r h e
H a m i L t o n i a n  ( 2 7 )  t o  t h e  C a r t e s i a n  f o r m

v h e r e  t h e  i r r . ' d u c i b l e  s p h e r i c a l  t e n s o r  ? J ( r , 2 )  i : i  u , ) r k . . ( i  , r r r  i n  t . . r n s  o f  j t s

.  o n p o n e n r  s  o e t t n , . J  b y .

i{r = lr,,8 r.[ =r<.Jöe€rder4)i6dq" I r l l r,{ f i' i J a,t

Lfr, = C*,E*B; * ö,,n,ai .  |  11':, ,  ,1,, i(/ . , /r, :  / . , /r;)

-  
l t r - ' , , ' ' i , , ) r r , r , ; '  I  r ; \ ,  . . . ,

( 3 3 )

w h i c h  c o n t a i n s  t h c  l r a c e ,  a n t i s y n m e r r i ( . ,  r r x t  , , v n r r t r i . ,  p a r t s  o f  t h e  r e l e v a n t

f i e l d  t e n s o r  t . i r ;  
- 1 h i  
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v i  e w  o f  L h e  e q u a t i o n ,

Chapter 14

ITANIFESTLY COVARIANT THEORY OF THE EIICTR0I.IAGNETIC FIELD: ITNCITI'DINAL I'ACNETIC

FIEI-DS IN NON-CONDUCTING AND CONDUCTJNG TIEDIA- REFI.ECTION AND REFRACTION

M .  W -  l v a n s

I t  i s  s h o v n  r t ü t  t h e  c o n j u g a t €  p r o d u c t  o f  t r a n s v e r s e  e l e c r r i c  f i e l d  s o l u t i o n s  o f
M a x v e l I ' s  e q u a t i o n s  p r o d u c e s  a  m a g n e t i c  f i e l d ,  w h i c h  i s  l o n g i t u d i n ä l 1 y  p o l a r i z e d
in  non-conduct ing and conduct ing media .  The e lec t romagnet ic  f ie ld  in  these ned ia
i s  t h e r e f o r e  m a n i f e s t l y  c o v a r i a n t ,  i n  t h a t  t h e r e  a r €  t h r e e  p h y s i c a l l y  n e a n i n S f u l
s p a c e  l i k e  p o l a r i z a t i o n s  a n d  o n €  t i n e - 1 i k e  p o i a r i z a r i o n .  I n  n o n , c o n d u c t i n g
n e d i a ,  t h e  I o n g i L t L d i n a l  m a g n e t i c  f i e l d  i s  u n i f o r m ,  i n d e p e n d e n r  o f  t i m e ,  a n d
so leno ida l  .  In  conducL ing media  i t  i s  independent  o f  t ine ,  but  is  danped
e x p o n e n t i a l l y .  T h e  p h e n o n e n a  o f  o p t i c a l  r e f l € c r i o n  a n d  r e f r a c ! i o n  a r e  c o n s i d e r e d
a t  a n  i n t e r f a c e  b e t r e e n  L l { o  n o n  c o n d u c t i n g  m e d i a ,  a n d  S n € ] 1 ' s  l a w  i s  e x p r e s s e d
i n  t e r m s  o f  t h e s e  n o v e l  l o n g i t u d i n a l  m a g n e t i c  f i e l d s .

1-  In t roduct ion

I t  has r :ecent ly  been shown [1-8 ]  that  the wel l  kno l .n  con jugate  product  o f

t h e  t r a n s v e r s e  o s c i l l a L i n g  s o l u t i o n ,  . E ( 1 ) ,  o f  M a x w e l l ' s  e q L r a t i o n s  v i t h  i t s

c o m p l e x  c o n j u g a t e  r { ' . ,  p r o d u c e s  a  l o n g i t u d i n a l  n H g n e L i .  f l u x  d e n s i r y ,  a r l r ,  i n

v a c u o .  T h l s  o b s e r v a t i o n  1 e d  t o  t h e  d e d u c t i o n  [ 1 + l  t h : r t  i l  B r ' ,  b e  n o n - z e r o  i n
vacuo.  then there  is  a lso  present  a  non-zero but  pur f  imaginary  long i tud ina l

e l e c t r i c  f i e l d  s t r e n g t h  r E ( 3 )  .  T h e  l o n g i t u d i n a l  a l l d  t r a n s v e r s e  f i e l d s  i n  f r e e
s p a c e  h a v e  r e c e n t r y  l 6 - 8 1  b e e n  i n c o r p o r a t e d  i n r o  a  n o v e l  ,  m a n i f e s t l y  c o v a r i a n r
t h e o r y  o f  e l e c t r o d y n a m i c s  b a s € d  o n  t h e  f o u r - v e c t o r s  r r  a n d  a r  i n  s p a c e - t r m e .
Both  r l ,  and B!  s igna l  the presence o f  four  phys i  ca l ly  meaningfu l  photon
p o l a r i z a t i o n s  i n  t h e  q ü a n t u m  f i e l d ,  t h r e e  s p a c e , l  i k e  a n d  o n e  t i m e - l i k e .  I n
c o n v e n t i o n a l  e l e c r r o d y n a o i c s  [ 9  1 7 ]  t b e  t r r o  t r a n s v e r s e  s p a c e - 1 i k e  c o m p o n e n t s  a r e
a c c e p t e d  a s  p h y s i c a l l y  n e a n i n g f u l .  a n d  l h e  o t h e r  t w o  p o l a r i z a t i o n s  d i s c a r d e d  a s
b e i n g  " p h y s i c a l l y  n e a n i n g l e s s " ,  o r  " u n p h y s i c a l " .  h e  c o n v e n E l o n a l  t h e o r y  i s
t h e r e f o r e  n o t  m a n i f e s t l y  c o v a r . i a n t ,  b e c a u s e  a l t h o u 8 h  M a x w e l l , s  e q u a t i o n s  a r e
Lorentz  covar iant ,  on ly  two out  o f  the four  photon po lar iza t ions are  accepred äs
p h y s i c ä l .  I n  t h e  r n a n i f e s t l y  c o w a r l a n t  t h e o r y  [ 1 - 8 ]  o n  t h e  o t h e r  h a n d ,  a l l  f o u r
p h o r o n  p o l d r i z - r ' o r s  , r e  u s e d  d s  p h \ - i . a l l y  n e " n : n g t u l  .

A  rad ica l  depär ture  such as th is  f ron convent iona l  theory  requ i res  care fu l
j u s t i f i L a t i o n ,  a n d  i n  R e f s  [ 1  8 ] ,  c o p i o u s  d e r a i l  i s  p r e s e n t e d  o f  t h e  r e a s o n i n g
for  and se l f  cons is tency o f  the new mani fes t ly  covar : iant  e lec t rodynamics (MCE).
B e f o r e  p r o c e e d i n g  t o  t h e  s u b j e c t  o f  r h i s  p d p e r ,  w h i c h  r s  t h e  a p p l i c a t i o n  o f  M C E
to s inp le  opt ica l  phenomena in  condensed media ,  a  br ie f  sunnrary  o f  rhe bas is  for
M C E  i s  e i v e n  a s  f o l 1 o w s .

i n  v a c u o  l - 8 1  .  I l e r e  r r o )  i s  r h e  s c a t a r  a n p l  i  L ( t ( .  o t  I  l ( ,  i  I  e c r r i c  f i e l d  s r r e n g r h
o I  t h e  e l e c r r o m : r g n e r i c  a w e  i n  v a c u o ,  a n < l  i : i  : . : , s o . i r l e d  w i r h  r h e  r i n e _ l i k e
p o l a r i z a t i o n  ( 0 )  i n  M C E .  I n  E q .  ( 1 )  c  i s  l l r ( .  : j t x , . ( t  o t  t i g h r  i n  w a c u o _  T h e
o s c i l l a t i n i l .  c o m p l e x ,  e t c c r r i c  f i e l d  r { 1 )  i s  , , : ; s ( ) ( . i , , r , . d  v r i r h  L r a n s v e r s e  s p a c e
l i k e  p o l a r i z a t i o  ( l ) ,  a n d  i t s  c o m p l e x  c o n  j u f , a r , ,  ! ( 2 r  v i r i r  r | a n s v e r s e  s p ä c e - 1 i k e
p o l a r i z a t i o n  ( 2 ) .  T h c  m a g n e t i c  f i c l d  E ( 1 '  t i , j  t , , , r U i r u ( t i n a t  s p a c e _ t i k e
p o l a r i z a t i o n  ( 3 ) .  A s  u s t L a l  ,  f o r  c i r c u t a r  p o t . r i . , . i r  i { , r .

c o n v - . n t  i o l a l  . , l . c r  r o d v r i a m i c s  b e c o n e s  L l l r t ( . n , b l e  i n

r , "  = E; i ; . " r  ' '  ts ' , ) r .

E ( 1 )  =  U ( . r ä r r ) . . ' 4

a ( 1 '  -  r o r  6 { 2 )  r ,  ! o

( r )

( 2 )

( 3 )

w h e r e  e 1 1 )  a n d  e { , '  a r .  u n l r  p o l a r - i z a r  i o l r r L  r l , ,  i  i r  ( . L r l a r  b a s i s ,

e , 1 t = !  i J .  r , ) J

A , )
( 4 )

l l r h e i e  i  a n d  J  a r e  C a r r a s i a n  u n i t  v e c r o r : :  r ,  \  , r r t  Y  l ( ) r  t ) r o p a 8 a r i o n  d i r e c r i o n
Z  o f  t h e  e 1 € c t r o m a g n e t i c  p l a n e  w a v e  i r j  ! . , ,  , , ,  ' l l j ,  

t , t , . , , . ( .  a s  u s u a l  .  i s

0  c ' r  r  ! ,  ( 5 )

u h e r e  ( d  i s  t h L .  a r r g u l a r  f r e q u e n c y  i l t  i | : j r . L l r  L , | , i  x  r l t r  u a v e  v e c t o r  a t  p o s i r i o n
r .  U s i n g  t i r c  u . l  I  k n o u n  v a c u u  r f l r r r  i , , r L .

( 6 )
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i t  i s  e a s i l y  s h o w n  t L - 8 1  r h a t  r h e  w e l l  k n o l t n  c o n j u g a t e  p r o d u c t ,

( 1 )

Manifestly Covaion! Theory oJ the Electromogne,ic...

v . r .  I  q {  ' ' '

! ( ! '  :  i t  / i  i ,  
v

r a t h e r  r h d r ,  r h e  L r s u a l

V S = 0 ,  V a  o (  1 1 )

I n  R € f s .  [ 4 ]  a n d  [ 6 ]  s e v e r a t  e r p e r i m . i , r , , t  (  o , , , j , , 1 , , ( . r r ( ] . s  w i , r e  d i s c u s s e . t  o f
t h e  r e a l  a n d  p h y s i c a l  E { 3 )  t / h i c h  m i g h t ,  t ( , r  (  \ , r 0 j t ) 1 , . .  l , r o ( h r c i ,  } i 8 h t  i n d u c e d
m a g n e t i z a r i o n  a n d  p o l a r i z a t i o n  p r o p o r t i o n : r t  r r )  r t j {  s q u a r e  r o o r  o f  1 i 8 h t
i n r e n s i t y .  l i x p e r i m e n t a l  e v i d € n c e  v a s  p r e s e l r  {  { r  i , j  t { r  I  .  4  I o r  1  i A h r  i n d u c e . l
I a r a d a y  r o t a t i o n  [ 1 8 ]  v h i c h  r a s  f o u n d  l 4 ]  t o  i , , .  l , r , ) t n , r r  i ( ) I r r t  r o  r h e  s q u a r c  r o o t
o f  l i g h t  i n t e n s i t y ,  i . e  t o  b e  d j r e c t l y  p r o p ( ) r  I  i t ) h . r t  r ( )  x | r ! ) ,  ; r s  ( , x t . . r e d .  I n
R e f .  l 5 l ,  t h e  \ r e t l  k n o & ' n  p h e n o m e n a  o f  c i r c u t . r  ( l i , . t j r , , i : ; r d ,  (  |  i p r  i . r i r v .  o p t i c a l
a b s o r p t i o n .  a n d  t h c  K e r r  e f f e c t  v e r e  s h o v n  r o  h  ( 1 , , ,  r , ,  a o ' .  , ,  ( l  , r  t o r r r  S r o k e s
p a r a m e t e r : s  e x p r e s s e d  i n  t e r n s  o f  t h i s  l o n g , i t u ( l i l , r t  l j (  t ( l  t r  w r t : j  s t r l ) , * , n  1 4 ,  r h a r
f o u r  p h o t o n  p o l a r i z a t i o n s  a r e  c o n s i s r e n t  v j  I  h  ( , n t v  t v , j  l , t , , ) t , ) r j  l r (  I  i .  i t  i , . s  ( + l  a n d
- l ) ,  b e c a u s e  l h e  t w o  h e l l c i t i e s  c a n  b a  e x p . ( : i r ; , ( t  {  i r l r . r  , ,  r ,  r n : j  { , t  ( i ) )  : Ü x r  ( l )
p o l a t i z a t i o n s  o r  ( 1 )  a n d  ( 2 )  p o l a r i z a t i o n s .  t l  r ,  r r r : :  i J t  ( ( ) )  l r x t  (  J )  p . t , r i z a ,
t i o n s  t h e  l i n k  v i t h  p h o t o n  h e l i c i t y  i s  g i v L . r r .  1 , , ,  , , i . , o t , t ,  l ) \  t .  . ,  l .

( ) 2 )

w h e r e  i  i s  L h e  p h o t o n  a n g u l a r  n o n e n t u n .  k t , , , . ,  t  i ) , ! \ . , 1 , , ,  , r t  M j h .  w h e r .  i ,  i s
t h e  r e d u c e d  P l a n c k  c o n s t a n t  a n d  , r ! - * l  , ) r  t : , , ,  . ,  r ) r  t ,  l , t r ( ) r , ) n ,
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( 1 0 )

E ( 1 )  ! ! ( r )  =  F \ r ) ,  j k  -  E \ . i  c i B t l t

c a n  b e  e r p r e s s e d  a s  a  l o n g j t u d i n a l .  p h a s e  i n d e p e n d e n L .  n a g n e t i c  f l u x  d e n s i t y

a ( 3 )  w h i c h  i s  p h y s i c a l l y  m e a n i n g f u l ,  s i i c e  E ( 1 )  a n d  - s { 1 '  a r e  p h y s i c a l l y  m e a n i n g f u l

a n d  8 ( 1 )  !  t ( ' l )  i s  d i r e c t l y  p r o p o r L i o n a l  t o  t h e  a n t i s y n n . ' t r i c  p a r r  o f  t h e  l i S h t

i n t e n s i t y  t e n s o r  i n  v a . u o  l 9 - 1 a l  .  I n  c o n v e n t i o n a l  e l e c t r o d y n a $ i c s  ( b o t h

c l a s s i c a l  a n d  q u a n t u m )  8 ( 3 )  m u s t  b e  d i s c a r d e d  a s  b e i n g  " u n p h y s i c a l " ,  i n  d i r e c t

c o n f l i c L  v J i t h  E q .  ( 1 ) .  C o n v e n L i o n a l  e l e c t r o d y n a m i c s  i s  a l s o  i ü t e r n a l l y

i n c o n s i s t e n t ,  b e c a u s e  q L r a n t u n  f i e l d  t h e o r y  r 5 - 8 1  I e a d s  t h r o u g h  t h e  w e L l  k n o l r n

c u p t a  B l e u l e r  c o n d i L i o n  b a c k  t o  t h e  c L a s s i c a l  r e s u l t s ,

B r 3 )  B  ( o )  =  O ,
( 8 a )

(  8 b )

i n  o u r  n o r a t i o n .  I n  c o n v e n t t o n a l  c l a s s i c a l  f j e l d  r t l e o r y  [ 1 5 ]  t h e s e  s o l u t i o n s  o f

M a x u e t l ' s  e q u a t i o n s  i n  v a c u o  ä r e  d i s c a r d e d  a s  " u n p h y s i c a l " ,  d e s p i t e  t h e  f a c t  t h a t

a d n i x t u r e s  o f  p h o t o n  s t a t e s  ( 0 )  a n d  ( 3 ) ,  d e s c r i b e d  b y  c r e a t i o n  a n d  a n n i h i l a t i o n

o p e r a t o r : s  t 1 6 1 ,  a r e  d e e m e d  t o  b e  a c c e p t e d  [ ] 7 1  a s  p h y s i c a l  s t a t e s  i n  t h e  q u a n t u n

t h e o r y .  I n  M C E  o n  t h e  o t h e r  h a n d ,  E q s .  ( 8 a )  a n d  ( 8 b )  a r e  c o n s i s t e n t  u i t h  E q -

( 1 ) .  B o t h  I | ( ' )  a n d  i E ( i ,  c h a n g e  s i g n  q , i t h  t h e  s e n s e  o f  c i r c u l a r  p o l a r i z a t i o n ,

and bot t r  van ish ther :e for :e  in  l inear  or  incoheren i  po lar izä t io .

A ie l r  o f  th€ nurnerous theoret ica l  consequences o f  s ( ' )  and i l ( ' '  in  f ree

s p a c e  h a v e  b e e n  c o n s i d e r e d  i n  d e t a i l  i n  R e f s .  l 6 l  t o  l 8 l .  l n  R e f .  [ 6 ] ,  i t  w a s

s h o v n  t h a t  i . 8 6 )  a n d  a ( 3 )  d o  n o !  c o n t r i b u t e  t o  e l e . t r o m a g n c t i c  e n e r g y  d e n s i t y ;

and are  cons is tent  there fore  l , i th  the convent iona l  Povnt ing theorem on a  t i lüe

a v e r a g e d  b a s i s .  T h e  ü s e  o f  a  f o u r - w e c t o r  d e s c r i p t i o n ,  , ' p  a n d  a r , ,  i n  t e f .  [ 6 1
i s  n e c e s s i t a t e d  b y  f o u r  p h y s i c a t l y  n e a n i n g f u l  P o l a r i z a t i o n s ,  ä n d  t h i s  1 € a d s  t o

fundanenta l  changes in  MCE as conpared l r i th  conwent ionaL e lec t rodynamics For

e x a m p l e ,  t h e  S t o k e s  p a r a n e t e r s  i t e r e  e x p r e s s e d  l n  R e f .  [ 6 ]  i n  t e r n s  o f  D i r a c

ra ther  than the usua l  Pau l i  mät r ices,  and tvo  o f  the Maxwel l  equät ions were

n e c e s s a r i l y  e x p r e s s e d  i n  m a n i f e s t l y  c o v a r i a n t  f o r m ,  v i z .  ,

w h e r e  l q , >  i s  a n  e i g e n s t a t e  o f  t h e  q l r r n r  i . : , , t  t r ,  l , t  , (  {  i U . n v a t u e s  + 1  a n d  1
t a k e  t h e  s a r n e  v a l u e s  a s  L h e  p h o t o n  h r . t j { i r i , . r  r t  . , , ! t  t .  - l d  B ( i )  i s  t i n k e d  t o
p o l a r i z a t i o n s  ( 1 )  a n d  ( 2 )  r h r o u g h  r j ( I .  |  )  ,  i r t , ,  I  1 , ,  r l r {  . L a s s i c a t  o r  q u a n r u m
f i e l d  t h e o r y  { 4 1 .  ( r n  ( r )  a n d  ( 2 )  r r ) ( . } , , t i ( i r i r , . , , r ( . ( r ( s c r i b e c i  i n  r e r ß s  o f  t h e
u s u a l  r i g h t  a n d  l c l l  c i r c - t l l a r  p o ] a r i l . , r  i , i , , , ,  )

I n  R e f .  [ / ] ,  i t  w a s  s h o l , n  r b a l  r l r t  L , ) r ,  l  , .  t l , r { . , . ( , q u a r i o n  c o n r a j n s  e x t r a
t e r m s  d u €  t o  B o )  i r r  M C E  c o m p a r e d  w i l l r  ( . , , r v (  l  i ( ) h , r t  r h . o r y ,  a n d  i n  R e f  [ 8 ] ,  i r
w a s  s h o l ' n  t h a t  E q -  ( l )  i s  i n v a r i a n t  L l r n l ( . r  r l r (  t ) . r : i j .  s ) - r n m e r r i e s  o f  p h y s i c s ,  i ,  p ,

a n d  ?  c h a r g e  c o n j u t a t j o n ,  p a r i t y  i  v c r s i ( , L , r t r t  I  o r  i o n  r e v e r s a l  r e s p e c t i v e t y
T h e r e f o r e  t " )  a n d  i t ( t  d o  n o t  v i o t a l ( .  t l ) , ,  t r r r x r ä m . n r a 1  s y n m e t r y  p r i n c i p l e s  o f

( r 3 )

V  E +  I ' :  =  o , ( e )
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p h y s i c s  a p p l i e d  i n  v ä . 1 , o  o r  i n  m ä t t e r .

I n  t h i s  p ; r p e r  w e  i n i t i a t e  t h e  a p p l i c a r i o n  o f  c t a s s i c a l  M C E  t o  m a t t e r ,  w h i c h

i s  c o n s i d e r e d  a s  c o n L i n u o u s  i n  n a L u r e .  s o  t h a t  m o l e c u l a r  a n d  a t o n i c  s t r u c t u r a l

c o n s i d e r a L l o n s  a r € r  n o t  c o n s i d e r e d  e x p l i c i L l ) ,  a s  i s  t h e  c u s t o m  i n  t h e  s i m p l e ,

c l a s s i c a l .  . l c . t r o d y r a m i c a l  t l t e o r l '  o f  m a t t e r .  I n  S e c .  2 ,  M C E  i s  a p p l i e d  i n  n o n

c o n d u c t i r l g  n . d i a  t o  t h c  o p t i c a l  p l t e n o m e n a  o f  r e f l e c t i o n  a n d  r e f r a c t i o n ,  d e s c r i b e d

b y  S n e l l ' s  l a i , /  1 9 1 -  I t  i s  s h o l i n  t h a t  l o n g i t u d j n a l  B o '  c a n  b e  u s e d  t o  d e s c r i b e

b o t h  p h e n o m e n a  i n  a  n a n n e r  w h i c h  i s  c o n s i s L e i r r  1 { i t h  c x p e r i m e n t a l  d a t a  a n d  t h e

c o n v e n t i o n a l  t h e o r y ,  b u t  \ r h i c h  g i v e s  e x t r a  i n f o r m a L i o n  i n  t h e  f o r m  o f  a n  e q l l a t i o n

i n v o t v j n g  c h a n g e s  o f  8 { 3 )  a t  r h e  i n t e r f a c e .  T l i i s  c . t u a t i o n  d o . s  n o t  a p p e a r  i n  t h e

c o n w e n t j o n a l  t h e o r y ,  b r r t  i s  s h o w n  t o  b e  c o n s i s r e n t  v i L h  t h c  e x p e r i m e n t a l l y

o b s e r v e d  p h e n o m e n a  o f  p o l a r j z a t i o n  b y  r e f l e c L i o n  a t  B r € \ r s t e r ' s  a n g l e  [ 1 9 i ,  a n d

t o t a l  i n t € r n a l  r e 1 ' l e c t i o n  u h e n  t h e  a n g l e  0 1 '  r c f r a c t i o n  i s  9 0 '  [ 1 9 ] .  T h e s e  l , r e l l

k n o r , r n  o x p e r i n e n t a l  p h . n o m e n a  o f  p h t s i . , I  o p r i " s  a r e  t h € r e f o r e  a c c o m m o d a t e d

cons i  s tent l l '  w i th in  i , lCE.

I n  S e c .  3 ,  M C E  i s : L p p l i e d  t o  ä  s i m p l e  t h e o r y  o f  e l e c t r o m a g n e t i c  p r o p a g a t j o n

i n  i  c o n d u c t r . n g  m e d i u r n ,  d i r d  i r  r s  s h o n n  t h a t  t h e . o n J u g a L e  p r o d u c t  o f  t r a n s v e r s e

c l e c t r i c  f r e l d s  p r o d u c e s  a n  e x p o n e n t i a l l y  d ä m p e d  l o n g i t u d i r ü 1  m a g n e t i c  f i e l d

w h i c h  i s  n o  l o n g e .  s p a t i a l l y  u n i f o r n ,  b e c a u s c  t h e  t r a n s v e r : s e  e l e c t r i c  f i e l d s

w h i c h  d . f i n e  i t  a r c  n o  l o n g e , r  u n i f o r m  [ 1 9 ] .  F o r  a  m e d i u m  o f  h i g h  c o n d u c t i v i t y

L h e r € f o r e ,  t h e  n o v e l  I o  g i t u d i n a l  m a g n e t i c  f i e l d  1 s  d a n r p e d  o u t  v e r y  q u i c k l y  t o

€ f f e c t i y e l y  z e r o  j L r s t  b e l o w  t h e  s u r f a c e  o f  t h e . : o n d u c l o r .

2-  l . lCE in  Non-conduct ing i ra t ter ,  Ref lec t ion and Rcf rac t ion

I n  a p p l y i n g  ) I c E  t o  n o n  c o n d u c t i n g  n a t l c r  v c  f o l l o w  l h e  m e t h o d o l o g y  o f  a

c l a s s i c  p a p e r  b y  K i e l i c h  t 2 0 l  o n  n o n  I i n e a r  r n , , l r i p o l e  n a 8 n e t i z a t i o n  i n  n o n -

c o n d l r c t i n g  m a t t e r : ,  b u t  r e s t r i c t  o u r  c o n s i d e r a t i o n s  t o  r . l l c c t i o n  a n d  r e f r : a c t i o n

i n  c o n t i n u a ,  i n  o r d e r  t o  s h o v  s i m p l y  h o \ , r '  M C D  d i l f . ) s  f r o r  t h e  c o n v e n t i o n a l  r h e o r y

o f  e L € c t r o d y n a n j c s  a n d  p h y s i c a l  o p t i c s .

K i e l i c h  [ 2 0 ]  i n c i s i v e l y  u s e d  L h e  m i c r o s c o p i c . q r r . l t i o n l r  o f  e l  e c t r o d y n a m i c s ,

i n t r o d u c e d  b y  L o r : e n t z  { 2 1 1 .  a n d  d € v a l o p e d  b y  v a n  v l . c k  , 2 1  a n d  R o s e n f e l d  1 2 3 1 ,
v h o  i n t r o d u c e d  q u a d r u p o l a r  p o l a r i z a t i o n  f r o m  M a \ i r F l l ' : ;  o . . r o s c o p i c  e q u a t i o n s .

t , o r c n r z  o r i g i n a l l y  m s d e  t h e  t r a n s i t i o n  f r o m  h i  s  m j  c r o s c o p i c  e q u a t i o n s  t o  t h e

phenoße noI  og l  ca  L  r racroscop ic  equat ions o f  l ' Iaxv .  L  L  lh rough t l le  t ime and space

a v e r a g i n g  o t  n i c r o s c o p i c  f i e l d  q u a n r i t i e s  o v e r  p h y s i . a l l y  i n f i n i L e s i m a l  r e g i o n s

o f  m a t t e r  M a z u r  a n c l  N i i b o e r  i 2 a l  s h o v € d  t h a t  t l ) i s  p r o c e d u r e  i s  e q u i v a l e n t  t o

s t a t i s t i c a l  . n s e n b l e  a v e r a g i n g  a n d  d e v e l o p e d  a  s e l J  . o n s i s L e n t  m e t h o d  o f  l i n k i n g

t h e  m i c r o s c o p i c  L o r e n t z  a q u a L i o n s  t o  t h e  n a c r o s c o p i c  M a n w e l l  e q u a t i o n s .  D e  G r o o t

a n d  V l i e g e r  [ 2 5 ]  h a v e  d e v e l o p e d  a  g e n e r a l l y  a p p ]  i . a b l e  a n d  c o v ä r i a n t  m e t h o d  f o r

d e r i v i n g  t h €  m a c r o s c o p i c  M a x r r e l l  e q u a t i o n s  i n  m a r  I  { , r  ,  r o r n  a L o m i c  f i e l d  e q u a t i o n s .

K i e l i c h  l 2 0 l  a d a p t e d  t h e  m e t h o d s  o f  M a z u r  a r i d  N i j b o e r  l 2 4 l  a n d  p r o v i d e d  a

m u l t i p o l e  e x p a n s i o n  o f  c b a r g e  a n d  c u r r e n t  d e n s i t r  t o  o b t a i n  g e n e r a l l y  a p p l i c a b l e

e q u a t i o n s  f o r  t h c .  p € r i r i t t i v i t y  a n d  p e r m e a b i l i t y  t e n s o r s  o f  n a t r e r  o n  t h e  b a s i s

o f  t h e  M a x w € 1 I  L o r e n t z  e q u a t i o n s  a n d  g e n e r a l i z e d  t h e  r e s u l t s  o f  L a n g e v i n  [ 2 6 ]  a n d

v ä n  V l e c k  [ 2 2 ]  f o r  m u l t i p o l e  n a g n e t i c  p o l a r i z a t i o n .

Manifestly Covariant Theory oJ the Electronagnetic.. .

I n  r h i s  p a p . r '  r e  f o l 1 o w  K i e l i c h ' s  0 ( . l l r ( { t  ( ) l  r r a r i s i L i o n  f r : o m  r h e  L o r c n L u
L h e o r y  o f  t h c  c l . . t r o r )  t o  l h e  m a c r : o s c o p i ( :  M ; r r w , . l t  ( ( l [ a l  j o n s  i r r  c o n L i n u o u s  m a r r e r .
w e d o n o t a t l c n p t t o | f e a l m a t | c ) - i I l r { l | 0 l t ( ) l j l s c o n s t i t u e n t

m o l e c u l c s ,  b L r l  l l r i s . r r i  l ) e  d o r ) c  s v s r e n a r i c : r l l v  ) l )  . , r  r t  l a L € r  r h e o r e r i c a l  s t a g e .
I n  S . l .  L r n i l s ,  l . o r e n L z ' s  n i c r o s c o p i .  t  l , ( . | t ( ) r L i r l l ü L r  i c  f i e t d  e q u a r i o r r s  i n
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v , €  .  
# ,  v . i  -  o ,  v y ,  i i  . t  v . e  p , ( 1 4 )

w h e r e  a  a n d  - h  a r e  t h e  m i c r o s c o p i c  e l e . t r i .  , , r ! t  r . L J , , t  r i ( .  I  i  t ( l  : r r r e | f 1 h s ,  p  i s
L h e  e l e . t r i c  c h a r g e  d e n s i t y  a n d  J  t h e ,  . l { , ( j t  I  i t  ,  L  , , , r  L t t , r  r v  t |  | . D e r a t ,  r h c
c l r a r g e  a n d  c u . r e n t  d . , n s i  r i e s  a p p e a r i n g  i I  I  l r (  j (  ,  I  L . , r  , ) h j  ( . l l  l l ,  ( - l p r e s s . d  i r l
t c r n ' s  o f  N  i d . n t i c a l  f t i c r o s y s r e m s ,  r e l ) r , . : i , . r j r  j r  1 .  , 1 , , , t r  , , , 1 ( . , r 1 ( : j .  r o l s .  e r c .
H o u e v e r ,  f o r  o u r  p r e s e n r  p u r - p o s e s ,  w € ,  r c 8 : r r ( t  t i , r { , Q : ; .  , r r r t  ( t i r € c l 1 y
a v e r a g e  i 2 0 l  t h e  m i c r o s c o p i c  f i e l d  . , q L L ; r t i , ) r ,  r ,  L L . . t  r t ) ,  , r , (  r , , j , ( , ) r r i { .  I i e t d
e q u a l i  o n s  i n  c o n t i n t L o u s  m a r r . , r .

H e r e .  E =  < € >  .  w f i c r - c  <  >  l : l c r o t € s  a n  (  l r . , , ( 1 , 1 ,  . ,
e l e c t r i c  f i . , ] d  s r r e n g L h ;  a n d  a = < ä )  i s  t t ,  ,  ,
t i q u a t i o n s  ( 1 5 b )  . a n  b e  r { r w r i t t e n  a s

v .E  3 i , ,  vD

(  l 5 a  )

(  l 5 b )

) ,  . 1  i ' ,  l  l r (  r r . r  o s . r o p i .
, i , ! t i  , , J r ,  l i ( .  i  l r | i  d . f l s i L y .

t '  ,  ( 1 6 )

. , ,  , l  I '  r  l i r  n . . r o s c o p i c  m a g n e t i  c

( t 7 )

V ! E

V ! A  -

= - i 9
a r - '

a E  . . .

i r h e r e ,  i s  r h e  r n i r . r o s . o p i c
f  i  e l d  s t r e n A l  ] r .  q ü a I L  j  I  i e s

e L . c t r i .  ( t i , . t ,  r ,  !  !  l
d e f i r c ' d  i r )  : i  I  l ,

D  € 8 ,  H  B

H e r e  u c  h a v e  a s s u n r c d  r h a r  r h .  . o n r i n L r o , r : i  n r r l t { . r  i . ;  i s o r r o p i c  a n d  n o n  c o n d r L c t  i n 8 .
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( 1 8 )

ManiJestty Covafiant Theory of the Elcctromagnetic... 299

s o  t h o t  r L s  p c r m ; r r i v i r v .  a n , i  p e r m e s b L l r r y  p  ä . e  s c ä L a r s .
l ie  are  now in  a  pos i t ion  to  app ly  the methods o f  MCE [6-8 ]  to  the

n a c r o s c o p i c  e q u a t i o n s  ( 1 6 )  a n d  ( 1 7 ) .  I n  c o v a r i a n t  f o r m ,  E q s .  ( I 6 )  a n d  ( 1 7 )

D r  =  ( D 1 r ) ,  D t 2 i ,  D t l J ,  j D t o ) ) ,  H p  =  \ H \ r ) ,  H t 2 ) ,  H \ ' ,  l q t a ) ) .  ( 2 2 )

axr

in  Mi r ,kovsk i  space- t ine,  w i th  the four  quant i t ies ,  i r=(  1<0" ,> ,1<0"" , ,

x l = t x ,  Y ,  z ,  r c t ) ,  a n d

T h e  d e f i n i t i o n s  ( 2 0 a )  a n d  ( 2 O b )  p r o v i d e  a  m a n i t c s r l y  c o v a r i a n t  d e s c r i p r i o n  o f  t h e
m a c r o s c o p t c  e L e c L r i c  d i s p l a c e n e n t  a n d  m a g n { r t  i .  i i e l d  s t r e n g r h  i n  c o n t i n u o u s
m a t t e r ,  a  d e s c r i p t i o n  i n  w h i c h  t h e r e  a r e  f o u r  p h y s i c a t l y  m e a n i n g f u l  f i e l d
p o l a r i z a t i o n s :  t w o  t r a n s v e r s e  s p a c e - l i k e ;  o n c  I o n l , ,  u d i l : 1 1  s p a c e - 1 i k e ,  a n d  o n e
t i m e - 1 i k e .  I n  a n a l o g y  r , / i t h  E q .  ( I )  i n  v a c u o  t h e  r u o  r r a n s v e r s e  p o l a r i z a t i o n s  ( 1 )
a n d  ( 2 )  a r e  l i n k e d  r o  r h e  l  o n g i t u d i n a l  s p a c e  t i k .  p o l a r i z a t i o n  ( 3 )  r h r o u g h  t h e

f . p r , , r ,  j .  p ,  
) ,

( 1 e )

8 ( t )  =  ! ( 1 ) x ! ( 2 )
j  E \ a t  v

l i g h t  i n  t b e  c o n r  i n u ( n r l j

r e l a t e d  t o  t h e  { , l t  ( . r  I  i , .

( 2 3 )

n : r i  r . r  l n  E q .  ( 2 3 )  t h e
( l i  s  p l  a . e m e n t  s  D { 1 )  a n d  I ) ( . r

\ there  w is  the ve loc i ty  o f

e l e c  L r i c  f i e l d  s t r e n g t h s  a r e
by ,

I n  M C E ,  a l l  f o u r  p o s s i b l e  p o l a r i z a t i o n s  o f  t h c  c l c c t r i c  d i s p l a c e m e n t

m a g n e t i c  f i e l d  s t r e n g t h  E  a t e  c o n s i d e r e d  t o  b e  p h y s i c a l l y  m e a n i n g f u l ,

i s  e x p r e s s e d  [ 6 ]  e x p l i c i t l y  b y  d e f i n i n g  e ] e c r r i .  a n d  m a g n e t i c  f i e l d s

w e c t o r s -  T h u s .

Hf

Hx

0

o l r

l r a

Hv Hx

l D t  r D r

i Dr

i D r

iDr

0
t ( 1 )  -  

€ i !  
( r ( 1 )  -  I l ( 1 )  ) , ! l t )  

. 1 ,  
( D ( : )  p ( r )  ) , (24)

D and the

änd th is

(2oa)

(2ob)

v h e r e  P t 1 '  a n d  P r , )  a t e  p o l a r i z a t i o n s .  I l  , , r r l , ) 8 y  w i t h  l , t q .  ( l ) ,  D 1 1 )  i s  t h e
c o ß p l e x  c o n j u g a t e  o f  D l z '  a n d  p i l t  t h e  c o m p l ( , x  , . , ) r  j l r l t , r l ( .  o t  I ' ( r ) .  T h e r e  a r e  a l s o
analogous re la t ions o f  the type,

4  =  
; c 'e " t ' e6 " '

\  =  '  
i ewo '  t , r6 "  '

a n t i s y m m e t r i c  u n i t  t e n s o  r  i n

ö ,  E  ( 0 ,  o ,  1 ,  - j )  .

a { r ,  :  F o d { ' )  I  I r ' ,  ,

b e t w e e n  t h e  m a g n e t i c  f i e l d  f l u x  d e t l l ; i t  v .  v l , ( . r I
ßa8net  lza t ron.

I n  I r t C E  t h e r e f o r e  c o n t l n u o u s  m a r r {  r  s l r j : , i  s  a  l o | S i r u d i n a l  B a g n e t i c  f l u x
d e n s i t y  d e f i n e d  b y  e q u a t i o n s  ( 2 3 )  a n d  ( ) h )  r ' l , i r ;  i s  p r e c i s e l y  a n a l o g o u s  w i t h  t h e
f a c t  t h a t  i n  M C D  i n  v a c u o ,  t h e r e  i s  a  l , ) n l t i r , ( t i r ; , 1  E ( t ) d e f i n e d  b y  E q .  ( 1 ) .  I n
t h e  c o n v e n t i o n a l  a p p r o a c h  [ 1 9 ] ,  t h e  f i i l i l s  E ( r ]  - I r ( 1  r { r ,  a r e  d i s c a r d e d ,  d e s p i t e
t h e  f a c t  t h a t  t h e  t r a n s v e r s e  f i e l d s  I ' o n r  w h i ( : h  I h e y  a r e  d e f i n e d  a r e  u s e d
r o u t i n e l y .  F o r  e x a n p l e ,  t h e  ! ' e 1 1  k n o w r t  i n v ( . r : r i . r . a r a . t a y  e f f e c t  ( 2 1 )  i s  u s u a t l y
e x p r e s s e d  i n  t e r r n s  o f  ! ( 1 )  x g ( 2 )  i n  n a t t  c r  ,  u s i r u t : r  m o l e c u l a r  r h e o r y  a n d  m o l e c u l a r
p r o p e r t y  t e n s o r s  [ 2 8 ] .  E q u a t i o n  ( 2 3 )  s l r ( ) r ' s  t h a t  a ( 1 )  h a s  t | . e  e ,  ? ,  ?  s y  r e r r i e s
a n d  u n i t s  o f  m a g n e t i c  f l u x  d e n s i t y  i n  c o r ) r i n r r o u s  m a r r e r ,  ä n d  s i n c e  t { ' )  i s  n o n -
z e r o ,  i t  i s  a  p h y s i c a l l y  m e a n i n g f u l  m a g , r t r , r  i .  I t u x  d e n s i t y  i n  t e s l a .

<25)

I ( ' r  i s  t h e  o a c r o s c o p i c

l s  L h e  u n i  L  v e c t o r ,
four  d imens ions,  and ö ,

(2r)

Ue def ine [6 ]  the four  vectors  , r  and r i ts  as ,
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I f  no t ,  then e lec t rodynamics becones arb i t rary ,  because ä  rea l  quant i ty

l r i th  a1I  the known at t r ibu tes  o f  nagnet ic  f lux  dens l ty  would  have to  be regarded

a s  h a v i n g  n o  n e a n : i n g  i n  p h y s i c s  ( i . e . ,  a s  " u n p h y s i c a l " ) .  E q u a t i o n  ( 2 3 )  t h e r e f o r e

makes conv€nt iona l  e lec t rodynanics  in  con l inuous mat ter  untenable ,  and by d i rec t

ex t rapo la t ion,  i t  a lso  nakes untenable  the convent iona l  e lec t rodynanics  o f

p a r t i c u l a t e ,  f o r  e x a m p l e  n o l e c u l a r ,  n a t t e r .  A  c o n s i s t e n t  e l e c t r o d y n a n i c s ,  b e

t h i s  c l a s s i c a l  o r  q u a n t i z e d ,  m u s t  b e  m a n i f e s t l y  c o v a r i a n t  b y  E q .  ( 2 3 ) .

E q u a t i o n s  ( 2 0 ) ,  a s  s h o v n  i n  d e t a i l  i n  R e f .  [ 6 ] ,  c o n s i s t e n t l y  d e f i n e  t h e

four -vectors  ,9r  and D!  in  le r :ms o f  the four - tensor  f^p ,  l th ich  is  the four -cur l

o f  t h e  r e l e v a n t  v e c t o r  p o t € n t i a 1 ,  a n o t h e r  f o u r - v e c l o r  [ 1 0 ]  o f  M i n k o n s k i  s p a c e -

t ime.  Hereby,  Hr  ar : 'd  Dr  become Paul i  Lubansky types t6-81,  and the nan i fes t ly

c o v a r i a n t  d e s c r i p t i o n  ( 2 0 )  a l s o  s a t i s f i e s  { 6  8 l  t h e  g e o m e t r i c a l  r e q u i r e m e n t s  o f

the inhomogeneous Lorentz  gr :oup in  contemporar :y  re la t iv is t ic  f ie ld  theory  By

def in ing äF and ,F  through f r ts ,  they are  automat ica l ly  8aügo invar iant  äs

requ i red by  the fundanenta l  s  o f  contenporary  gauge theory .  Ue emphas ize that

d e f i n i t i o n s  s u c h  a s  ( 2 0 )  a r e  i r r u D e d i a t e l y  n e c e s s i t a t e d  b y  E q .  ( 2 3 ) ,  w h i c h  s h o l t s

that  there  are  four  phys ica l ly  meaningfu l  f ie ld  po lar iza t ions in  cont inuous

2.1 .  Ref lec t ion and Ref rac t ion

I n  o r d e r  t o  i l l u s t r a t e  a  u s e  o f  M C E  i n  n o n - c o n d u c t i n g  m a t t e r  w e  p r o v i d e  a n

exanple  us ing the everyday phenomena of  re f lec t ion and re f rac l ion  in  phys ica l

opt ics  by  cons ider ing an in ter face between tvo non conduct ing cont inua Th is  is

r re l l  descr ibed for  example  in  the c lass ic  Lexr  by  Jackson [19]  on convent ionar ,

c l a s s i c a l  e l e c t r o d y n a m i c s ,  p p .  2 1 9  f f .  T h e  k j n e m a t i c s  o f  r e f l e c t i o n  a n d

r e f r a c l i o n  a r e  d e s c r i b e d  i n  t h e  p h y s i c a l  o p t i c s  o f  c o n t i n u o u s  m a t t e r  b y  S n e l l ' s

l a v  I 1 9 l  .

Ma ifesrly Corari^nt Thcory oJ thc Elcctrornag^e,ic...

I  ( ! )  l ( t  x ! { 1 )  -
F tn t  w i

v h e r e  l 1 1 ,  a n d  ! ( , )  a r e  c o m p l e x  c o n J u g a r e
l a y e r  ( a ) .  H e r e  E r 0 )  i s  d e f i n e d  a s  t h e  e 1 u ( : r r i c
v a c u o .  S i n i L a r l y ,  f o r  t h e  r e f r a c r e d  1 i 8 h t  b f : r r ,

, r ' r ,= 4 l l l t r ( ' ) '
E t a t  v t  i

l r h e r e  t h e  p r i m e d  s y n b o l s  r e l a r e  t o  l a y e r  ( b ) r  n r t r t  t ( , r

B ( r ) "

fo r  the re f racred beam

E t r t r  x  E t 2 t t  _  d p  t . : \  t :  i  k ,

and for  the r e f l €  c  t  e d  b e a m

Er7r"  x  Et2 t '  -  . l  6  t . : i , ,  : t  i  k ,

E q u a t i o n s  ( 2 7 )  t a  ( . 2 9 )  c o n s i s t e n r l y  d o t i n ( .  r t r r  I  i  ,  r  ,  )  i  i  I  |  |  (  I  i  I  I  I  I  I  m a r . n e r i c  f L u x
d e n s i t i e s  o f  t h e  i n c i d e n t ,  r e f r a c t e d .  a n d  r (  ( . ( . r ( { t  l r . . , n | i

T h e  e l e c t r i c  f i e l d  s t r e n g t h s  a p p ( , , , r i  l t  i r r  r l r ,  | r r r r r  r , r r o r s  ( c o r ) l L r g a r e
p r o d u c t s )  o n  t h e  r i g h r  h a n d  s i d e s  o f  e q u a r i o u , r  ( ) t )  t o  t ) , ) ) ; ü r ,  i l l t c r  r e t a r e d  b y
t h e  b o u n d a r y  c o n d i t i o n s  I 1 9 l  o n  t r a n s v ( , , j r (  , . , , r r l b r ( r L r , i  ( ) t  r h o  . o n v c n t i o n a l
e l e c t r o m a g n e t i c  f i e l d .  T h u s ,  f o r  t h e  i n . i ( l , . n l  l ! . , , m .

! ( 1 )  x  ! ( 2 ,  t r ) ' .  t k ,
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<21)

i s  t h e  v e l o c i t y  o f  l i g h t  i n
t  i . l d  s t r e n g t h  a n p l i t u d e  i n

( 2 8 )

I  l r c  r . l  I  e c t e d  b e a m  i n  l a y e r

= t  ,
)*

(26)

(29 )

(  30 )

(  3 1 )

<32)

v h e r e  j  i s  t h e  i n c i d e n t  a n g l e  a n d  r  t h e  a n g l c  o f  r e f r a c r i o n ,  r r / i s  t h e

re f rac t ive  index o f  the layer  (b)  th rough i th ich  thc  l igh t  is  re f rac ted,  n  that

o f  the layer  (ä)  th roueh which the l igh t  ar r ives  a t  rhe boundary .  Here Fr  and €7

a r e  t h e  p e r m e ä b i l i t y  a n d  p e r m i t t i v i t y ,  r e s p e c t i v . l v  o f  l a y e r  ( b ) ,  a n d  P  a n d  €

t h e  e q u i v a l e n t s  i n  l a y e t  ( a ) .

l n  t h e  M C E  o f  r e f l e c t i o n  a n d  r e f r a c l i o n  o f  r h i s  r y p e ,  i t  i s  n e c e s s a r y  t o

t a k e  i n t o  a c c o u n t  t h e  e x i s t e n c e  o f  E q .  ( 2 3 )  i n  b o t h  I a y e r s  f o r  t h e  i n c i d e n l ,

r e f l e c t e d ,  a n d  r e f r a c t e d  1 i g h t .  F o r  t h e  i n c i d e n t  l i g h t  b e a t n ,

ErTr't x Elz)r
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s  ; . {  1 ' . 1 '  s i n 2 i
t  -  F . r a . ] I  I  F c  /  s i n 2 r .  F , s i r r . > ;

p ' . a n r  F

r 144!i -t, sin 2 j sin 2 r
Y -  P l a n r ,  Y -  U

, +  P , L d ' /  s i n r r -  I , s i n 2 i

I  r a n r  P

n o  p e r p e n d i c u L a r  c o m p o n e n t s  o f  t h e s e  l o n g i t u < t i n a l  m ä s n e t i c  f i e l d s  t o  c o n s i d e r .
I a r h e n  I  e o '  i n  E q .  ( : 1 5 ) ,  t h e  l e f t  h a n . t  s i d e  i s  i n f i n i t e  f o r  a  g i v e n  i ,  t h e

l a t t € r  b e i n g  d e f i n c d  b y  S n e l l , s  l a u ,  E q .  ( 2 6 ) ,  a s  u s u r t  l . l l  T h i s  n e a n s  r h a r  a t o ) : a r o ) -
f o r  t o t a l  i n r e r n a l  r e f l e c r i o n ,  a n d  r h a r  a ' 0 r ' - o  T h e  d e s c r i p t i o n  o f  t h i s
p h e n o n e n o n  i n  M C E  i s  t h e r e f o r e  c o n s i s t e n r  u i r h  . x p e r i m e n t a t  o b s e r v a t i o n .
E q u a t i o n  ( 3 5 )  i s  a  n e s  l a w  o f  r e f l e c t i o n  a n d  r o t  r a c r  i o n  i n  p h y s i c a l  o p t i c s  v , h i c h
i s  t h e  r e s u l t  o f  E q s .  ( 2 7 )  t o  ( 2 9 ) ,  i . e .  i s  a d | a l t y  t t r . , r " " u f t  o f  c o n v e n r i o n a l
e f e c t r : o d y n a m i c s ,  c o n v e r t e d  b y  r h e s e  e q u a t  i o n s  i n r o  m a n i f e s t l y  c o v a r i a n t
e l e c t r o d ) ' n a m i c s .  T h e  s u p p l e n e n t a r y  t o  S n e l l , s  I n w ,  t , t q .  ( 1 5 ) ,  i s  n o r  p r e s e n t  i n
c o n v e n t i o n a l  e l e c t r o d y n a m i c s ,  d e s p i t e  t h e  f a c l  r h , r l  i t  w a s  d e r i v e d  f r o m  c o n j u g a t e
p r o d u c t s  ( 3 0 )  t o  ( 3 2 ) ,  a n d  c a n  o b v i o u s l y  b e  r e w r i r r | l l  i n  t e r m s  o f  t h e s e  a i r e c i l y .
T h i s  i s  o n e  o f  t h e  c l e a r e s r  i n d i c a t i o n s  o f  r t ( . r t ( , ( , ( t  I o r  m a n i f e s t l y  c o v a r i a n t
e l e c t r o d ] ' n a n i c s ,  b e c a u s e  i f  B \ a , ,  B r c ) t  ,  a n d  a 1 o ) / i  l ) r ,  r r n p h y s i ( : a I ,  a s  ( i n c o r r e c r t y )
a s s e r t e d  t h e n  t h e  r a r i o  o n  t h e  t e f t  h a n d  s i d e  o t  r l r .  n ( . r . q u a r i o n  ( 3 5 )  i s  a t s o
u n p h y s i c ä 1 ,  a  r e s u l t  ! . , h i c h  i s  u n s u s t a i n a b l  e  b c c r i l s { ,  i t  . o n  i c t s  d i r e c t l v  l l l i t h
S n e l l ' s  1 a v .  w h i c h  i s  w e l l  k n o w n  t o  d o f i n e  ,  r r k t  i  a s  p h y s i c ä l t y  m e a n i n g f u l
a n g l e s ,  t h e  a n g l e  o f  i n c i d e n c e ,  a n d  r h e  a n a l o  o r  r , , t r a . i  i o n .

W e  c o n c l u d e  t h a t  M C E  i s  c o n s i s r e n r  u i r h  r t , ,  i  s t r  I  r t r t r n t a 1  p h e . o m e n a  o f
r e f l e c t i o n  a n d  r e f r a c t i o n  ä n d  p r o v i d e s  a  n e w  t : i r . / ,  l . i l .  (  l ! ) .  i o r  r b c s e  p h e n o m e n a .

3. üCE in Conducting Continuous ltatter

I n  c o n t l n u o u s  m a r r e r  l r h i c h  i s  c o n d u c t  i ü l t ,  l . t l x w ,  1 J  , r ;  u r ; r c r o r ; t : o p i c  e q u a t i o n s
a r e  s u p p l e m e n t e d  b y  O h m , s  1 a r '  [ 1 9 ] ,

Manifestty Covariant Theory of ,he Electro agnetic.,,

t  -  o E , (  1 6 )

w h e r e  o  i s  t h e  c o n d u c t i v i r y .  T h e  c o n v e n l i , ) n l t  , . 1 , . ( . t r , ! t v l , , n r i ( . i r t  l l r ) o r y  i n  t h i s
c o n t e x t  i s  d e s c r i b e d  b y  t h e  M a x r r e l l  c u r l  i , t , | r r  i , ) r r r ,  1 i l  l i  |  ü r L i r s J .

vx !  _ j 7

a n d  l h e  c o n v e n t i o n a t  d i v e r g e n c e  e q u a t  i ( ) i r s .

<31,

vx r  3 i , r ,
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a r e  u e ] ]  k n o i r n  [ 1 9 ]  g e o m e t r i c a l  f ä c t o r s .  I n  e a c h  1 a y e r ,  w e  h a v e  t h e  r e f a t i o n ,

sr. r  = I f  r ! ' l ier" ,  = E. !1 ,
c (  p o € o  /

(  33 )

between the t i r0e l i ke  conponents  B lo)  and E(o) .

Equat ions (27)  to  (33)  sho l t  that  l lCE is  cons is lent  u i th  the exper imenta l

phenomena of  po lar iza t ion by  re f lec t ion and to ta l  in terna l  re f lec t ion.  In  the

f o r m e r  t 1 9 1 ,  6 = o  a t  B r e w s t e r ' s  a n g l e ,  s o  r h a l  a r t '  v a n i s h e s .  T h i s  i s

cons is tent  \ r i th  the fac t  that  the re f lec ted wave for  ö=o is  l inear ly  po lar ized

perpendicu lar  to  the p lane o f  r i€ f iac t ion d€f ined by the ang les  i  and r .  In

l inear  po lar iza t ion,  the con jugate  product  Et r t t \  t t2 t t  def in ing 8or '  van ishes

t f -81.  In  to ta l  in ter ,na l  re f lec t ion,  the ang le  o f  re f rac t ion is  90"  and there

is  no re f rac ted l igh t  bean.  Tota l  in terna l  r .e f lec t ion can be descr ibed by MCE

throueh lhe boundarY cond i t ion .

( a ( o )  - a ( o ) / / )  c o s i  =  B 1 0 ) / c o s r : ,

\ rh ich  prov ides a  supp lementary  to  Snel l ' s  ]aw,

(  34 )

!9! i = I  ( o ) ,

Bßl  -  B l " /

( 3s )

This  boundary  cond i t ion  ar ises because 8 l t ) ,  ! ( t "  änd 8 l t " /  a re  long i tud inat ,  and

in  the p lane def ined by j  and r ,  so  that  Eq.  (34)  s imply  expresses the fac t  that

the long i tud idä1 n0agnet ic  f lux  dens i ty  in  layer  (b)  is  equa l  to  the vector  su I I

in  the p lane o f  r  and j  o f  the magnet ic  f lux  dens l t ies  in  layer  (a) .  There are

( 3 8 )
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plane wave in  the

. l a c k s o n  [ 1 9 ]  S j v e s  t h e  g e n e r a l  s o l u t i o n s  o f  t l t i s

l o n g i t u d i  n a l  a n d  t r a l l s v e r s e  c o m p o n e n t s ,

V l = 0 ,  V D = 0 .

s  =  E b , ' + E & - . '  E =  a t q + B e . -

v h e r e  v "  i s  t h e  s p c . d  o f  p r o p a g a t i o n  t h e  . t . c t r o m a g n e t i c
conduct ing cont  i  n r1un.  we bave,

"" = J++l ' l '  . r  "  j ' r  i .
r  F € , l  r ü , ( , l

T h e  n a g n e t i c  f i e l d  f r o m  E q ( 4 2  )  i s  d a m p e d {  x p o n {  r l  i ; r  1  l y ,

, , . ,  
, ,  \  . 'uo /

the  Maxwel l  cur l  equat ion,

vx ro) = a: 
:! '

E t  )  _  E t a t  . " r , 1  , , r  
l t .

\  r /

i s  t h e  l o n g i  t u d i n a l  e l e c t r i c  f i e t  d  d , . l  i  ' ! . t t  l , v  t , , . k r j o n
l o n g i t u d i n a l  m a g n e t i c  f i e l d  c a n  b e  l r r i I  I {  l i , l

E( ! )  -  B i o ,  , , 4 , 1  , , ( . , 1 " ) . , , J r ,

( 3 e )

set  o f  equat ions as  a  sum o l

T h u s ,  i t  i s  v e l l  a c c e p t e d  t h a t  I o n g i t u d i n a l  c o r n p o n e n t s  o f  M a x v e l l ' s  e q u a t i o n s

ex is t  in  conducr ing cont inua,  even wi th in  the conte ] . t  o f  convent iona l  e lec t rody

n a m i c s .  T h e  l o n g i r u d i n a l  m a g n e t i c  f i e L d  i n  t h e  c o n d u c t i n g  c o n t i n u u n  i s

c o n v e n t  i  o r i a l  l l '  [ 1 9 ]  u n i f o r m  a n d  s o l e n o i d a l  ,  s o  t h a t  e q u a t i o n  ( 3 9 )  i s  o b e y e d  T h e

l o n g i t u d i n a l  e l e c t r i c  f i e l d  i s  a  f u n c t i o n  o f  t i m e  a n d  i s  a l n o s t  i n s t a n t a n e o u s l y

damped exponent j .a l  l y  to  zero .

I t  i s  inpor tant  to  note  that  the long i tud ina l  component  o f  the magnet ic

f i c l d  d e f i n e d  i n  J a c k s o n ' s  e q u a t i o n s  ( 7 . 7 1 )  [ 1 9 ]  i s  i n d e p e n d e n t  o f  t h e

c o n d u c t i v i l y ,  t i m e ,  a n d  s p a t i a l  c o o r d i n a t e s ,  a n d  t h a t  J a c k s o n  h a s  i m p l i c i t l y

accepted thär  Maxwel l ' s  equat lons g ive r is ( ]  to  phys ica l ly  nean ingfu l  long i tud ina l

componenls  uh ich are  phase independent  in  the conduct ing cont inuutn .  Th is  is

anothar  s ign that  the convent iona l  approach to  c lec t r :odynanics  is  in terna l ly

l n c o n s i s t e n t ,  b e c a u s e  l o n g i t u d i n a l  s o l u t i o n s  o f  t h e  t y p e  j u s t  d e s c r i b e d  a r e

independent  o f  conduct iv i ty ,  and t le re forc  ca l )  a lso  ex tsL in  a  cant r iuun o f  zero

c o n d u c t i v i t y ,  s u c h  a s  a  n o n  c o t i d u . t o r .  D e s p i t e  t h i s ,  i t  i s

c o n v e n t i o n a l l y  a s s u m e d  t h a t  t h i s  l o n g i t u d i n a l  f i e l d  i s  i d e  t i c a l l y  z e r o ,  w h i l e

there  is  no lh ing in  Maxv 'e l l ' s  equat ions to  suppor t  th is  assumpt ion ln  genera l

t h e s e  l o n s i t u d i n a l  s o L u t i o n s  a r e  n o n - z e r o  [ 1 - 8 ] .
Equat ion (L)  is  the keystone o f  MCE,  and a  cons is tent  dewelopment  i f  MCE

in conduct ing cont inua nust  take account  o f  the Iac t  that  the con juSäle  product

o f  t h e  t r a n s w e r s e  e l e c t r i c  f i e l d s  g e n e r a t e s  a  L o n g i t u d i n a l  m a g n e t i c  f l u x  d e n s i t y

i n  t h e  c o n d u c t i n g  c o n t i n u u m .  A s s u n i n g  t h a t  t h e  t  r a n s v e r s e  e l e c t r i c  f i e l d s  t ä k e

t h e  f o r m  1  l 9  I  .

(40 )

( 4 1 )

(42)

B { ! )  =  F , o r  . * " 1  Z l x .
\ z')

( 4 3 )

<44'

( 4 5 )

t r e l .

( 4 5 )

The damped

"<' t  
= El)  G i1)e Fzei t , ,  bt , t . '  =  u ;  t ! ,  i J ) e  o z e  i ' ' z  a ' ( 4 1 )

t h € i r  c o n j u g a t e  p r o d u c L  p r o d u c e s  a  m a g n e t i c  f i . l d  a c c o r d i n g  t o  t h e  e q u a t i o n ,

E ( 1 )  x  E { 2 )

( 4 8 )
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i s  t h e  s k i n  d e p t h  I 1 9 ]  i n  S . L  u n i t s .  l t s  d i v e r g e n c e  i s  n o n  z e r o ,

v .B(3 ,  =  2 (ü4r ) i , " ,  " " " (  , ( t# ) *4 , ( 4 9 )

a n d  a t  f i r s t  s i g h t  t h i s  a p p e a r s  t o  c o n f l i c t  w i t h  t h e  d i v e r g e n c e  e q u a t i o n  o f

n a g n e t o s t a t i c s .

V a = o

H o v e v e r ,  t h i s  e q u a t i o n .  t h e  f i r s L  e q u a t i o n  o f  m a g n c t o s t a t i c s  |  1 9  I  a p p l  i e s  o n l y

w h e n  t h e  f r c q u e n c y  i s  z e r o ,  b y  d e f i n i t i o n .  1 t  i s  i m m e d i a t e l y  s e e n  f r o m  E q  ( 4 9 )

that  i f  we set  rhe angular  f r€quency to  zero .  Lhe d ivergence o f  s ( ' )  wan ishes

M C E  a p p l i e d  t o  c o n d u c t i n g  c o n t i n u a  i s  L h c r e f o r e  c o n s i s t e n t  w i t h  i { ' h a t  i s

k n o r " n  f r o m  t h e  c o n v e n t i o n a l  a P p r o a c h  I f 9 ] ,  b l r t  g i v e s  t h e  a d d i r i o n a l  e q u a t i o n  ( 4 4 )

d e s c r i b i n g  a  r a p i d l y  d a m p e d  m a g n e t l c  f i e 1 d ,  w h i c h  i s  e f f e c t i v e l y  z e r o  j u s t  b e r o w

t h e  s u r : f a c e  o f  t h e  c o n d u c t o r .  T h i s  i s  c o n s i s t e n t  w i L h  t h e  b e h a v i o r  o f  i , a v e s  i n

c o n d u c t i n g m € d i a , a n d w i t h t h e f a c t t h a t t h e l o n g i t u d i n a l a n d n o n - u n i f o r m f i € l d B ' ! r

i s  d e r i v e d  f r o n  t h e  c o n j u g a t e  p r o d u c t  o f  t r a n s v . r s c  e t e c r r i c  c o m p o n e n t s  o f  t h e s e

i raves,  and is  there fore  damped in  the same way a t  f in i te  o  For  zero  ( . )  the

m a g n e t i c  f i e l d  i s  s o l e n o i d a l  a n d  t i m e  i n d e p e n d e n t ,  b u t  i s  t h e n  i d e n t i c a L l y  z e r o

b e c a u s e  r h e r e  a r e  n o  t r a n s v € r s e  c o m p o n e n t s  a t  z . r o  f r e q u e n c y .  A s  d i s c u s s e d  b y

J a c k s o n  t 1 9 1 ,  i n  a  g o o . l  c o n d u c t o r ,  c u r r e n t  f L o v , / s  a t  h i A h  f r e q u e n c v  o n l y  o n  t h e

s u r f a c e  o f  a  c o n d u c t o r ,  a n d  i n  i t s  i n t e r l o r  r h e r e  a r e  n o  m a g n e t l c  o r  e l e c t r l c

f i e l d s ,  e i t h e r  t r a n s v e r s e  o r  l o n g i t u d i n a l  .  N . a r  l h e  s u r f a c e .  h o w e v e r ,  t h e r e

e x i s t s  t h e  n o v e l  m a g n e t i c  f i e t d  . B ( 3 )  i n  M C E  \ t h i . h  i s  n o t  p r e d i c r e d  i n  c o n v e n t i o n -

ä l  e l e c t r o d y n a m i c s .  T h i s  n i g h t  g i v e  r i s e  t o  i n t e r e s t i n g  s u r l a c e  e f f e c t s  w h i c h

c o u l d  b e  d e t e c t e d  e x p e r i m e n t a l l y  w i t h  a n  i n s t r u m . n t  s r r . h  a s  a  S Q U r D  d e t e c t o r '

Acknoirledgenents

D u r i n g  t h e  c o u r s e  o I  t h i s  v o r : k ,  , n a n y  i n t e r ! s t  i r t S  l e t t e r s  a n d  r e p r i n t s  v e r e

r e c e j v e d  f r o m  P r o f .  S t ä n i s r a w  K i e l i c h ,  t t h o s e  r e m . . r k a t r l c  i n s i g h t s  8 r e ä t I y  h e l P e d

in  the formula t ion o f  the ideas put  fo r \ , ta rd  in  lh is  and o ther  papers .



Chapter 15

CRITICISMS OF TTIE DIAGRAI.IXATIC APPROACH TO COTPI-ETE EXPERII{ENT SYIIIIETRY.

M .  W .  E v a n s

The conservat ion or  v io la t ion o f  natura l  d iscre te  symnet r ies  such as F,  ?  and 6

m u s t  b e  d e d u c e d  f r o n  t h e  n a t h e . n a t i c a l  e q u a t i o n s  d e s c r i b i n g  p h y s i c a l  l a { s .  I t  i s

shovTn that  recent  a t tempts  to  by-pass these equat ions t i th  s inp le  d iagrams lead

t o  s p u r i o u s  a n d  ä s  o f t e  ä s  n o l ,  e r r o n e o u s ,  r e s u l t s .

1 .  In t roduct ion

The use o f  s imple  d iagrams to  exp la in  comple te  exper inent  syrDlDet ry  has been

proposed [1 .  2 ]  in  an a t tenpt  to  descr ibe \ r i thout  nathenat ica l  ca lcu la t ion

magneto  and e lec t ro  opt ic  phenomena such as the Faraday e f fec t .  I t  i s  shovn that

these methods are  based on a  sub jec t ive  cho ice o f  parameters ,  and produce

f o r t u i t o u s  o r  e r r o n e o u s  r e s u l t s .  T h i s  p r o b l e n  i s  i l L u s t r a t e d  w i t h  r e f e r e n c e  t o

b e t a  d e c ä y ,  n a r u r a l  o p t i c a l  a c t i v i t y .  t h e  F a r a d a y  e f f e c t ,  m a g n e t o c h i r a l

b i re f r ingence,  and long i tud ina l  so lu t ions in  vacuo o f  the Proca and Maxve l l

2 .  Cr i t i c iso  o f  the Diagramat ic  Hethod

2.1 .  Par lLy  V io la t ion in  Beta  Decay

Simp]e d lagrams based on the co,np le te  exp. , r iment  argument  have been used

p - - , - '  . - - , - t i o n  i n  b e t a  d e c a y ,  a n  e x p e r i m e n t a l l y  v e t i f i e d

phenomenon.  The d iagramnat ic  nethod is  based on the idea that  the d iscre te

s y m m e t r i e s  o f  n a t u r e  ä r e  c o n s e r v e d  i n  a  c o m p l e t e  . a p e r i n e n t  [ 1 - 3 ] .  I f  t h i s  i s

obse ived not  to  be the case,  then there  is  symrneLry  v io la t ion.  The three

d i s c r e t e  s y m m e t r i e s  u n d e r  d i s c u s s i o n  a r e  p ä r i t y  i n v e r s i o n  ( i ) ;  o o t i o n  r e v e r s a l

( f )  a n d  c h a r g e  c o n j u g a t i o n  ( 6 ) ,  v e l r  k n o v n  a n d  d i s c L r s s e d  i n  m a n y  t e x t b o o k s ,  f o r

e x a m p l e ,  R e f .  I 3 l .  T h e  d i a g r a m n a t i c  ä r g u m e n t  I l l  f o r  p a r i t y  v i o l a t i o n  i n  b e t a

d e c a y  u s e s  t h r e e  v a r i a b l € s :  1 )  a  p o l a r i z i n g  m a g n e t i c  f l u x  d e n s i t y  ( l ) ;  2 )  a

n u c l e a r  s p i n :  l )  a  d i r e c t i o n  v e c t o r  f o r  e l e c t r o n  e m j s s i o n  f r o m  p o l a r i z e d  c o b a l t

6 0  n u c l e i .  A  s i m p l e  d i a g r a m  i s  u s e d  [ 3 ]  t o  s h o w  t h a t  F  r e v e r s e s  ( 3 )  b u t  n o t  ( 1 )

and (2) .  On th is  bas is  i t  i s  argued that  the comple te  exper iment  and i ts  "n i r ror

l " T h e r e  1 s  n o

L e o n a r d o  d a  v i n c i .

cer ta in ty  in  sc iences when mathenat ics
( U i n d s o r ,  R o y a l  L i b r a r y ,  1 9 , 0 8 4 ) .

Criticisrns o! the Diagrammatic Approach to Complete...

i n a g e "  ä r e  n o t  : ; U p . . r p o s a b l e  a n d  t h a r  t h e  o b s . r v e d  e t c , c r r o n  e m i s s i o r i  v i o t a t . , s
p a r i  t y .

W h i l e  r h i s  s k . t . h  l c a d s  f o r t u i r o u s l y  r o  t h .  r i t h r . o n c l u s i o n ,  i . r  c a n n o L  b e
e x t e n d e d  t o  i  a n d  i s  r l r e r e f o l e  u n r e l i a b t e .  l l t r .  l p p l  i c : r t i o n  o f  f  h a s  t h e  e f f e c r
o i  r e v e r s i n s  ( l )  a i d  ( ) ) .  l . ' a v i n g  ( 3 )  u n c h ä r ) s c d  r h .  . p p r j c a r i o n  o f  ö  r e w e r s e s
( 1 )  b u t  r . a v . s  ( r )  a n d  ( 3 )  L , n c h a n g c . t .  E x p e r i m , , r r l l y .  r h e r e  i s  n o  i  v i o t a t i o n
b u t  t h e r e  i s  i  v i o l a r i o n ,  a n d  r h e  d i a g r a m m ; r l  i c  I n . r t r o r l  I a i t s  I r  i s  n o r  m e a n r
b y  t h e  a u t h o r  [ ] l  r o  b e  a n y r h i n g  o t h e r  r h J n  a  s c h i , m , r i c  : i n a l o g y  t o  a i d
u n d e r s l a n d i n A  T h c  s u b j e c r i v e  n a r u r €  o f  r h i s  d i : r l t r , n  i s  r c v e a l e d  t f  v c  r e p t a c e
t h e  d i r c c t j o n  v c c t o r  u s c d  t o  r e p r e s e n r  t h e  e t e . r r o r !  { . m i s : ; i o r r  ( . 1 e n e n t  ( 3 )  o f  r h e
d i a g r a n )  w i t h  a  p r o p a S a t i o n  v e c t o r !  r e p r c s c n r i n l  r 1 , "  , . , u . r  r o  i c  t r n e a r  m o m e n t u m .
T h i s ,  a l b e i t  a r : b i t r a r y ,  c o m b i n a t i o n  o f  c t c n e n r s  S i v c s  r h r  I  i g h l  r . s r r t r ,  b e c a u s e  i

a l l  t h r e e  d i a g r a m n a r i c  e l e m c  r s .  s o  r t r r r  o n  i l r i s  ( s p u r i o u s )  b a s i s .
t h e r e  i s  n o  i : v i o l a t j o n ,  a n d  t h e  d i a g r a m  f o r t l i r ( ) , , : , t v , r 1 t r . . , . ! ;  I r i l t r  r h e  e x p e r i n e n
t a l  d ä t a .  S i n c e  h e l i c i r y  ( v i d e  i n f r a )  i s  d e f i n ( ( t  : r : ,  r t r r  l , r o j c e r  i o n  o f  c t c c r r o n
s p i n  o n  e L c c t r o n  l i n e a r  m o m e n t L r m ,  i t  s e e r r r s  r , , r ,  . , 1 1 ,  t , , r . , r ,  t , )  u s { r  e t e c t r o n
l i n e a r  m o n e n t u m  i n  t h e  s k e r c h  t h a n  r o  u s e  . l . . t r ( , r  ( l i r ( { . 1 i , ) r ,  I n r r  { . v { . n  : i o  j  t n e
d i a g l - - a u ü n a L i c  a r g u m e n t  r e m a i n s  s u b j e c t i v € r ,  b r . j i l : i r  i r  j : i  o r  K l o u r r .  \ r r L n o u r
m a t h e r n : r t i c a l  a n ä r y s i s ,  h o u  t h c  c h o s e n . i i a f r r i r  [ r t i ( . , . 1 ( u .  l s  ( ] o l r  r  i l ) u r (  ( i t  a t
a l l )  t o  t h e  d e s c r i p t i o n  o f  b e r a  d e c a y  a n d  p J r i r !  v i ( ) t  i r  i , ) r )  t t ( , r ! i h .

T h e  a n a l y t i c a l  d e s c r i p r i o n  o f  F  v i o l a r  i ( ) r  i l  t r r . ,  ( l ( ( . ; r y  u s . s  a  p h v s i c a l
l a v .  I t  i s  d e s c r i b e d  b y  R y d e r  l 3 l  t h r o u s h .
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w h e r e  < l >  l s  t h c  m e a n  h c l i c i t y  o f  r l r r ,  ( r  t r , , t  l r r . ,  t , , l  l  j ( . l c s .  T o  t e s t  f o r
c o m p l e t e  e x p e r i r i c n t  s v m m e r r y ,  t h c  o p e r a t ( ) r r :  i . ,  /  . , r j , t  i  r n L r s t  b e  a p p l i e d  t o  t h e
m a t b e m a t i c a l  d e s c r i p t i o n  o f  t h e  r e L e v a I l r  t , t r l , r , . , t  t . , u  ( r i ) r  e x a m p t c  ! ,  ? .  a n c t  ö
a p p l i e d  t o  t h e  l l a x v e l l  e q u a t i o n s  t e a v r . s  r  l r ,  , t r  , , r 1 ,  l L , j , t  ,  ( t .  a . d  r h e  s a m e  p h y s i c a l
l a v s  a r €  r e g a i n e d .  M a x w e I I ' s  e q u a r  i i ) r j ,  r l r  ) r  t , , r ,  , . . , n s € r v e  F ,  i  ä n d  a . )
E q u a t i o n  ( l  )  i n d i c a t e s  r h a t  i n  o r d e r  t o r '  t j (  |  ,  , t t  t ; , !  I  o  c o n s e r v e  p a r i t y  i n  t h e
c o n p l c t .  e x p e r i m e n t ,  t h e  n e a n  v a l u e  o l  t t r r  t j ,  l i ( . i r v  r N r : i r  v a n i s h .  T h e  r a a s o n  i s
t h a t  i n  t h e  '  i n v e r t e d  o x p e r i m e n r  r h (  [ , , , r r  t , {  |  L ( . ] r \  u o ü l d  h a v e  L o  b e  e q L r a l  i n
m a g n i t u d a  b u f  o p p o s i t e  i n  s i g n  r o  r h .  ( ) r  i l t r r , L t  l t  t i r i t v  i s  c o n s e r v e d ,  r h i s  i s
p ö s s i b l e  i f  : r n d  o u l y  i f  r h e  n e a n  L r e t i ( . i r v  i : . : , r , )  ( t D  a n a L o g y ,  t h e  n e a n  o f  a
p o l a r  w e c t o r ,  ( o n .  t  h a r  i s  n e g a t i ! 1 .  I  { )  /  )  i r )  , , r  i : ; , , r  r o p i c  s a m p l e  i s  z e r o .  )
E q u a t l o n  ( l )  i s  i r 1 r .  i i  p a r i r y  i s  c o n : j r  r ! , ( t  .  . , | ( t  n , ) r  r r L r {  o L h e r w i s e .  S i n c e  E q .
( 1 )  i s  n o t  o b s . r v . ( l  ( . x p e r i m e n t a l t y ,  i  i , r  \ i , ) t ; r r ( ( i  r ! - h u  t  i s  a . r u a l t y  o b s e r v c c l
i s  a  p r e f e r e n t i a l  ( i i r ( . c r i o n  o f  e t e . l r ( , h , 1 1 i , , , , i , , I

T h e  m a t h e m a t j c a l  d e s c r i p t i o n  ( l )  , , 1 j , , , : { l , t i r i n : ;  w t r y  r h e r e  i s  n o  ?  v i o t a t i o n
i n  b e t a  d e c a y .  H e l  i c i t ) ,  i s  i  p o s i r j v c .  . r r r t

( 1 )

cannot  be app l  ied .
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1l , [ * ]

3 1 1

( 5 )

t ( 2 )

( l )

[ * ] ,

I

Ä 0

a n d  t h e  s i g n  o f  t h e  n e a n  h e l i c i t y  i s  n o t  r e v € r s e d .  T h i s  m e a n s  t h a t  < l >  c a n  b e

a s  i s  o b s e r w e d  e x p e r i m e n t a l l y ,  v i t i t o u t  ?  v i o l a r i o n -  ( I n  a n a l o g y ,  t h e

n e a n  o {  a  f  p o s i t i w e  q u a n t i t y  c a n  b e  n o n - z e r o  i n  a n  i s o t r o p i c  m o l e c u l a r  l i q u i d '

f o r  e x a n p l e  t h e  m a s s  o f  a n  i s o t r o p i c  l i q u i d  i s  n o n  z e r o  b e c a u s e  i t  1 s  c a l c u l a t e d

f r o m  t h e  m e a n  o f  i n d i v i d u a l l y  n o n - z e r o  n o l e c u l a  w h i c h  a r e  f  p o s i t i v e

T h e  n a r h e m a t i c a l  d e s c r i p t i o n  i s  s i m P l e r ,  a . r d  g i v e s  l h e  c o r r e c t  r e s u l t '  t h a t

t h e  o b s e r v a t i o n  o f  a  p r e f e r e n t i a l  d i r e c t i o n  f o r  < l >  i n  b e t a  d e c a y  v i o l a t e s  p  b u t

conserves i .  The d iagrammat ic  argunent ,  i f  used l . r i thout  care  or  w i thouc

m a t h e m a t i c a l  d e w e l o p n e n t .  t o u t d  l e a d  t o  t h e  i n c o r r e c t  c o n c l u s i . n  t h a t  i  i s

v i o l a t e d ,  a s  d i s c u s s e d .

T h e  Ö F i  t h e o r e m  [ 3 ]  s t a t e s  t h a t  d F f  i s  a ] v a y s  c o n s e r v e d  i n  f i e l d  t h e o r v

\ , , i th  loca1 in lerac t ions,  so  that  the d iscre te  symnet ry  operator  6 i  nusc be

v io la ted i f  ,P  is  v io la ted.  The d iagrannat ic  method,  however ,  Soes wrong in  that

l t  i n p l i e s  t h a t  i  ä n d  f  a r e  v i o l a t e d  i n d i v i d u a l l y  s o  t h a t  a f ,  o n  t h i s  b a s i s ,

i s  c o n s e r v e d .  a n  i n c o r r e c t  a n d  i n c o n s i s t e n r  c o n c l u s i o n ,  b e c a u s e  t h e  s a n e  d i a g r a m

i n p l i e s  t h a t  p  i s  v i o l a t e d .  I f  t h e  i F i  t h e o r e m  i s  ä c c e p t e d ,  t h e n  t h e  o p e r a t o r  a i

m u s t  h a v e  t h e  s a m e  e f f e c t  a s  p  o n  e l e c t r o n  t i a l i c i t v ,

H e r e  1 ,  t h c  h e l  i c i r y  o t  t h e  L i g h t  p r o b e ,  i s  d e s c r i l ) e d  l l ,  2 l  a s  t h e  ' , s c r e w

s e n s e " -  R o t a t i o n  o f  L h e  p l a n e  o f  r h e  p r o b e  o c . u r s  t h r o u g h  a n  a n g l e  A O ,  v h l c h
i s  a s s u m e d  t o  b e  a  p s e u d o - s c a l a r .  T h e  p r o p a g a i  i o n  ( t i r c c r i o n  o f  r h e  l i s h t  b e a m

i s  r e p r e s e n t e d  b y  a  ! .  a n d  f  n e g a t i v e  p r o p a g a r  i o n  v c c r o r -  x .
t

The synbol ,R - s

r e p r e s e n t s  t h e  r n o  s t r u c t u r a l  e n a n t i o m e r s  o f  t h ( ,  s a D p t . ,  i n t e r r e l a r e d  b y  p .  I t
i s  c l a i n e d  l 2 l  o n  t h e  b a s i s  o f  c o n s r r u c t i o n  ( ! )  r h a r  | a r u r a L  o p t i c a l  a c t i v l t y

F ,  a n d  i .  T h €  o p e r a t o r  C  i s  n o t  . o , , : ; i d . r c d  [ 1 .  2 ]  T h e r e  a r e
several  spur ious sides to this ar:gunenr.

L .  T h e  h e l i c i t y  I  i s  d € f i n e d  a s  [ 3 ] ,

i x
( 5 )

Therefore  p  v io la t ion in  beta  decay is  acconpanied by  i  conserwat ion and a

v io la t ion.  The product  dF must  be conserved hovever ,  because i  i s  conserved '

i . e  i s  t h e  p r o j e c t i o n  o f  s p l n ,  o .  ( / 1  I J , ) , r i r  i ! , .  i  D . r A a r i v e l  o n  t o  t h e
p r o p a g a t i o n  v e c t o r ,  x  ( F  a n d  i  n e g l t  i v t . )  , (  r i t , i n  i D  r h i s  c a s e  i s  r h e
s e n s e  o f  r o t a t i o n  o f  t h e  l i g h L  b e a n  ( (  I ( , , . k w | j (  ( , '  a r t i c l o c k w i s e ) ,  a n d  i s
r e p r e s e n t e d  b y  a n  a x i a l  v e c t o r : .  1 h ( . r ( . 1 , , r , ,  .  , r  I , o t : r r  v e c t o r ,  i s  i n c t u d e d
t r r ' i c e  i n  t h c  c o n s t r u c t i o n .  T h i s  i s  : ; 1 r l ) 1 , . ,  I  i u  I l r (  I e  i s  n o  v a y  o f  k n o v i n g
h o u  ß a n y  t i n e s  f ,  s h o u l d  a p p e a r .  I , r ( . , ü h : , t , 1 y .  : j i n c e  r h e  o t h e r  v ä r i a b t e s
a p p e a r  o n c e !  r  s h o u l d  a p p e a r  o r r c . .  I ' r r  r l !  r ( .  i s  n o  c e r t a i n r y  r h a r  t h i s
vou ld  lead to  anyrh ing neaningfuL.

2 .  T h o  w e l l  k n o v , n  p o t e n t i a l  f o u r  v . c i o r  ^ F  i s . i r t ) i r f r r i t y  e x c t u d e d _  I n  f i e t d
t h e o r y  e l e c t r o m a g n e t i s n  i s  i n r r o d ü c ( , ( t  r l  ( )  l , , l r  ̂ p  a s  a  c o n s e q u e n c e  o f  g a u g e
t ransfor .mat ion o f  the second k i rn t  / ,  ^ r  is  absent ,  there  are  no
f i e l d s  p r e s e n t .  T h e  q u a n t i r i e s  I  : r r r i  r  r . ,  y , r r : ; t . t l r  o n L y  t h e  s p a r i o - r e m p o r a l
a s p e c t s  o f  e l c c r r o m a g n e t i s n .  T h .  ( . x . l  : l ( , ' r  ( , 1  A p  i s  s u b j e c t i v e .

3 .  r ' r o m  c o n s t n r r t i o n  ( 5 ) ,  i  r " v , . r , , , : ,  .  l ) , , r  t ( . a v e s  a t I  o r h e r  q u a n r r r r e s
u n c h a n g e d .  V l i t h o u t  f u r t h e r  a n a l y s i : i .  j t  l l ) t ) ( r r r s  r h a r  i  p r : o d u c e s  ä  r e s u l r
v h i c h  i s  d i s t  i n g u i s h a b l e  f r o m  r h i .  o r  i l t i r a l  . x p i  r i m e n t ,  s o  t h a t  r h e r e  i s  f
v i o l a t i o n ,  a n  o b v i o u s l y  i n c o r r e c t  . { ) 1 . I u : r i ( J l l .  ' l h i s  

i s  r a t i o n a t i z e d  h o v e v e r :
t 1 .  2 l  o n  L h e  g r o u n d s  t h a t  , , i t  . o r r ! s t ) o r ( t s  s i n p t y  t o  r e v e r s i n g  t h e
d i r e c t i o n  o f  p r o p a g a t i o n  o f  t h e  t i S t r l  l ) (  J m ' , .  t l o v e v e r ,  i f  t h i s  i s  d o n e  i n
a  g e n u i n e  i n v e s t i g a t i o n  o f  n a t u r a l  o p t  i . a l  a c r i v i t y ,  r h e  o b s e r v e r  l r o u t d  s e e

( 4 )

T h i s  m e a n s  l h a t  f o r  C F  c o n s e r v a t i o n  i n  b e t a  d c . : a y  a  r i g h t  h a n d e d  e l e c t r o n

b c c o m e s  a  l e f t  h a n d e d  p o s i t r : o n ;  a l t e r n a t i v e l y ,  a  l o 1  (  h a n d e d  e l e c t r o n  b e c o m e s  a

r i g h t  l E n d e d  p o s i t r o n .
' l h e  d i a g r a r D n a t i c  n e t h o d  g i v e s  n o  i n d i c ä t i o n  o t  t h i s ,  v h i c h  l s  a  c o n s e q u e n c e

of  the ana ly t ica l ly  der ived dF? theoren.

2 .2 .  l fa tura l  Opt ica l  Act iv i ty

B a r r o n  h a s  a t t e r i p t e d  t o  e x t e n d  [ 1 ,  2 ]  t h e  u s c  o f  s i D p l e  d i a g r a m s  t o  n o l e c u -

lar -opt ica l  phenomena such as natura l  opt ica l  a . t iv iLy  and the Faraday e f fec t .

F o r  n a t u r a l  o p t i c a l  a c t i v i t y :
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a  r e v e r s a l  i n  ^ 0 .  i n  c o n t r a d i c t i o n  L o  c o n s t r u c t i o n  ( 5 ) ,  i n  \ r h i c h  i  d o e s

n o t  a f f c c t  A 0  b c c ä u s c  t h e  l a t t e r  i s  t a k e n  t o  b e  a  p s e u d o  s c a l a r .  T h e

r e a s o n  f o r  l h c  r . v c r s a l  o f  A 0  i s  t h a t  v i t h  t h e  b e a n  t r a v e l l i n g  a s a )  l r o m

t h €  s l a t i c  ( - 1 . € .  i  i n v a r i ä n t )  o b s e r v e r ,  a  c l o c k w i s c  4 0 ,  f o r  e t a m p l e ,  i s

o b s e r v e d .  S i m p l c  r . v . r s a l  o f  t h e  b e a m  d i r e c t i o n  n e a n s  t h a t  t h e  s t a t i c

o b s c r v c r  \ r i l I  s e e  a n  a n t i c l o c k w i s e  r o L a t i o n ,  i . e .  t h e  s i g n  o f  A O  i s

c l a r g e d  b y  s j m p l  e  r e v e r s a l  o f  b e a ß  d i r e c t i o n .  T h e r e f o r e  t h e  m o t i o n

r : e v e r s e d  c o r n p l e t e  e x p e r i m e n t  d o e s  n o t  c o r r e s p o n d  t o  s i n p l y  r e v e r s i n S  t h e

b e a m  d i r e c t i o n .  I n  t h e  f o r m e r  ^ 0  j s  u n c h a n g e d .  i n  t h e  l a 1  L c r  Ä 0  i s

T h e  m o s t  s t r i k i n g  a n o m a l y  i s  t h a t  i n  d e r i v i n g  c o n s t r u c t i o n  ( 5 ) ,  k n o l ] l e d g e

o f  t h e  p s e u d o - s c a l a r  n a t u r e  o f  A 0  h a s  b c c n  a s s u m e d .  ( o n  p a g e  3 1  o f  R e f .

l 2 l  t o r  e x a m p l e ,  i  E  i s  s L a t e d  L h a t  " T h u s  u n d e r  i ,  r h e  s c r e u  s e n s e  o f  t h e

h e l i c a l  p a t L e r n  o f  e l c c t r i c  f i e l d  v e c t o r s  i n  t h e  m e d i u m  i s  i n v e r r e d  ( t i ? e

a p t i c a l  r o t a t i o n  a n g l e  b e i n g  a  p s e u d o - . s . a J a . ) . . . " ) .  T h e  a r g u m e n t  i s

t h e r e f o r e  c i r c u l a r :  i n  o r d e r  f o r  ^ 0  t o  b e  c l a s s i f i c d  a s  a  p s e u d o - s c a l a r ,

a n  a n a l y t i c a l  ( n a t b e n a t i c a l  )  k n o w L e d g e  o I  n a t u r a l  o p t i . ä 1  a c t i v i t y  i  s

r e q u i r e d ,  r ^ ' h e r e a s  c o n s t r u c t i o n  ( 5 )  i s  i n t c n d e d  t o  s u p e r s e d e  a  m a t h e m a t i c a l

a n a l y s i s  o f  r h e  s a m e  p h €  o m e n o n .  T h i s  r e n d e r s  r h e  i n i t i a l  c o n s t r u c t i o n

Criticisms of the Diagranmatic Apploach to Complete...

s y r u n e t r y  ( i  p o s i t i v e ,  i  n e g a t i v e ) .
F r o m  t l r e  s r a n d a r d  n a t h e m a t i c a l  d ( , s c r i p r i o i r  o f  n a t u r a l  o p E r c ä t

a c t i v i t v .  g i v . n  b y  R o s e n f e L d  [ 5 ] ,  ^ 0  i s  ,  p s c u d o , s c a t a r  b e c a u s e  r t  1 s
p r o p o r t i o n a l  l o  r h e  p s c u d o - s c a l a r  r r r . ( ,  o i  I  h i ,  ( . n s e m b l e  a v e r a g e d  e l e c r r i c
d i p o l e  n a g D e t i c  d i p o l e  m o l e c u l ä r  p r o p o r t v  r { l s o r  o i  a  s r r u c r u r a l t y  c h i r a l
n o L c c u l e .  ' l h i s  

i s  m a d e  c l e a r  b y  B a r r o l  t r i o s ( .  t 2 l  T h e  c o r r e c r  \ a n o
s i m p l e )  w a y  t o  d e s c r i b e  t h e  c o n p l e t e  c x p ( , r  i m ( .  l  : ; y r n r n e r  r y  o f  n a t u r a l  o p t i c a l
a c t i v i t y  i s  t o  a p p _ L y  F ,  i ,  a n d  6  i I  r u r . l l  l o  { r . h  s y r n b o l  a p p e a r i n S  r n
R o s e n f e l d ' s  e q u a t i o n  l 5 l .  I r  i s  f o u n d  r l r J r  l t r { .  s , m ( ,  . q L r d L i o n  i s  r e g a i n e d
i n  e a c h  c a s e ,  i  e  a p p l i c a t i o n  a f  i .  i , .  . t | r ( t  a  t ( , r ( t s  i n  . , a c h  c a s e  r o  t h e
s a m e  l a w  o f  p h y s i c s .  T h u s ,  P ,  i .  a n c t  a : , , ,  1 , ) , , s ( . , v ( , ( t  , r n c l  t h e  i F i  t h e o r e m
s a t i s f i e d .

5 -  I f  ! ' e  a t t e m p t  t o  d e s c r i b e  t h e  " c o n p l c t c  c x p e r i r : n t "  w i t h  Ä F  :  ( Ä ,  O )  a n d  l

l / c  h a v e  a g a i n  u s e d  k n o v ' l  e d g e  o {  t h e  p s f u d o  s c ; r l r r r  n a t r r r e  o f  ^ 0 ,  b u t  f o r

r h e  s a k e  o f  i l l u s t r a t i o n ,  \ , , / e  s e e  t h a r  L h i s  I  i r t r  l l r !  f  r F \ € r  s e d  e x p € r i m e n t

a p p e a r s  i n d i s r i ' g u i s h a h l e  f  r o n  t h e  o r i g i n a t .  a p p . r r  i n g  t h i s  L i m a  t o  i m p l y  ?

c o n s e r v a t i o n .  T h i s  i s  a  f o r t u i t o u s l y  c o r r € ' . r  r . : i u L L ,  b u t  o n e  w h i c h  i s

o b r : r i n e d  i n  a  s p u r i o u s  n a y .  I n  o t h e r  v o r d s ,  r w o  d i l f c r e n t  s c i e n t i s L s ,  o n e

w h o  c h o s e  t o  u s e  c o n s t r : u c t i o n  ( 5 ) ,  l h e  o t h o r  c o ü s L r L r c t i o n  ( 7 ) ,  v o t 1 l d  a r r i v e

a t  o p p o s i t e  c o n c l u s i o n s ,  s h o w i n g  t h a t  t h .  p r o . r d l l r c  i s  s u b j e c r i v e .  I t  i s

s u b . j e c t i v e  b e c a u s e  i t  i s  b a s e d  o n  a n  a r b i  t  r : t r y  c h o i c e  o f  p ä r a m e t e r s .

S c i e n t i s t  o n e  h a s  c h o s e n  t o  u s e  I  a n d  x ;  s c i . n l  i s t  t w o  h a s  c h o s e n  t o  u s e  Ä !

r n d  , -  l n  a d d i t i o n ,  L h €  o r i g i n a l  p u r p . , r J .  o f  l h e  a p p r o a c h  1 1 ,  2 l  i s

u n d e r m i n e d  c o ß p 1 e t e 1 y  b y  t h e  n e c e s s i t y  r o  u s e  k . o u l e d g c  o f  t h e  p s e u d o -

s c a l a r  n a t u r e  o f  ^ 0 .  A s  w e  s h a l l  s e e  f r o m  t h e  f o l i o r r i n g  a n a l y s i s  o f  t h e

Faraday e f fec t ,  l t  i s  by  no means obv ious uhy ^d shou ld  take Lh is  symmetry

( p  n e g a t l w e .  i  p o s i t i v e ) .  I n  t h e  F a r a d a y  e f f e c t  ^ t ,  h a s  t h e  o p p o s i t e

2.3. Tne I 'araday Effect

T h e  d i a g r a n ü n a t i c  c o n s t r u c r  u s e d  b y  B a r r o l  I I

f  a l  f  a l  { a l
l '1 ,1.1. ,
I r l - l  i ,  r  -
l o0  l  a0  ^e
L F J  l s l  / ,  l

^ 0  \ , 1 1 1 . ,

v h e r e  
- v ,  

r : e p r  e s r n t  s  a r r  e n s e n b l e  a v c r  a , t (  ( r  , i t  . r  |  , r  I  I  r L r  v i . r  d e r  c o n s r a n r  .
a  F ,  a n d  i  p o s i r i v (  q u a n r i r y _  T h .  l ( ) | , , w i | r :  l j , , r , , r : ,  i n x r g e .

I  1 , ) r  r  I r (  I r r ; r d a _ v  i  I  I  e ( : t  i s ,

B

a { l

a  c o m p l i c a t e d  c o m b i . a r i o n  o f  f i v e  v a r i a t ) l (  r ;  , , , j ,  i : : r t  r r r i r l  I i e t d  v a r i a b l e  ( s ) ;
t h r e e  l i g h L  b e a m  v a r i a b l € s  ( r ,  ^ 0 ,  a n d  l ) i  . , , , , t  , , r j ,  : , r n t ) 1 .  v a r i a b t e  ( R ) ,  v h e r e
u e  h a v e  a l l o i { € d  f o r  t h e  f a c r  t h a r  L h e  } ' a r , r ( r ; , !  ,  i i ,  , . r  , , , i  ( , c c u r  i n  c h i r a l  a s  w e t l
a s  i n  a c h i r a l ,  s a m p l e s .  T h e  e x p e r i n e n t a  v  1 , , , : , , 1  r r , , r t L ( ,  a t i c a 1  d e s c r i p t i o n  [ 6 ]
o f  t h a  t - a r a d a y  e f f e c t  i s  m u c h  s i m p l c r ,

( 8 )

( . , 0 )
.i"

^ 0
,R

(  Ä 'o)  I

:'I
( . r ,  qJ

L
^ 0 {rl ( t )

( e )

T h i s  i s

1  O n l y  l , y  r n a k i  r ) 8  u s e  o f  E q .  ( 9 )  d o  w ,  r , , , l i l , .  r l r . , r  ^ 0  t a k e s  t h e  F  p o s i t i v e ,  f
n e g a t r v e  s y m n r c i r j e s  o f  8 7 ,  a n d  i : j  ( , r  . ,  1 , : ; r r r t l ,  s c a l a r  a s  i n  n a t u r a l  o p t i c a l
a c t i v i t y .  T h i s  k n o v l e d g e  i s  a g : r i !  , , , ; , . ( l  l t .  , /  i n  t h e  o r i g i n a t  c o n s r r u c t i o r )
( 8 ) ,  a  c o n s t r u c t i o n  w h i c h  i s  i l r ( r ( l ( d  l o  I r ( ) v i . l e  t h i s  k n o v t e d S e  _  T h e
a r g u n e n t  i s  a g a i n  c i r c u l a r  a n d  r h (  r ( , t o r f  m a D i n g t e s s .



314

2 .  T h e  w a r i a b l e  x

3 .  T h e  d i s c u s s i o n
spurious.

I t  a p p e a r s  f r o m

g u i s h a b l e  s i t u a t i o n s ,
I n  t h i s  c a s e .  t h e  u s e

The Pholonwgnenn and Quanlum Field Theory

i s  a g ä i n  u s e d  t { i c e  a n d  A e  i s  n e g l e c t e d .

o f  c o n s t r u c t i o n  ( 8 )  o n  P a g e  3 3  o f  R e f  [ 2 ]  i s  t h e r e f o r e

the const ruc t ion (8)  that  both  F and f  lead to  d is t in -

g iv ing the incor rec t  impress ion o f  both  i  and ?  wlo la t ion

o f  A |  d o e s  n o r  i m p r o v e  m a l l F r s .

Criticisms oJ the Diagrot|aatic Approach to Complete... 3 1 5

b u t  l e a v e s  a l l  s p a t i o - t l n p o r a l  v a r i a b l e s  u n . h a n 8 e d .  T h €  V e r d e r  c o n s r a n r  i s  e

n e g a t i v e  b e c a u s e  i r  i s  . r n  e n s e n b L e  ä v e r a g c  o v . r  L '  n e g a t i v c  n o l e c u l a r  p r o p e r t y
t e n s o r s -  T h e r e  i s  n o  w a y  o {  a r r i v i n g  a r  r h i s  c o l c l ' r s i o n  f r o f l  a  c o n s t r u c t i o n  s u c h
a s  ( 8 ) .

l f  w e  a t t . r m p t  t o  a s s e r t  t h a t  t h e r e  i : j  I ' r  . l ( . . r t r i c a l l y  i n d u c e d  F a r a d a y
e f f e c t ,

and we have agä in  used knov ledge o f  the symmetry  o f  Ä0 An accePlab le

d iagramnät ic  lepresenta t ion o f  the Faraday e f fec t  is ,  fo r  example .

( r 5 )

t h e n  
- v " .  

t r o n  p e r t u r b ä t i o n  t h e o r y  t 7 l ,  n u s l  l l , :  i  , r ! : ; { . m l ) l .  l v . r s g e  o v e r  F ,  a n d  i
, e g a t i v e  m o l e c u l a r  p r o p e r L y  t e n s o r . s  o r  p r o d u ( : r : j  I  l r r . r , . o t  .  ' r ' h i s  . , n s c m b l e  a v e r a g e
i s  i n e v i t a b l y  z e r o  f o r  a l l  8 7 ,  a n d  t h e r e  i s  r ) o  ( , 1 , 1 j ( . r v i d  { l l . c r .  ß a r r o n  [ 1 ,  2 ]

ä t t e n p r s  t o  r : a t i o n a l i z e  t h i s  r e s u l t  b y  r ) o t  i | i t  I  l ! l l  r  , I ( l  8  h a v e  o p p o s i r e  f
s y n m e t r i e s ,  v h e r e a s  a  a n d  r  h a v e  L h e  s a m e  i  : i v r D r !  r r  i (  r j  ( 1 { {  i 1 ! ; ,  s  r l r i s  s p u r i o u s
a r g u m e n t  a g a l n  i n  t h €  d e s c r i p t i o n  o f  m a g n . r , ) . l r j , , , l  l ) i | 1 l r i r ' t } n . . .  v i . i .  i , f . a  )
W e  c o u l d  j u s t  a s  w e l I  a s s e r L  t h a t  s i n c c  I  : r ! n t  !  t , , , \ , .  r  l r , .  : ; ; r n .  i  s y m m e l  r i e s ,
t h e r e  i s  a n  e l e c t r i c  F a r a d a y  e f f € c t ,  a n  , . 1 ) r (  I ' r : ; r ( ,  ( \ r  r l r . . s ( . ,  a l b o i L
s p u r i o u s ,  g r o u n d s ,  t h e r e  w o u l d  b e  n o  n a e n ( . r  i (  1 . i . , , 1 , , v , l 1 t . r  h , . : l r s e  t  a r r . l  I '
h a v e  d i f f e r e n t  i  s y m r n e t r i e s ,  a g a i r t  a n  . r r o h ( ( , r , ;  r , . , i , r l r  l l r ( . r (  i s  r r o  i  p r r o r i
m e t h o d  o f  k n o u i n g  r h i c h  v ä r i a b l e  r o  c o n s i d (  r  , l | ) r  r .  o r l  r h ( ,  o r h e r  h ä n d  t h €
n a t h e n a t i c a l  a p p r o a c h  g i v e s  a n  o b j e c l i v .  r { : , 1 r l r  t r  i : r  l i J r ( . w o r t h y  t h a t  i n  r h e
m a t h e o ä t i c a l  d e s c r i p t i o n  ( 9 ) ,  n e i t h e r  t  r 0 r  r ; r 1 , 1 " . , r : r  ( r t l  i c i r l y ,  a n d  n e i t h e r
d o e s  Ä F .  T h e s e  f i e l d  w a r i a b L e s  h a v c  b o t r r  i ' r ( . ( ) r 1 , , ) r . , r , , t  i n  r l r .  d . r i v a r i o n  o f  E q .
( 9 ) ,  a n d  t h e  l a t t e r  i s  t h e r e f o r e  a  s u { l i r . i d r r  ; ,  r r ,  l l  , ( ;  ( . . c s s a r y  d e s c r i p r i o n
o f  t h e  F a r a d a y  e f f e c t ,  a  r e s u l t  w h i c h  l u [ ,  l l ,  I  k , ! , u r i  J , , r  , , v . r  1 5 0  y e a r s .  N o t e
t h a t  E q .  ( 9 )  i s  t h e r e f o r e  a l r e a d y  a  d p s . r i l ) r  i , , , i  , ) l  r l r .  ' , , . , ) n , t i l i . r e  e x p e r i m e n t , ' ,  a n d
i s  a  l a w  o f  p h y s i c s  s h i c h  i s  i n v a r i a n l  t ( )  1 . , t , [ : i l  1 l i , : ,  r (  r .  : ; v m n e t r y  o p e r a l o r s .

B a r r o n ' s  c o n s i d e r a t i o n  o f  t h e  F a  r t , v , . l l , t  r  i , ,  l ) : , : r ( 1  o n  r h e  w o r k  o f  R i n a r d

a n d  C a l v e r t  [ 8 ] .  T h e  m a i n  c o n c l u s i o .  o f  r l r i !  t , . , 1 , , . r  j , ,  l l | r t  I o r  i  c o n s e r w a t i o n
t h e  s e n s e  o f  r o t a t i o n  o f  t h e  p o l a r i z a t i , ) r i  v , ( . r , J I i 1  r l , {  , . l . . r r o m a g n e r i c  p l a n e
v a v e  m u s t  b e  i n d e p e n d e n t  o f  t h e  d i r e c t i ( ) l l  ( ) l  I ) r ( r t ' , , 1 1 , , 1  i , ) i , ) t  r h e  I i g h t  b e a n .  T h i s
s t a t e m e n t  i s  e q u i v a l e n t  t o ,

r  I , ( r 6 )

I n  r l r . ,  l r r a ( k v  ( l l . . t  t h e r e f o r e ,  f I  f  , r , a

a r ( , r o l r l  l ) y  R j n n f d  a n d  c a l w e r t ,  a n d  i t  i s  n o t

B
( / r , 0 )

^
A O
R

r l
(-r ,  o)

^ä
s l

,r,t I

l'l
(  ro)

( 1 1 )

B
(r ,  o)

t
Ä0
R

?

s l  l ' l , l  ' l
a 0  l ,  ^ 0  - l a e l ,
4l  t4 l  t4 l

l B l

l a 0  l -
lv , )

l rh ich sinply suffnar izes Eq. (9).  onty through this equät ion do se real ize that

the Faraday ef fect  can be descr ibed through one f ie ld var iable (a);  one beam

v a r  i a b l p  ( ^ O )  a n d  o n e  s a r D p l e  v a r i a b l e  ( 7 " r '

B y  a p p l y i n g  F ,  f ,  a n d  a  t o  E q .  ( 7 )  r ' e  o b t a j n ,

t .  - 6 0  = i , (  B , ) , (12 )

( 1 3 )

(14 )

i :  Lo  =  i "  a , ,

d: Ä0 = | n,) f Bt,
w h e r e  I  i s  t h e  b e a m  h e l i c i t y .

B  .  a .  T h i s  i s  e s s e n t i a l l y  a l l  w eand in each case the sane

conserves . i ,  ? and Ö. rn

syruletr ies as Az, but the

d e f i n i t i o n  o f  e  [ 3 ] ,  ! ' h i c h

lav  o f  phys ics  is  rega ined.  The Faraday e f fec t

so do ing we rea l ize  that  A0 has the sane F and i

oppos i te  a  synnet ry-  Th is  is  cons is tent  v i th

r e v e r s e s  t h e  s i S n s  o f  c h a r g e s  i n  c l a s s i c a l  P h y s i c s '

p o s s i b l e  t o  d e d u c e  a n y t h i n g  f u r t h e r  a b o u r  I  h c  l a r a d a y  e f f e c r .  T h e  c r i r i c i s r n s
\ , r h i c h  a p p l y  t o  B a r r o n ' s  n e t h o d  a L s o  a p p l y  r o  r h e  w o r k  o f  t h e s e  a u r h o r s .  R i n a r d

a n d  C ä 1 v € r t  t 8 l ,  h o v c v e r ,  a l s o  c o n s i d . r  i .  w h e r e a s  B ä r r o n  [ 1 ,  2 ]  d o e s  n o t .  T h e
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f o r n e r .  h o r e v e r .  c o m e  L o  n o  c l e a r  c o n c l u s i o n :  " T h e  e f f e c t  o f  a  i n v e r s i o n  c a n n o t

be un ique ly  ant ic ipated s ince i t  cannot  be proven that  the ant imat ter  rned ium

'ou ld  not  cause the le f t  hand rorar ion. "  Th is  obscure d iagrannat ic  f ind ing is

c o n t r a s t e d  w i t h  t h e  s i m p l e ,  b u t  f u n d a m € n t a ] ,  E q .  ( 1 4 )  o f  t h i s  n o t e ,  l r h i c h  s h o w s

t tEt  the Faraday e f fec t  conserves e .  That  i t  nust  do so fo t lows f ron the dF?

theorem,  because the Faraday e f fec t  conserves ? ,  ana F,  and thus F?.  The

d i a g r a m s  u s e d  b y  R i n a r d  a n d  c a l v e r t  l 8 l  f a i l  t o  p r o d u c e  t h i s  r e s u l t ,  s h o v i n g  t h a t

the d iagrams are  l in i ted in  Lr t i l i t y  fo r  0 ,  even nhen they happen to  produce the

c o r r e c t  r e s u l t ,  f o r t u i t o u s l y ,  f o r  F  a n d  i .

1 t  i s  i n t u i t i v e l y  e x p e c t e d  t h a t  t h e r e  i s  n o  e l e c t r i c  F a r a d a y  e f f e c t ,

b e c a u s e  t h €  e l e c t r i c  f i e 1 d ,  b e i n g  a  p o l a r  v e c t o r ,  h a s  n o  r o t a t i o n a l  n a t u r e ,  a n d

c a n n o t  i n d u c e  a  r o t a t i o n ,  4 9 .  A l t h o u g h  i n t u i t i o n ,  b e c a r l s e  i t  i s  s u b j e c t i v e ,  i s

o f ten confounded in  phys ics ,  a  cursory  examinat lon o f  the hypothet ica l  Eq.  (15)

shovs that  the r ight  hand s lde nust  have rhe foL lov ing proper t ies .

Criticisms oJ the Diagftnonatic Approoch to Complere . . .

2.5. LonAitudinal Solutions of rhe proca and Ha\ivel t Equations in Vacuo

, _  -  
t t  h r .  b e c n  s l r o w n  r e c e n r l y  [ 1 5 - 1 / ]  r h a t  s o l u r i o n s  o f  M a x v e t l , s  e q u a r i o n s

I n  I r F F  s p d c p  t o r r u  v " l i c  L i e  d l g c h r d  r v t r t i . . t  L v .

B ( r ,  x ! { 2 '  =  i 8 ( o r 8 ( t r ) .  _  i r r t o r 8 ( r } ,  ( 1 8 )

a n d  c y c l i c  p e r m u t a t i o n s ,  ü r h e r e  r h e  c o r n p l e x . r o n . j r r t ; , r f s  a ( 1 )  : I r r 1  ! 1 2 ,  a r e  t h e  u s u a l
t r a n s v e - r s e ,  o s c i l l a r i n S ,  r n a g n e t i c  f i e l d s  i n  v a c L r o ,  ; , r ( l  w h . r c  B ( i )  i s  l o n g i t u d i n a l
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F r o n  t h i s ,  i t  f o l l o w s  t h a t  a n y  ^ 0  i n d u c e d  b y  a n  e l e c t r i c  f i e l d  i n  t h e  F a r a d a y

ef fec t  r , rou ld  have to  hawe the same symm€tr ies  as  ^0 in  the observed nagnet ic

F a r a d a y  e f f e c t ,  i . e .  p  p o s i t i v e ,  f  n e g a t i v e ,  a  p o s j t i v e .  O t h e r t i s e  t h e r e  r . ' o u l d

b e  v i o l a t i o n  o f  s o m e  k i n d  o f  d i s c r e t e  n a t u r a l  s y m n e t r y -  T h e  e l e c l r i c  f i e l d  I

i s ,  i n  c o n l t a s t ,  p  n e g a t i v e ,  f  p o s i t i v e .  T h u s  ^ 0  c a n i r o t  t a k e  t h e  s p a t i o

t e m p o r a l  s y n m e t r i e s  ( i . e .  P  a n d  T )  o f  t h e  e l e c t r i c  f i e l d  u i L h o u t  v i o l a t i o n .  T h i s

is  a  second reason why the e lec t r ic  Faraday e f fec t  is  not  observed-  The o ther

r e a s o n ,  e i v e n  a l r e a d y ,  i s  t h a t  4  i s  F  a n d  i  n e g a t i v e  a n d  e n s e n b t e  a v e r a g e s  t o

T h e s e  a r g u n e n t s  h a v e  n o t h i n g  t o  d o  u i t h  B a r r o n ' s  c l a i n  1 1 ,  2 l  t h a t  t h e

e lec t r ic  Faraday e f fec t  van ishes because x  änd E have oppos i te  i  symrnerr ies

T h i s  c l a i m  i s  s u b j e c t i v e ,  a n d  t h e r e f o r e  s p u r i o u s  a n d  c o r r c c t  o n l y  f o r t u i t o u s l y

2.4 .  üaanetoch i ra l  B i re f r inAence

S i m i l a r  u s e  o f  t h e  d i ä g r a m m a t i c  a p p r o a c h  h a s  b e e n  a d v o c a t e d  1 9 ,  1 0 1  f o r  t h e

m a g n e t o c h i r a l  e f f e c t ,  f i r s t  p r o p o s e d  i n  c r y s t a l s  b y  P o r t i g a l  a n d  B n r s t e i n  I l f ] .
a n d  i n  l i q u i d s  b y  U o i n i a k  a n d  Z a w o d n y  [ 1 2 ]  a n d  w a s n i e r e  a n d  M e i e r  [ 1 3 ] .  T h e

argument  aga in  re l ies  on the sub jec t ive  conpar iso  o f  x  and a ,  and is  there fore

spur ious.  The ob jec t ive  descr ip t ion o f  the Ph€nomc on is  based on per turbat ion

t h e o r y  a p p l j e d  t o  m o l e c u l a r  p r o p e r t y  t e n s o r s .  T h e  c o r r e c t  e x p l a n a t i o n  o f  t h e

s y r r u D e t r y  o f  t h e  e f f e c t  h a s  b e e n  S i v e n  i n  s i m p l e  t e r m s  b y  U a g n i a r e  [ 1 4 ] ,  u s i n g

mathenat ica l  methods.

_ p , t , - ? _
vEEz- l -vÄ(  Ez) ,  vEEz- \  vE) lE) ,  vsEz- (  vE) l  Ez) . ( 1 7 )

( 1 9 )

' & l (  o l  t  h e  n a S n e t i c

I  i ,  l ( l  a ( 3 )  b a s  b e e n
(  l n r l  k  n r r B n . r  i  z a t  i o n

M a x v e l l , s  f i e l d  e q u a r i o n s  i n  v ä c u o  r ( . t , r , . , , , . r j r  j ,  t , , u  o r  l ) r , y s j . s  r r h i c h
f ,  F .  a n d  a .  A f t e r  a p p l y i n g  l h ( , r j i .  o l r  r r r r ! , r , ,  r l j , .  j i , r n t r  ( . , l r r , r i o n s  a n d

1 a w  o f  p h y s i c s  a r e  r e g a i n e d  u n c h a n g e d .  . r . h ,  
1 , , 1 1 r r r  i , ) r , ;  . , r , .  | , r r , . I r i r D I I ( , ( I .  a n d  i r

f o l l o w s  t h a t  a l 1  s o l u t l o n s  o f  t h e  e q r l a i  i ( , , r j i  , , r ,  , 1 h ,  t , : , , j 1 | , . ( i  t ) y  r , .  . / ,  a n d  a .
T h e r e f o r e  8 ( 1 ) ,  8 ( 2 )  a n d  a ( 3 )  a 1 l  c o n s c r v , ,  / r .  r .  , r i , t  r .  L , r  s o r u r  r o n s  a r c
l i n k e d  t o g e t h e r  b y  E q s .  ( 1 8 ) ,  v h i c h  a t s ( ,  ( . o  . j , . r \ ,  /  /  , , r t r I  . .  . r . h j s  

c a n  b e
c h e c k e d  b y  o p e r a t i . g  o n  e a c h  s y m b o l  b y  / ; .  / .  , , r t r t  ,  i , ,  t , , r r .  r ( ) l  r n g  r h a r  B ( o )
i s  e  n e g a t i v e  I 1 7 1 .  I n  c o n t e n p o r a r y  l r r r r 1 1 r , r 1 1 , . .  t  t , , . r  r ( , r . r ) , . r , . r  r r ; n r ,  h s v r n g  U ( r )
g a u S e  s y m n e t r y ,  r h e  d i s c r e r .  s y r i n (  |  r  i , . , ,  ( , t  i ) . , r , , r t  , j r ( r  o b e y s  r h e  d p f
t h e o r e n  I 3 , 4 ,  1 9 1 .  T h e  s a m e  c o n c l u s i , ) r  t r o t . l , ,  l , ) r  r l r ,  t , j ( ) ( .  I  { . q u r t r o  t r / l  o f

: 1 : : : f : T . r r . " . l : r .  ^ i n  
w h i c h  r h e  p h o t o n  L a r ;  r ,  I  i i , ' .  r , , r r  r , , , 1 r (  n r : . : r s  r , o n s r r u d i n a ]

s o l u E l o n s  o t  t h e  P r o c a  a n d  M a x r r e l  L  e q r l r r r  i , ) r , ,  . , r ,  r ( t , , , 1  r ( : r l  l o .  a l 1  p r a c r i c a l
p u r p o s e s  i n  r h e  z e r o  f r e q u e n c y  l i n i t  l / r

I n  t h i  s  c o n t e x t  ,  B a r r o n , s  d i a S r a D n r , , t  i ( .  r t r , . 1  l j , ) , t r j  l t , )  : ; (  |  i  o u s l y  a s t r a y  [ 2 0 ,
2 1 1 ,  b e c a u s e  r h c y  l e a d  t o  t h e  r e s . t r  r l r , i r  a ( ' ) .  ; ,  . ( ) t , r t i o n  o f  } , ! a x ! . , e 1 1  , s
e q u a t i o n s ,  v i o t a r . s  a  a n d  i F f .  T h c  i l v , . r r : ,  r . , r , , r ( t , , !  , . l l ( . . i  s h o w s  r h a r  a ( . )  i s
a  p h y s i c a l  m a g n { r r  i c  f i e l d .  a n d  r h e r e l o f (  , , , i . r , r r  i ( , ' , ' i  r 4 : i r w . l l ' s  e q u a t l . n s .  T h i s
m u c h  i s  c l e a r  f r o m  i h .  r e l a t i o n  b e t w { , r , 1  a r r )  . , r j , r  j t , ,  w ( . l t  k n o w r  c o n J u g a t e  p r o d u c r
E ( 1 )  x E ( . ) ,  v b j c h  i s  u s u a l l y  u s e d  r o  ( 1 . , , ( . r i t \ .  l / /  r i r (  i n v . r s e  t . a r a a t a y  e f f e c r ,

a  ( 3 )  =  I  t o ) * ,

H e r e  t  i s  a n  a x i a l  u n i t  v e c t o r  a n d  B 1 0 )  t l x ,  s . r l r r  , r ! r t ) l i t
c o n p o n e r r  o l  l h e  c i r . u t a r l )  p o l d r i z e d  t i f l , r  t i . , , t r  t ) r ,
o D s e r v e d  e x p e r i m e n r s l l v  l 8 ,  i n  r h e  i n v e r s , .  L , r . ! . t , , \  ,  | , , ,
b y  c  i r c u l a r l  y  p o l a r i z e d  l i a h t ) .

E ( 1 )  x  ! ( 2 )  j . , 1 , , , t r ) a ß )  i . , . u r ) D ß l
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Exper imenLal  ev idence for  ! (1 '  t  ! (2 )  is  ev idence for  a(3)  Therefore  the

d i ;gramnat ic  arg l rnents  conf l ic t  both  wl th  exPer imenL and bas ic  f ie ld  rheory  The

s o u r c e  o f  r h i s  c r r o n e o , r s  r e s u l t  i s  B a r r o n ' s  s p u r i o u s  c o m p a r i s o n  [ 2 0 ,  2 1  ]  o f  s 1 3 )

v i t h  x .  H e  a s s e r t s  t h a t  s i n c e  . B ( 3 )  a n d  t  h a v e  o p p o s i t e  e  s y r n e t r y ,  B G )  m u s t

v a n i s h .  T h e  c o r r e c t  a n a l y t i c a l  d e s c r i p t i o n  o f  a ( 3 )  i s  S i v e n  b y  E q s  ( 1 8 ) ,  ( 1 9 )

a n d  ( 2 0 ) .  a l l  o f  w h i c h  c o n s e r v e  F ,  i ,  a n d  c

T h e  d i a g r a n $ a t i c  a p p r o a c h  t o  c o m P l e t e  e x p e r i m e n t  s y  i e t r y  i s  s u b i e c t i v e '

ä n d  s i g n i f i c a n t l y ,  i s  c o n f i n e d  a l m o s t  e n l i r e l y  t o  t h e  w o r k  o f  R i n a r d  a n d  c a l v e r t

t A l  a n ä  g a r r o n  I 2 ,  1 0 1 .  T h e  o v e r w h e l m i n g  m a j o r i t y  p r e f e r s  t o  u s e  t h e  s t a n d a r d

n a t h e m a t i c a l  . I o s c r i p t i o n  o f  p h y s i c a l  1 a v s ,  b e c a u s e  t h e  l a t t e r  i s  o b j e c t i v e  a n d

r e l i ä b l e .  A  s i n p l e  d i a g r a m  i s  u s e f u l  a s  a n  a i d  t o  u n d e r s t a n d i n g ,  b u t  i s  n o  m o r e

t h a n  t h i  s .  T h e  d i  s c o v e r y  i n  t h e  l a t e  f i  t r i e s  o f  p a r i t y  v i  o l  a t i o n  c a n  b e

d e s c r i b e d  a n a l y t i c a l l y ,  a s  i n  a  t e x t b o o k  s u c h  a s  t h a t  o f  R y d e r  [ 3 ]  T h e  s k e t c h

used by th is  author  to  i l lus t ra te  the phenomenon is  c lear ly  neänt  to  be

s c h e m a t i c ,  b e c a u s e  i L  r e f e r : s  t o  t h e  p a r i t y  o p e r a t i o n  ( a n d  i l l u s t r a t e s  i t )  a s  a

" m i t r o r  i m a g e "  o r  " r e f l e c t i o n " -  T h e  s a n r e  a u t h o r  n a k e s  i t  c l e a r  h o \ ' r e v e r ,  E h a t

p a r i r y  i n v e r s i o n  i s  m o r . e  a c c u r a t e l y  d e f i n e d  a s  t h e  i n v e r s i o n  o f  c o o r d i n a t e s ,  1  e '

( x ,  Y ,  Z )  t o  ( - X ,  - Y ,  - Z ) .  T h i s  i s  n o t  a  r e f L c c t i o n  t h r o u g h  a  p l a n e '

conclus i on

A va l id  mathemat lca l  descr ip t ion o f  a  naturä t  phenon€non is  ob jec t lve '  such

a n  e q u a t i o n  r e p r e s e n t s  a  l a w  o f  p h y s l c s .  T h i s  l a v  i s  a  n e c e s s a r y  a n d  s u f f i c i e n t

aesc i ip t ion  o f  the comple te  exper inent  l f  an  equat ion is  unchanaed bv

a p p l i c a t i o n  o f  a  d i s c r e t e  s y n m e t r y  o P e r a t o r ,  e . 8 .  p ,  t h e n  t h e  l a l ,  o f  p h y s i c s  i s

'nc lang.a  under  par i ty  invers ion o f  the conp le te  exper iment  and pär i ty  is

c"nservea in  the natura l  phenomenon descr ibed by the la ! '  I f  no t '  par i ty  is

v io la ted.  The Iau o f  phys ics  descr ib ing a  co,np le te  exPer iment  is  embodied in  an

equat ion.  The la t ter  there fore  def ines the conp le te  exper inent  and the converse

" jpror . f t ,  
in  ' rh ich  an a t tenPt  is  made to  use s inp le  d iagrans to  evä luate  na lura l

p ; ; " . r . " "  r r i thout  an ob jec t ive  äna lys is  ( i .e  s i thout  an eqLrat ion,  and wi thout

a  1aw of  phys ics)  is  inev i lab ly  sub jec t ive .  The d iasram mav produce the same

r e s t l l t  a s  t h e  1 a w ,  b u t  a s  o f t e n  m a y  n o t ,  a n d  i s  t h e r e f o r c  u n r e l i a b l e  T h e  r o o t

ca l rse o f  t t r is  is  that  w i thout  kno l r ledge o f  the appropr ia te  1a l ,J  o f  phys ics ,  i t  i s

not  poss ib le  ln  generaf  to  know hov to  def ine the conp le te  exper iment ,  i  e  i t

i s  not  poss ib le  io  know wbich var iab les  are  re lev :n t  to  the lau o f  Phys ics  and

vh ich a i .  not .  The var iab les  aPpear ing in  the d iagramat ic  approach to  comple te

exper iment  synnet ry  have to  be chosen sub jec t ive ly ,  or  arb i t rar i l y  A d i f fe rent

cho ice o f  var iab les  Inäy or  nay not  lead to  d i f fe rent  conc lus ions
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M. W.  Evans

Abstract

I t  has recent ly  been deduced theoret ica l ly  that  the photon generates  a

magnetosta t ic  f lux  quantum (61r ) ) ,  a  concept  l rh ich  apPears  to  be fundamenta l  to

phys ica l  opt ics .  Cons ider ing the c lass icat  a(3)  i t  i s  sho l rn  that  i t  i s  d i rec t ly

respons ib le  for  sewera l  ve l1  known ph€nonena,  inc lud ing c i rcu lar  d ichro isn and

the deve lopment  o f  b€am e l l ip t ic i ty  in  the e lec t r icä l  Ker r  e f fec t .  The reason

is  that  8(3)  is  d i rec t ly  propor t iona l  to  the se l1  known Stokes parameter  E '  a

paraneter  vhose or ig in  res ldes there fore  in  the photon 's  e lementary  nagnet ic

f i e l d .

1-  In t roduct ion

I n  f r e e  s p a c e  r e l ä t i v i s t i c  q u a n t u r 0  e l e c t r o d y n a n i c s  i t  i s  w e l l  k n o w n  [ 1 , 2 ]

that  the photon in  the nan i fes t ly  covar iant  Lorentz  Sauge has four  po lar iza t ions,

o n e  t i r D e - 1 i k e  ( ( 0 ) ) ,  t l , o  t r a n s v e r s e  s P a c e - 1 i k e  ( ( 1 )  a n d  ( 2 ) ) ,  a n d  o n e  l o n g i t u d i

n a l  s p a c e - l i k e  ( ( 3 ) ) .  T h e s e  c o n c l u s i o n s  e m e r g e  d i r e c t l y  f r o n  i n t e g r a t i o n  o f  t h e

d 'A l  ember : t  equat ion

F u r t h e r m o r e ,  t h a  r l a m i l r o n i a n  o p e r a r o r  i n  t h e  q u ä  r i z e d  f i e L d  i s  p r o p o r r i o n a l  t o
a n  i n t e g r a l  [ 2 ]  o v e r  t h e  s u n

, r : ,  {a  ' ^ ' ' a  ' ^ '  . i ' " ' a ' " ' 1 ,  (4 )

s o  t h a t  t h e  c o n t r i b u t i o n s  f r o m  r h e  ( 3 )  a n d  ( 0 )  p h o r o n  s t a t e s  c a n c e l ,  i e a v i n g  o n l y
t h o s e  f r o m  f h e  t r a n s v € r s e  ( 1 )  a n d  ( 2 )  s t a r e s .  r n  o r h e r -  I , , o r . : i s ,  t h e  ( 0 )  a n d  ( 3 )
states do not contr ibute to the bean enerqy.

R e c e n t l y .  i t  h a s  b e e n  s b o w n  I 3  6 l  t h a t  t h c  c l a s s i c a t  i n r e r p r e t a t i o n  o f  E q s .
( 3 a ) ,  ( 3 b )  a n d  ( 4 )  i s  t h a t  t h e r e  € x i s t  l o r ) s i r u d j r r n t  s o l u t i o n s  o f  M a x w e t l , s
e q u a t i o n s  i n  f r e e  s p a c e ,  g i v e n  b y

j { r ' ( o ) .  l E ( t )  ) = a ,  o t  i z r " t  = i E ( o ) 6 ( 3 ) ,  a ( o )  a ( r ) l  o ,  o t  B < ' t  = | r ( o r 6 o ) .  ( 5 )

The Photon's Magnetostutic Flux Quaüum: Its RoL in...

< I l ä  1 0 ) . 6  ( 0 )  
l I >  -  < r l ä 1 r ) . ä o , l 1 > .

_ F  0 ) ,  _  t ( i ) . E ( l r ,  / . i  a , ! r  . 8 d r

,  ' , )  
F  ' , ' )  , /

w h e r e  t h e  c l a s s i c ä L  a ( 3 )  i s  t h e  e x p e . t a t i o r )  v a l u e ,

32r

(3b )

Chapter 16

THE PHOTON'S }IACNETOSTATIC FLUX QUANI'T]U:

ELECIRICAL XERR EFFECT

ITS ROI-E IN CIRGUIAR DICHROISI'I AI{D fiE

H e l e  s ( o )  a n d  8 1 o )  a r e  t h e  s c ä 1 a r  a n p l i t t ( l ( . s  o t  t i r r  . l . c r r i c  a n d  m a g n e t i c
c o m P o n e n t s  o f  t h e  p l a n e  r , / ä v e  i n  f r e e  s p a c . .  a r r l  l ] t ' r  j s  a  u n i L  v e c r o r  i n  t h e
c i r c u l a r  b a s i s  i n  t h e  p r o p a g a t i o n  a x i s  o f  t l r r .  p l : r n i .  u ; r v . .  E q u a t i o n s  ( 5 )  a r e  r h e
c l a s s i c ä l  c o u n t e r p a r t s  o f  E q .  ( 3 a ) .  T h e . l a s s i c l l  . , ) [ r ] r . , r p a r r s  o f  E q .  ( 3 b )  a r e ,

( 6 )

( 1 )

1 1 ,  2 l  c u p t a  B l e u l e r

a n d  i t  i s  c l e a r  f r o m  t h e  s t r u c t u r : e  o f  l , i l .  ( r , )  , [ ! l  t r , ' r  l r q .  ( 4 )  o f  r h e  q u a n r u n

f i e l d  t h a t  t h e  f i e l d s  i E { 3 ,  a n d  a ( 1 )  d o  r r o r  ( . , ) l l  r  i l m t  (  t o  t h e  c t a s s i c a l
e l e c t r o m a g n e l i c  e n e r g y  d e n s i r y .  T h e  l , )  l t i r u ( l i ' r , l  t i ( . l d q  i E ( t  ä n d  E ( 3 )  a r e
a s s o c i a t e d  u i t h  t h e  ( 3 )  s p a c e  l i k e  p o l , t l  i r , r t  i , , i  , , t  r t r ( ,  p t r o r o n  i n  t h e  q u a n t u m

f i e l d  L h e o r y i  a n d  E 1 0 )  a n d  a ( o )  v i t h  t l r .  t  i n ! .  l i k (  t ' t r ) t , ) n  p o L a r i z a t i o n  ( 0 )  i n  r h e
q u a n t u m  f i c l d  l 4  6 1 .

F u r t h e r 0 r o r e ,  i t  h a s  b e e n  s h o v n  l a  6 l  r l r i i r  r t r (  r w o  l ) . t i c i t i e s  o f  r h e  p h o r o n
I 2 l  c a n  b e  r e l a r c d  r o  t h e  ( 0 )  a n d  ( 3 )  l x ) l :  i : r , , r  i ( ) , r ;  o t  t h c  p h o r o n  i n  f r e e  s p a c t
through

which is  quant ized in  the Lorentz  gauge äs the v /e l l  known

a ! ä 1 " e l r >  =  o .

H e r e  Ä p  i s  t h e  p o t e n t i a l  f o u r  v e c t o r ,  a n d  ä ( + ) t s  i t s  e q u i v a l e n t  o p e r a t o r '  l 1 >  i s

an e igensta te  o f  the photon f le1d.  tquat ion (2)  leads d i rec t ly  to  the tesu l t

that  adn ix tures  o f  t  ine-  l  i ke  and lonq l tud i ia l  space-  l  i ke  photon Pöt  ar i  za t ions are

phys ica l ly  nean lnTfu l  ;n  f ree space Th is  is  s ta ted I2 l  us ing photon ann ih i la -

t ion  and creat lon oper :a tors  through the equat lons [2 ]

< 2 ' (  / a )

( 6 r o ) - ä ß ) ) l x > = 0 , (  3 a )
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( 7 b )

The Photon's Magnerostotic Flut Quantum: ns Rob in...

i n f f u e n c e  o f  l a ( ' ' l  I n  q u a n t u m  f i e l d  t h e o r y .  I a n a s  a n d  K i e l i c h  h a v e  r e c e n t l y

l f 6 l  d i s c u s s e d  r h c  s i g n i f i c a n c €  o f  t h e  f o u r  S l o k c s  o p e r a t o r s  o f  t h e  q ü a n t i z e d

f i e l d ,  a n d  t h c  p r e s e n r  a u t h o r  [ 3 - 6 .  8 - 1 I ]  h : s  s h o w n  t h a t  r h e  S t o k e s  o p € r a t o r  s r

i s  p r o p o r t i o n a l  t o  r h e  m a S n e t o s t a t i c  f l u x  q u a r r r u n  , 4  r ' l  d e f i n e d  i n  E q .  ( 7 ) .

A  d i s . r r s s i o n  e n d s  1 : h e  L e t t e .  o n  a n  i n d u . l  i v o  r u l e .  i n  i . r h i c h  t h e  o r i g i n  o f

b e a m  e l l i p t i . i l y  i n  t h e  c l a s s i c a l  a n d  q L i a n t  i z { ( l  { i f 1 d  i s  t r a c e d  t o  t h e  n o v e l

v e c t o r  B ( ' )  a n d  q u a n t u m  o p e r a t o r  6 t "  r e s p e . l  i v . l y .

, " t  =  . 1 l E ,  ' 1 x . .

and i  i s  the angLr lar  momentun boson operator  descr ib ing the phoLon f ie ld .  For

o n e  p h o r o n .  t h e  e i g e n v a l u e s  o f  t h e  b o s o n  o p e r a t o r  J  a r e  r h e  h e l i c i t i e s ,  + 1  a n d

r  [  1 ,  2  ]  .  T h e  t r e l i c i t i e s  a r e  u s u a l l y  i n L e r p r e t e d  t h r o u g h  t h e  t r a n s v e r s e
p u r a i  r  - a ,  r l _ r .  r r ( J , a r r )  p u r a r t T P o . o m p o n e n r s

o f  t h e  c l a s s i c a l  p l a n e  v a v e  i n  f r e e  s p a c e . )

Therefor :e  a(3r  is  a  nove l  fundamenta l  quant i ty  in  phys ica l  opt ics ,  and in

q u a n t u n  a n d  c l a s s i c a l  f i e l d  t h e o r y .  I n  t h i s  L e t t e r  w e  c o n t i n u e  a  s y s t e l r ä t i c

s u r v e y  o f  t h e  c o n s e q u e n c e s  o f  6 i ' ) ,  c o n s e q u e n c e s  v h i c h  i n c l u d e  t h e  r e  i n t e r p r e t a -

t ion  o f  pe l1  knovn phenomena in  terms o f  6( "  and the theoret icä1 pred ic t ion o f

n o v e l  s p e c t r o s c o p i e s  s u c h  a s  o p t i c a l  N M R  [ 7 ] i  o p t i c a l  Z e e m a n  e f f e c t s  [ 8 ,  9 ] ;  a n

opt ica l  Faraday e f fec t  and opt ica l  MCD [10] ;  and o ther  phenomena of  l igh t  induced

m a g n e t i s m  l 1 1 l  s u c h  a s  t h e  i n v e r s e  F a r a d a y  e f f e c t .  I n  S e c .  2  I ' e  d e v e l o p  t h e

re la t ion between the magni tude o f  A{3)  and the Stokes parameter  s r  {12 141 o f

c i r c u l a r l y  p o l a r l z e d  e l e c t r : o n a g n e r i c  r i d i a r i o n  i r  a I l  f r e q u e n c i e s  o f  t h e  p l a n e

' , ' a v e .  T h i s  k e y  e q u a t i o n  a l l o v s  s r  t o  b e  r e p l a c e d  w h e r e v e r  i t  o c c u r s  1 1 2 ,  1 3 1  i n

p h y s i c a l  o p l l c s  b y  t h e  n o v e l  f l u x  q u a n t u m  6 1 3 )  i n  i t s  c l a s s i c a l  f o r n  r { 3 ) .  T h e

l a t t e r  i s  a n  a x i a l  v e c t o r  [ 3 - 6 ,  8 1 1 ]  i n  t h c  p r o p a g a t i o n  a x i s  Z  o f  t h e  p l a n e

l r a v e ,  a  v e c t o r  w h i c h  i s  p o s i t i v e  t o  p ä r i t y  i n v e r s i o r i  F  a n d  n e g a t i v e  t o  D o t i o n

reversa l  f .  and vh ich has the un i ts  o f  tes la-  I t  rnust  not  be confused l r i th  the

w e l l  k n o w n  ( " s t a n d ä r d  I U P A C " )  o s c i l 1 ä t i n g ,  t r a n s v e r s e  m a g n e t i c  B ( 1 t  a n d  8 ( 2 t

v€ctors  o f  the e iec i romagnet ic  p lane l rave.  The vector  a(3)  changes s ign !ü i th

c i r c u l a r  p o l a r i z a t i o n  o f  t h e  w a v e ,  v a n i s h e s  i n  I i n e a r  p o l a r i z a t i o n ,  i s  p u r e l y

rea l ,  and is  independent  o f  both  the f requency (o)  and propagat lon vector  ( r ) .

T h i s  i s  b e c a u s e  i t  i s  p r o p o r t i o n a l  t o  t h e  c o n j u g a t e  v e c t o r  p r o d u c t  ! ( 1 )  x ! ( 1 ) ' ,

rdher :e  ! {1)  is  the osc i l la t ing  e lec t r ic  vector :  o f  the wave,  and vhere l ( t ' '  i s  the

c o m p l e r  c o n j u g a t e  o f  ! ( 1 )  [ 3  6 ] .  I n  t h i s  r e s p e c t .  8 ( 3 )  i s  a  r e l a t l v e  o f  t h e

P o y n t i n g  v e c t o r ,  x ,  u h i c h  i s  p r o p o r E i o n a l  t o  t h e  v e c t o r  p r o d u c t  ! ( 1 )  x t ( r t '  o f  t h e

t ransv€rse components  o f  the i i 'ave.  Ho$ewer ,  i t  nust  be noted wi th  par t icu lar

car :e  that  the ue l1  kno l rn  t t  and the nove l  B{3)  are  fundanenta l ly  d i f fe ren!  in

F  a n a  i  s y m m e t r i e s ,  t h e  f o r m e r  ( x )  i s  a  f l u x  o f  e n e r g y  d e n s i t y ,  t h e  l a t t e r  ( a ß ) . )

a  f l r r x  o f  n a g n e t i c  < l e n s i t y ,  w h o s e  q u a n t l z e d  c o r r n t e r p a r t  i s  g i v e n  b y  E q .  ( 7 ) .

Sect ion 3  i l lus t ra tes  the re la l ion  derDonst ra ted in  Sec.  2  between s t ! )  |  and ,s l

w i ! h  t s o  e x a n p l e s ,  c i r : c u l a r  d l c h r o i s m  i n  c h i r a l  m a L e r i a l  [ 3 - 6 ]  ,  a n d  t h e

deve lopment  o f  measur ing bean e l l ip t ic i ty  in  the welL  knoun e lec t r ica l  Ker r

e f f e c r  I 1 5 ] .  I n  b o r h  c a s e s  i r  i s  d e m o n s t r a t e d  i n  a  s t r a i g h t f o r v a r d  s a y  t h a t  t h e

or ig in  o f  both  phenomena res ides in  l t ( ' ,1 ,  o r  more r igorous ly ,  in  the quant ized

f ie ld  operator  6r3) .  Thus ord inary ,  everyday,  c i rcu lar  d lchro isn is  sho i rn  for

the f i rs t  r ime to  be magnet ic  in  or lg in  because i t  i s  descr ibed by changes in  the

m a g n e t i c  4 1 3 )  f i e l d  a s  t h e  l a t t e r  t r a v e r s e s  a  c h i r a l  € n s e m b 1 e .  A  s i n i l a r

conc lus ion is  dräs .n  for  e l l ip l ic i ty  in  the Kerr  e f fec t ,  and in  genera l ,  whenever

the i , ,e11 known Stokes parameter  s3 appears  in  phys ica l  opt ics ,  i t  ind icates  the

I n  f r e e  s p a c e ,  t h e  I i n k  b e t l r e € n  t h e  c l a : ; : ; i . a l  l ' r '  a n d  t h e  c l a s s i c a l
p a r a m e t e .  . 9 j  i n t r o d u c e d  b y  S i r  G e o r g e  S t o k e s  i n  l l l 5 2  1 4 1  i s  l o r g e d  r h r o u g h  t h e
conjugate product

( 8 )

2.  The Class ica l  Re la t ion Betveen a(3)  and s .  in  Free SDace

I I ( A = , E x E ' = r z r t t : , i k ,

v h i c h  i s  n e g a r i v e  t o  ?  a n d  p o s i t i v e  r o  i  [ 1 / ] .  l l (  r o  i  m u s r  b c : r  u n i t  ä x i ä i

v e c t o r ,  a n d  E ' o  i s  t h e  u s u a l  e l e c t r i c  f i e l d  s t r e n f , r i r  r r n p l i r r d e  o i  t h c  p L a n c  w ä v e

[ 1 2 ,  1 3 ] ,  a  s c a l a r  q u a n t i t y .  T h e  q u a n t i t y  r  i : r  l h e  r o o t  o t  m i n u s  o n e ,

i n d i c a t i n g  t h a t  E x t 9 +  i s  p u r e l y  i m a g l n a r y .  
' l h .  t  s i l t r  i r )  I l q .  ( 8 )  i t x l i c a r e s  t h a L

i t  c h a n g e s  s i g n  w i t b  c i r c u l a r  p o L a r i z a t i o n ,  a n d  v , , r i s l r (  1 ;  i n  I  i ' r . a r  p o l a r i  z a l  i o r .

U s i n g  t h e  f u n d a n e n t a l  f r e e  s p a c e  e l e c t r o d y n a n r i . r . l  r , l , , r  i , ) , r : ; .

the  con jugate  product  can be wr i t ten i ' r  ' ,  r . t r .  " l  r l . '  \ "  r ' ' r  " \  f n l l o s s :

( 1 0 )

( e )

( 1 r )

(L2)

I  i r )  t j , , r ,

tr(f,) ,( "J;" 1' ', ' , '
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3.  App l ica t ions in  üater ia l  üed iä  to  C i rcu lar  D ichro isE and the Kerr  Ef fec t

€ o  =  8 . 8 s 4  x  1 o  1 ' : J  1 c 2 m  1 ,

and . r  the speed o f  l igh t  I t  fo l lovs  that  a(3)  is  re la ted to  ro  by

B ( ' )  |  
2 / 0 ,  

l i r  r n  r  * ,

i  .  e .  ,  i s  p r o p o r t i o n a l  t o  r h e  s q u a r e  r o o r  o t  r h e  i n r e n s i t y .
I r  is vel l  kno{n [12-141 Lhat the Stokes pärameter s]  is the reat quant i ty

d e f i n e d  f o r  d i f f e r e n t  c i r c u l a r  p o t a r i t y  b y

tr(^'  = r1s-,.t ,  (15)

and i t  fo l lovs  inmedia te ly  that  the naSni rude o f  Lhe nove l  8(3)  vector  is
d i r e c t l y  p r o p o r t i o n a l .  t o  t h e  s c a l a r .  s r ,  r i t h

' ' ' '  =(+)j" ' r ,

E q u a t i o n  ( 1 / )  o f  L h e  p r e c e d i n g  s e c t i o n  i m p l i c s  r h a r  s r  c a n  b e  r e p l a c e d

v , , h e r e v e r  i t  o c c l L r s  i n  i r e e  s p ä c e  p h y s i c a l  o p t j c s  b y  i t r e  q u a n t i t y  1 " r . 2 . " 1 i | a , ' ' 1 .
! ' h i c h  i s  a  s c a l a r .  I n  m a L e r i a l  n e d i a ,  a s  o p p o s . , d  r o  t r . e  s p a c e ,  K i € l i c h  t i 8 ,  1 9 1
h a s  s h o L ' l r  t b a t  i n  t h e  c l ä s s i c a l  r h e o r y  o f  r h c  c l . . r r r o m a s n e r i c  f i e t d  a l l
s u s c e p t i b i l i t y  t e n s o r s  o c c u r r i n g  i n  r h e  r h e o r  v  L . , r u r a t  e i e c t r o n i c  o p r i c a l
a c t i v i t y ,  I o r  e x a m p l e ,  a r e  a f f e c r e d  b y  f r e q u c r r c y  ( o )  a 0 . l  s p a r i a l  ( x )  d i s p e r s i o n ,
uhere o  is  the angulär  f requency o f  the p tane \ ra \ . .  a rx l  l rhere  x  rs  1rs  r rave
v e c t o r .  t h e  w a v e  v e c r o r  b e c o n € s  [ 1 8 ,  1 9 1  a  f r l n c t  i o r ]  o t  r h e  I i g h r  r e f r a c t i v e
i n d e x ,  a n d  i n  a n  i n t e n s e  o p r i c a l  f i e t d  t h e  l a r r . r  i s  r x )  t o n t e r  a  s c a l a r  b u t  a
s e c o n d  r a n k  t e n s o r .  I n  r h i s  s i r u a t i o n ,  K i c l j , l ,  | 8 ,  I  r l  h i s  s h o w n  r h a L  r h e
d i a g o n a l  a n d  n o n  d i a g o n a l  c o m p o n e n t s  t h e n  d . t e r r i r ) ( ,  l w o  d i s r i u c t  p r o c e s s e s  o f
s e l f - i n d u c e d  o p t i c a l  a n i s o t r o p y  i n  r h e  m e d i r r o .  s i n r i t a r  r . s u l r s  a p p t y  t o
o p t i c a l l y  a c t i v e  m e d i a  I f 9 ] .  T h e  t h e o r y  o f  n o n l i r r c a r  r ( . t r a . t i v i t y  a r x l  n o n t i n e a r
o p t i c a t  a c t i v i t y  d € v e l o p e d  b y  K i e l i c h  [ 1 9 ]  r o ]  i r . : ; .  ] r o v ( . v ( , r  ,  o i r  t h f  t l ] a i l j r i o n a l
e l e c t r o d y n a m i c a l  v i e w p o i n t ,  v h i c h  u s e s  o n l y  r h .  I  l i f l ( r s  ( s p a . e - t i k e
p o l a r i z a t i o n s  ( 1 )  a n d  ( 2 ) )  o f  S e c  2 .  A d d j t  i o l a l  . o r r  I  i t n r t  i o n s  i r r .  e x o c c r e d .
h o v e v e r ,  f r o n  t h e  l o n g i r u d i n a l  f i e l d s  l ! ( 1 )  i r r r t  a ( ] ) .  A n v  o ( : ( : u r r r : n . c .  f o r
e x a m p l e ,  o f  s r  i n  t h e s e  t h e o r i e s  c a n  b e  r . p l r . ( { t  t ) y  ; i  r {  r m  t ) r o p o r t  i o n a l  r o  r h e
m a g n i t u d e  o f  l a ( 3 ) 1 .  T h e  M a x v e l l  e q u a r i o n s  i r )  r t ! . m , t i L r N  ( i i  c r  i r o n  t h o s e  i n
f r e e  s p a c e  t h r o u g h  t h e  o c c u r r e n c e  o f  p o l a r i z ; , 1  i ( ) |  ; i r ! l  r r ; , [ t l , , 1  r z a t L o n ,  r r e a t c d
t h r o u g h  v a r i o u s  m o l c c u l a r  p r o p e r t y  t e n s o r s  l t ,  , , u ,  v , . r ,  i D  r h .  g e n e r ä r  L n e o r y
o f  n a t u r : a l  o p t i c a l  a c L i v i t y  i n  c h i r a l  m o < 1 j ; r ,  r r l j i . l r  ( . , , r  t , ,  ( l { . r i v o d  f r o m  R a v l e j s h
r e f r i n g e n r  s c a t t e r i n g  r h e o r y  [ 1 5 ] ,  i r  i s  w ( . l l  k h ( ) w , r  r t r , r r  w l r . r € , v e r  r h .  , , , t i , , . .  o f
l h e  s e v e r a l  m o l e c u l a r  p r o p e r t y  r e n s o r s  p r l ' r  i ( . r t i ; , 1  i l l .  i  t h .  p o l a r i z a r i o n  a n d
rüagnet iza t ion o f  rhe medium,  rhe obscrv | t , t (  i , l  r t , ,  ü ,  I  I  knoL.n  phenomenon o f
c i r c u l a r  d i c h r o i s ß  a l s o  h a s  p s e u d o - s c a t a r  : i \ r n t r r , !  l l  r t r .  r h e o r y  o f  c i r c u t a r
d i c h r o i s n  i t  i s  w e l l  k n o l , . n  L h a t  t I 5 l ,  l o r  ( t i t i , r ' , n r  , , r ) ;  r t i o m . r s  f o r  a  s i v e n
,  i r c u l ä r  p o l a r i r y  o r  v i . e  v F r s ä

( 1 3 )

(  1 4 )

( 1 5 )

Ij I'
( 1 8 )

B ( 3 ) l

T h c  t h i r d  S t o k e s  p a r a m e t e r  c a n
par t  o f  the ledorow l igh t  beam tensor
l e r m s  o f  t b e  S t o k e s  p a r a m e t e r s .

( 1 7 )

a l s o  b e  d e t i r ( , d  t h r o u g h  t h e  a n t i s y m n e t r i c

t 1 7 1 ,  w h o s e  c o n r p o n e n t s  c a n  b e  e x p r e s s e d  i n

(ä ' ) ' o
w h e r e  S r  i s  t h e  z e r o ' t h  o r d e r  S t o k e s  p r r ' , , r 0 (  r {  I .  . . ; , ,  , t r . 1 ;  ,  a l l d  u l i € r e  l x  a n d  i ,  L h e
i n t e n s i t i . e s  o t  r i S h t  a n d  t e f r  c j r c u l ; [  t v  | , , t , r r i ; L . r l  r a d i a r i o n  t r a n s n i t t e d  b y
s t r u c t u r a l l  y  c h i r . r l  m a r . r i a l ,  n l t h

f o r  t h e  t r a n s m i t t e d

FrorD Eqs .  (  l7  )

t o t a l  b e a n  i n t e n s i t y .
a r t d  ( 1 8 )  u e  d e r i v e  l h . l

( l e )

i n p o r t a n t  n e w  r e s u l t  f o r  l e f r  a n d
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(  20 )

which revea ls  the fundanenta l  or ig in  o f  the ph€nomenon o f  c i rcu lar  d ichro ism at

a l l  e lec t romagnet ic  f r€quenc ies ,  because i t  shows lhat  the wel l  knoFn and wide ly

u s e d  o b s e r v a b l e  ( r i  r , )  i s  p r o p o r t i o n a l  t o  t h e  n a g n i t u d e  o f  t { r ) ,  t h e  c l a s s i c a l

e q u i w a l e n t  o f  t h e  o p e r a t o r  6 r r )  ( N o t e  c a r e f u l L y  l h a t  t h e  v e c t o r  t ' ! )  i s  a x i a l ;

a n d  t h a t  i t s  n a g n i t u d e ,  l r ( ' ) 1 ,  i s  a  s c a l a r . )

The or iB in  a f  c i . rcL t la r  d ic l ) ro isn  res id .s ,  there fore  ta l  ,  rn  the photon 's

l o r l e i t u d i n a l  n a 7 n e t o s t a t i c  f l u x  q u a n t u n ,  E ! ! t  .

I n  o t h e r  t o r d s ,  c i r c u l a r  d i c h r o i s m  i s  m a S n e t o - o p t i c  i n  o r i g i n ,  a n d  t h e

observab le  rp  -  i i  i s  a  spect ra l  consequence o f  the in ter :ac t ion o f  613)  v i th

s t r u c t u r a l l y  c h i r a l  r i a t e r i a l  F r o , n  t q .  ( 2 0 ) ,  I R  l r  i s  p r o P o t t i o n a l  t o  t h e  r e a l

p s e u d o  s c a l a r  q u a n t i t y  + l t t 3 ) l  a f t e r  i t  e n e r l e s  l r o n  t h e  c h i r a l  n a t e r i a l  t h r o u g h

w h i c h  t h e  b e a n  h a s  p a s s e d ,  i . e .  a f t e r  i n t e r a c ! i o n  h 3 s  o c c u r r e d  b e t v e e n  t h e  f l u x

q u a n t u r n  6 ' 3 )  a n d  t h e  a p p r o p r i a t e  n o l e c u l a r  p r o P e r t y  L e n s o r  I I 5 1 .

For  a  beam cons is t ing o f  one photon.  the observabfe  ( - I r - I ' )  p rov ldes an

exper i r ien ta l  neasure o f  the t ransmi t ted e lementary  lB t ' ) l  a t  each f requency o f

that  bean.  Af though 1 .8(3) l  i s  i tse l f  indepcndent  o f  f requency,  the in terac t ing

ß o l e c ü l a r  p r o p e r t y  t e n s o r :  i s  n o t .  S e n i - c l a s s i c a l  p e r t u r b a t i o n  t h e o r y  [ 1 5 ]  S i v e s '

f o r  l i n e a r  o p t i c a l  a c t i v i t y ,

t o  t h e  p r o p a g a t i n g  d i r . ' c L i o n ,  a n d  a t  4 5 "  t o  r h .  a z i n u t h ,  o f  a n  i n c i d e n t  t i n e a r l y
p o l a r i z e d  I i g h t  b e a m .  A t  t r a n s p a r e n l  f r e q u e l c i . , s  r h e  d e v e l o p m e n r  o f  e l l i p r i c i t y
i n  t h e  t r a n s m i t t . r d  b e a m  d o e s  n o t  d e p e n d  o n  r h .  i  i t i a l  e t t i p r i c i r y .

F o r  t h e  e m e r g i n g  b e a m  i n  r h e  K e r r  e f f . c r  i r  . a n  b e  s h o  r r  r n a r

l a r . r  =  |  
2 ]  

l i  s i n  121 ; , (22>

l a . r l  , (  l \ : q t ^ - r s ,
\  € o c  r u l

'B ( ! ) '  ( i 1 " , ) ' * ' r , . * .  , ,n1 ( . ,  ,e  l )

n h e r e  I 0  i s  t h e  t r a n s n i t t e d  b e a m  i n t e n s l t y  n n ( t  i t  i s  i t : r  f l l i p t i c i t y .  F l q u a t i o n
( 2 2 )  s h o v s  t h a t  t h e  K e r r  € f f e c r ' s  b e a m e l l i p r i ( i r v  i s  l t o v c . r r e d  i o r l d a n e r l t a l l y  b y

t b e  f l u x  q u a n t u m  6 i ' )  i n  i t s  c l a s s i c a l  l i m i t i r i t  ( , t r i v r t ( , n r .  N o r c  t h a r  f o r :  t h e
l n c i d e n t ,  l i n e a r l y  p o l a r i z e d ,  b e a n ,  a ( 3 )  i s  z ( , r ( ) .  : , r ! l  l : ( l  ( 2 / )  s l r o \ r s  c 1 € a r t y  t h a r
t h e  d e v e l o p m e n t  o f  e L l i p t i c i t y  i s  a n o t h e r  m a 8 n ( , r , )  o t t  i .  | l r ( , D o n e r r o n  u h o s . ,  o r i g i n

i s  t h e  t r a n s n i t t e d  e i e m e n t a r y  6 1 r ) .

4 .  D iscuss ion

R a y l e i g h  r e f r i n g e n r  s c a L t e r i n g  t h e o r v  ( ( . l r , , t , r ,  I  I  o l  R . t  I  t 5 l )  s h o v r s  t h a t
t h €  t h i r d  S t o k e s  p ä r a m e t e r  - 9 r  i s  a s s o c i a t ( . ( l  w i r l r  ,  , l , , , r r 1 i r  l t t / , j z  i t t . r l l i p r i c i t y
i n  a  b e s r n  p a s s i n g  t h r o L r g h  a  s ä m p l e  o f  t l r i ( k  { : ; : ;  . .  t l  i s  j n r n c d i a r e l y  p o s s i b l e

t o  s a y  t h e r e f o r e  t h a t  d n / d z  m e a s u r e s  c l r i r r | ( : .  i , )  r l , (  l l , r x  q u a n L L r m  6 1 , )  a s  i t
p a s s e s  t h r o t L g h  t h e  s a m p l e .  I t e  a r r i v e  , r r  r l r ,  r , ,  r ,  r , , | l v  v l l i d  c o n c t u s i o n  r h a r

e l l i p t i c i t y  i n  r h e  e l e c t r o m a g n e t i c  p l a n ( ,  w r v r  i , ;  , t  r ( . 1 l y  r e l a r e d  t o  6 1 , )  a n d

t h a t  t h e  o r i g i n  o f  e l l i p t i c i r y  i n  8 e I | r ; r l  i r  r l , {  J t r ' \  q u a n t u r : r  6 1 r )  o r  i t s

c l a s s i c a l  l i m j t i n g  f o r n  B ( 3 )  E l l i p r i ,  i r \  i , ,  r l L ( r ( . f o l e  m a g n e t o  o p r i c  j n

f u n d a m e n t a l  o r i g i n .  N o ! e  t h a t  t h e  s c a L a r  l n r l , l  i r , r , l ,  , i t  a ß )  i s  s i n p l y  B r o ) ,  s h i c h
c o r r e s p o n d s  t o  t h e  t i m e  l i k e  p o l a r i z a r i o n  ( l ) )  t ) t  t t i i  r . , . t , r l  i v j s r i c  q u ä n r u m  f i e l d ,
ä n d  l l h l c h  i s  v e l l  k n o v n  t o  b e  t h e  s c a l a r  r r n r g ' l  i r  L r ( 1 ,  , ) J  I  h {  r  r a n s v e r s e ,  o s c i l l a r -
i n g ,  f i e l d s  ! ( 1 '  a n d  8 ( 2 )  o f  r h e  p l a n e  w : . v , .  r : i r ( ü 1 . , r  ( i i . t r r o i s m  f o r  e x a o p t e  c a n
b e  i n t e r p r e t e d ,  a s  w e  h a v e  s h o w n ,  t t r r < r r 1 1 l r  (  l r , , r i i { . , r  i  E { 3 )  a s  i t  t r a w e r s e s  a
c h i r a l  m e d i u m .  E q u a t i o n  ( 2 1 )  s h o v s  c l  t , ; r r  l v  I  l r ; . r  I  I r ( . : j ( .  . h , n 8 e s  a r e  r e l a t e d  r o  t h e

B a r r o n  t r 5 l  m o l e c L r i a r  p r o p e r t y  t e n s ( ) r  ( , l r .  w l : i r l r  i  v o l v c s  r h e  ! , e 1 1  k n o l | , n
R o s e n f e l d  ( n a g D e t i c  e l e c t r i c  d i p o l . r )  r ( r . i ( ) r ,  . ; , ,  . I ( l  r h e  e l e c r r i c  q u a d r u p o l e
t e n s o r  Ä i j * .  N o t e  . a r e f u L l y ,  h o w . ' v c r .  t t , , , l  , , l t h , r r f l r  l t r .  l a r t e r  i s  a n  e l e c r r i c
o o l e c u l a r  p r o p c r t y  r e n s o r  o f  t h e  r r k ( l i u , r ,  , r r r i  r l r .  t o r r n e r  i s  a  m i x e d  e l e c -
t r i c l n a g n e t i c  p r o p e r t y  r e n s o r ,  t h .  d f t i l r i r  i ( ,  ( , 1  a ( ! )  i n  t e r n r s  o f  r h e  t h i r d
S t o k e s  p a r a m e t e r  i I  f | e e  s p a c e  r ( , s l r l t s  i m m ( , ( l i i i e l y  i n  E q .  ( 1 7 ) .  T h e  L i n k
b e t w e e n  a ( 3 )  a n d  t h € r  ß a r r o n  z e t a  t e l l s o r  i r j  8 i v 1 , r  i n  [ q .  ( 2 1 ) ,  v h i c h  i s  a n o t h e r
f u n d a n e n t a l  I 1 5 ]  r e s u l r  o f  R a y l € i g h  r ( . l r  i u s c n r  s . a r  r e r i n g  r h e o r y .  I n  E q .  ( 2 1 )

w e  h a v e  u s e d  t h e  r e s u L t  L h a t  t h e  m a g n i l ü d r  ( ) 1  l h e  l o D g i t u d i n a l  s o l u t i o n  a ( 3 )  o f
I ' l a x w e l l ' s  e q u a t i o n  i s  d i r e c t l y  p r o p o r l  i o r ) a l  r o  r l l c  S L o k e s  p a r a m e r e r  s ,  i n  f r e e

( 2 1 )

! ,here  F, ,  i s  the permeabi l i ty  in  vacuo,  o  the angu) : r r  l requency o f  the beam,  I

the sanp le  length  through which the beam has passr :d ,  and ( ;  an appropr ia te lv

a v e r a g e d  m o t e c u t a r  p r o p e r t y  t e n s o r  { 1 5 1  ,  a  p s e u d o  s c a l a r  n e g a t i v e  t o  P

Equat ian (21)  shaws that  aLL c i rcüLarLy d lchro i . :  sPe. t ra  are  s iSnatures o t  lB t ' t l

o f  t h e  t r a n s n i t t e d  b e a n .  F o r  n o n l i n e a r  o p t i c a l  r t ( r t i v i t y  E q .  ( 2 f ) ,  a s  s h o w n  b y

K l e l i c h  t I 9 l ,  c o n t a i n s  a d d i t i o n a l  t e r n s  a s  d e s c r i b e d  i n  t h e  i n t r : o d u c l i o n  t o  t h i s

More genera l ly ,  i t  can be sho$ 'n  that  any phenomenon in  phys ica l  oPt ics  that

invo lves . t r  must  necessar i ly  inwolve 6( ' )  in  i ts  quant ized or  c lass ica l  fo rm

whichever  is  appropr ia te  to  the s i tuat ion be i  g  cons idered-  I t  i s  ! te1 l  knovr r

throughout  the l i te ra ture  that  there  are  nany o f  Lhese,  and one exanple  a t  randon

i s  t h e  m e a s u r i n g  b e a m  e l l i p t i c i t y  d e v e l o p e d  i n  t h e  9 / e l l  k n o w n  K e r r  e f f e c t  [ 1 5 ] ;

i n  w h i c h  a  s t a t i c ,  u n i f o r m ,  e l e c t r i c  f i e l d  i s  a P p l i e d  t o  a  f l u i d  p e r p e n d i c u l a r
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s p a c e  a n d  h a v €  r e p l a c e d  t h e  S t o k e s  p a r a n e t e r  b y  a  t e r m  p r o p o r t i o n a l  t o  a { 3 ) .

Th is  fundamenta l  f ree space reLat ion is  c lear ly  independent  o f  an l  molecu lar

D r o D e l t v  t e n s o r  o l  t h e  m e d i u r .

Conc lus ions

I t  h a s  b e e n  s h o { n  f o r  t h e  f i r s t  t i m e  t h a t  t h e  p h o t o n ' s  e } e m e n t a r y

l o n g i t u d i n ä 1  m a g n e t o s t a t i c  f l u x  q u a n t u m  6 1 ' )  i s  t h e  o r l g i n  o f  a /  c r r c u l a r

d i c h r o i  s m ;  b )  e l l i p t i  c i  t y .
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Chapter 17

THIi M]IXU}:I.LIAN LII.IIT OF THT EINSTEIN-DE BROGLII.] THEORY OF flJCTRO}IACNETIC

RADIATION

M .  I r .  E w a n s

I n  t h e  E i n s t e i n - d e  B r o g l i e  t h € o r y  o f  e l e c r r o n a S n ( , t  i c  r a d i a r i o n ,  t h e  p h o t o n  h a s
a  r e s L  n a s s  o f  1 0  6 3  k s  ( t h e  E i n s t e i n  p h o t o n  m a s s ) .  I , i r h i n  t h e  f r a m e \ r o r k  o f  t h i s
t h e o r y ,  i t  i s  s h o w n  t h a t  t h e r e  e x i s t  t o n g i t u d i i r a l  . , 1 . . r  r o m a S n e r i c  f i e l d s  w h i c h
a r e  a n a l y t i c a l l y  r e l a t e d  t o  r h e  c o r r e s p o n d i n g  r r a n s v e r s e  . o , o p o , , " , r t " ,  I r p t y i r r g
t h a t  e l e c t r i c  a n d  n a g n e t i c  f i e l d s  i n  

" " . " .  " ; "  
J o r r  v c . t o r s ,  a s  t i r s t  p r o p o s e d

b y  E i n s t e i n  a n d  d e  B r o S l i e .  T h e  o b s e r v a t i o n  o t  r h r . s .  t o n g i r u d i n a t  f i e l d s  v o u l d
s u p p o r t  

_  
t h e  E i n s r e i n - d e  B r o g l i e  r h e o r y .  a n a  

" x p r . r i m e n l a t  a r r a n g e m e n r s  a r e

1-  In t roduct ion

,  
I l  i s  a l m o s t  u n i v e r s a t t y  a s s e r r e . i  i i r  I  l ! .  . o n r  e m p o r a r y  t i r e r a r u r e  t h a r  t h e

p n o r o n  r s  m a s s l e s s ,  a n d  r h a r  t h e  r a n g e  o f  r h { .  ( , 1 ( , ( j l r o n a g n e r i c  f i e t d  i s  i n f i n i t e .
H o w e v e r ,  E i n s r e i n  I l - 5 1  h a s  p r o p o s e d  r h a l  r l r |  n r a s s  o f  t h e  p h o t o n  i s  ä b o u t
1 0  6 3  k 9 ,  a n  e s t i m a t e  b a s e d  o n  t h e  H u b b l c  . , ) l s t a l t .  I n  c o n s e q u e n c e ,  t h e  r a n g e
of  e lec t roDagn€t ic  rad ia t ion is  abour  lo r r  / r ,  (severaf  tens o t  thousands o f
n i l l i o n s  o f  l i g h r  y e a r s ,  b u t  f i n i r e ) .  r h ( .  t i r i r i ,  p h o r o n  n a s s  i s  t h e  b a s i s  o f  t h e
E i n s t e i n  d e  B r o g l i e  t h e o r y  o f  t i g h r  l r l  r r  u t , r L . t ,  r h e  C o p e n h a g e n  i n t e r p r e t a t i o n
o f  B o h r .  a n d  o L h e r s  i s  r e j e c t e d  i n  t r v , , r  , , t  t r g l r L  b e i n g  . o ? " t r t . r t " o  t y  . e . l
Max i . 'e l l  ian  waves coex isr ing i r i th  photo  s  i r r  u i r rkovsk i  

" ! " . ._ t r r . .  
Th is  is  a

c a u s a l ,  s t o c h a s r i c ,  n o d e t  o f  e l e c t r o m , r l , n ( . r  i c  r a d i a t i o n .  t n  r h e  c o p e n h a g e n
i n t e r p r e t a t i o n ,  o n  r h e  o t h e r  h a n d ,  l i l t h r  i s  m : t ( r . .  u p  o f  l r a v e s  o f  p . " t " t t f i I y ,
v h i c h  c a n  n e w e r  c o  e x i s r  s i r h  p h o t o n s  i r r : ; p ; r c e - t i r n i . .  A  r e c e n t  e x p e r r o e n r  b y
ü i z o b u c h i  a n d  O h t a k e  [ 7 ]  c o n t r a d i c t s  l l ( ,  ( j o p e n h a g e o  i n r e r p r e t a t r o n  b u r  c a n  b e
r n c e r p r : e t e c t  s  r r a  i S h t  f o r w a r d l  y  [ 8 ]  w j t h  t t r |  E i n s t e i n  d e  B r o g l i e  t h e o r y .  T h e
exper iment  denonst rä tes  that  e lec t romag,nct  i .  vaves and photo ;s  co_ex ls t .

I n  t h i s  L e t t e r ,  i t  i s  s h o v n  r h a t  r h c  l j i n s r e i n - d e  Ä r o g l i e  t h e o r y  o f  t i g h t
a l l o r { s . l o n g i t u d i n a l  e l e c t r o m a g n e t i c  f i o l d s  i n  v ä c u o ,  f i e l d " s  w h i c h  a r e  r e t a t e d
anäryEacä l ty  to  the cor responding t ransvcrse conponents  through the equat ion
r e c e n t l y  d e r i v e d  b y  E v a n s  t 9 - r 1 1 ,

' , ' , .  d.,-,.- l ' ,  
B' ' : , i , , '  8,"* ( 1 )
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B r o g l i e  [ 1 8 ]  a n d  t J v  s c h r ö d i n g e r  [ ] 9 1  t h a t  t h i s  r h . o r - y  a I l o ! , s  l o n g i r u d i n a r  a s  w e t l
a s  t r a n s v e r s - a  w a v ! s  i n  v a c u o ,  a n d  t h u s  l o 0 g i r L r d i n a l  a n d  t r a n s v e r s e  p h o r o n
p o l a r i z a t i o n s ,  r h i c h  c o c x i s t  \ r i t h  r h e  r a w e s .  b u t  r r  j t h e r  a u t h o r  a p p e a r s  r o  1 ü v e
r e a l i z e d  t h e . ) r i s t e n c e  o f . ' q u a t j o n  ( 1 ) .  l h {  l r  . , r  r i g o r o u s l y  l i r k s  t o 8 e t h e r
L r a n s v e r s e  a n d  l o . g i t ' r d i n a l  p o i a r i z a t i o n s ,  a r r t  s h o w s  t h a t  r h e  l o n g i t u d i n a t
p o l a r i z a r i o n  i s  i n d c p e n d e n t  o f  t h e  p h a s e  o t  r h e  w : r r c .  l r r d  t h u s  s . r t i s f i e s  t 8 l  r h e
G a u s s  T h . o r e n  i n  v a c u o .

H e r e  B ( 3 )  i s  t h e  t o n g i t u d i n a l  n a g n e t i c  f i e l d ,  . a 1 1 '  a n d  a { 2 }  a r e  t r a n s v e r s e

c o n p o n e n t s  o f  t h e  e l e c t r i c  f i e l d ,  E t n t  /  { 2  i s  t h e  e l e c t r i c  l i ' 1 d ' s  s c a l a r

a n p l i r u d e ,  c  t h e  s p e e d  o f  l i g h t  i n  v a c u o .  a ( ' '  a n d  a ( ' 1 )  a r e  t r a n s v e r s e  n a g n e t i c

f i e l d  c o n p o n e n t s ,  a n i '  s t " ' / E  t h e i r  s c a l ä r  a m p l i t u d e  t a r a h i  a n d  E v a n s  I r 2 ]  h a v e

s h o w n  t h a t  r e a l  B ( t )  i m p t i e s  a  n o n  z e r o  i n a g i n a r y  i l r 3 ) .  i . e .  a

I o n g i t u d i n a l  e l c c t r i c  f i e l d  t r a v e L l i n g  v i t h  t h e  P h o t o n  i n  w a c t l o

A  s i m p l e  . t e m o n s t r a t i o n  i s  g i w e n  o f  t h e  e x i s t e n c e  o f  a € '  f Ö r  a  f i n i t e

p h o t o n  m a s s ,  ä n d  o f  t h e  f a c t  t h a t  E q .  ( 1 )  i s  t h e  M a x \ r e 1 l i a n  ( z e r o  p h o t o n  n a s s )

l i n i t  o f  t h e  E i n s t e l n - d e  B r o g l i e  t h e o r y .  E x p e r l m e n t a L  o b s e r v a t i o n  o f  a t ' '  ' o u l d

t h e r e f o r e  p r o v i d e  s u p p o r !  f o r  t h i s  t h e o r y ,  w h i c h  i m p l i e s  [ 1 3 ]  r h ' t  e l e c r r i c  a n d

m a g n e t i c  f i e l d s  i n  v a c t l o  a r e  f o u r - v e c t o r s ,  w i l h  p h y s i c a l l y  m e a n i n g f u l  s p a c e - l i k e

u , r ä  t i r "  t i t .  c o m p o n e n t s -  T h i s  d e d u c t i o n  i s  a l s o  t h e  f o u n d a t i o n  f o r  m a n i f e s t l y

c o v a r i a n t  e l e c t r o d y n a m i c s ,  r e c e n t l y  p r o P o s e d  b y  E v a n s  I f 4 ]  o ü  t h e  b a s i s  o f  E q '

( r ) .
I n  L h e  c o n v e n t i o n a l  c o n t e m p o r a r y  t h e o r y  o f  e l e c t r o m a g n e t i c  r a d i a t i o n  [ 1 5 ]

t h e  l o n g i t u d i n ä 1  s p a c e - l  l k e  a n d  t i n e - 1 i k e  p o l a r i z a t i o n s  a r e  r e j e c t e d  a s

u n p h y s i c a l  ,  a n  a r b i t r a r y  a n d  s e l f  c o n r r a d i c t o r y  p r o c e d u r : e  [ 1 6 ] '  b e c a L l s e  t h e

d ' A l e m b e r t  e q u a t i o n ,  a n d  i t s  q u a n t i z e d  c o u n t € r p a r t ,  t h e  C u p t ä  B l e u l e r  c o n d i t i o n

I l T l  p r o d u c e  f o u r  p o l a t i z a r i o n s .  R e c e n t  l r o r k  l 1 4 l  h a s  s h o ü n  t h a t  t h e  e x i s t e n c e

of  four  päys ica11y neanlngfDl  po lar iza t ions can be reconc i led s t ra ight for ! 'a rd lv

w i t h  t w o  h e l i c i t i e s ,  c o m l n g  f r o n  t h e  t h e o r y  o f  t h e  P o i n c a r 6  S r o u p  E v e n  i n  t h e

n a s s l e s s  1 i m i t ,  t h e r e f o r e ,  t h e  e x i s t e n c e  o f  f o u r  f i e l d  ( p h o t o n )  p o l a r i z a t i o n s  i s

r igorous ly  suppor ted by  fundamenta l  cons ideraL ior )s  Equat ion (1)  shows c lear ly

th ; t  th€ not ion (vh ich has Sa ined acceptar tce)  o f  arb i t rar i l y  re jec t ing the

long i tud ina l  f le lds  as  meaning less is  untenabl . ,  because the I  ong i tud ina l  (3)

" . r p " . - r t  
i s  d i r e c L l y  p r o p o r t i o n a l  t o  t h e  v e c t o r  p r o d u c t  o f  t h e  t r a n s v e r s e  ( l )

a n d  ( 2 )  c o n p o n e n t s ,  t h e  t i m e - l i k e  c o m p o n e n t  ( 0 )  b e i n B  a s s o c i a t e d  s i t h  t h e  s c a l a r

f i  e l d  a m p l i t u d e s  i n  v a c u o .

Equat ion (1)  is  there fore  th€ fundanrcnta l  I  ink  betwe€n phys icat ly

n r e a n i n g f u l  I o n g i t u d i n a l  a n d  l r a n s v e r s e  c o m p o n c n t s  o f . ' I . ' c t r o n a g n e t i c  r a d i a t i o n '

a n d  p r o v i d e s  n e w  i n s i g h t  i n t o  t h e  E i n s t e i n - d e  B r o S l i . '  t h e o r v  T h e  e q u a t i o n  w a s

f i r s t  d e r i v e d  t 9 - 1 1 1  u s i n g  t h €  M a x w e l l  e q u a t i o r l s .  c q l r i v a l . ' n l  t o  z e r o  p h o t o n  m a s s ,

b u t  i t  i s  s h o ü n  i n  t h i s  L e t t e r  t o  b e  v a l i d  f o r  i i n i t .  p h o l o n  m a s s  T h e  m o s t

i n p o r t a n t  c o n s e q u e n c e  o f  E q .  ( 1 ) ,  h o w e w e r ,  i s  t h n t  i l  i f l p l i e s  f o u r  P h y s i c a l l y

r n e i n i n g f u l  e l e c t r o n a s n e t i c  f i e l d  p o l a r i z a t i o n s ,  n n d  r h i s  i s  a r s o  i m p l i e d  [ 1 3 ]  b v

t h e  t i i n s t e i n - d e  B r o g l i e  t h e o r y .  I n  t h e  c o n t e m p o r a r v  t h e o r y  o f  e l  e c  t r o d y n a m r c  s  '

h o v e v € r ,  t h e  n o t i o n  o f  a b a n d o n i n g  t w o  p o l a r i z a t i o n s  ( e i r h e r  o f  t h e  c l a s s i c a l

f i e l d  o r  t h e  p h o t o n )  h a s  b e e n  a c c e p t e d  u n c r i t i ( : ! l l v  T h i s  n o t i o n  m u s t  b e

q u e s t i o n e d  i n  v i e v  o f  e q u a t i o n  ( 1 ) ,  w h i c h  i s  c o n s i s r e n t  w i t h  r h e  E i n s t e i n  d e

B r o g l i e  t h e o r y .  T h e  q u e s t i o n  a r i s e s  i n m e d i ä t e l v  o i  l , / h e t h e r :  o r  n o t  E q  ( 1 )  i s

cons is tent  or  lncons is tent  w i th  the Copenhagen in terpre ta t ion,  and the best  way

o f  a n s u e r l n g  t h i s  i s  b y  r e f e r e n c e  t o  t h e  M i z o b r r c h i  o h t a k e  e x p e r i m e n t  [ 7 ]  a s

i n t e r p r e t e d  b y  V i g i e r  t 7 l .  T h u s ,  e v e n  i f  t h e  C o p e n h a g e n  i n t e r p r e t a t l o n  c a n  D e

r n a d e  l o  s a t i s f y  E q .  ( I )  t h e o r e t i c a l l y ,  i t  ! ' t o u 1 d  s t i L l  b e  i n  c o n t r a d l c t i o n  w i t h

exper inenta l  data ,  imply ine that  i t  i s  bet ter  f rom the outset  tÖ aork  k ' i th ln  the

f r iner " 'o rk  o f  the E ins te in-de Brog l ie  theory  s ig . i f i cant ly ,  i t  vas  sho\ "n  by  de

l t h e r e  ' l , r  i s  a  c o m p l e x  v e c t o r  r r a v e  [ / 1 .  A s  v . .  l , l ! (  n ! , r r  i . i r , ( i .  r t , i : ;  . . , l r l a r i o n  \ r a s
s h o m  b y  d e  B r o 8 l i e  a n d  S c h r ö d i n g e r  t o  h , r v ,  l , J , , f j r , x l i  r r l  a r ! 1  r r a D s v e r s e
c o n p o n e n t s .  I n  a  t h e o r y  s t r u c t u r e d  i n  ) 4 r x w ,  l l ' : ;  t r , , ü ( , u ( , r k ,  t i t .  ( r )  ( : a  b e
w r : i t t c n  a s  a  d ' A I e n b e r l  e q u a t i o n  u i t h  a  f i n i i ,  r i 1 . l , r  l r , , r ( l  : ; i . t e  t c r m  i n  ! a . u o :

2 .  Equät ion (1)  fo r  F in i te  Photon üass

O n c  o f  t h e  f u n d a n e n t a l  e q u a t i o n s  o f  r h e  I , l i n : i r (  i D  ( 1 , .  t J r o S l i .  t h c o r _ y  o {  I  j g h t

a v !  =  2 p ' v u , <2)

a A -  (  a , ( 3 )

l t h e r €  i  i s  a  c o n s t a n l  ,  a n d  t h e  d ' A 1 e m b ( , r r  j  [ 1 .  r : .  , r s L r . r t

L - l  =  V7+ I  n '

,  , l l

W e  u s e  t i r L '  t r a n s f o r m a t i o n s ,

( 4  )

o-  io '  . i ,

i n t o  q u a n t u f t  m { , ( : h ! n i c s  [ 2 0 ] ,  l r h e r e ,  l s  , r : r L r . r l
t e s p e c t i v e l y ,  o l  a  p . r r i c l e  a s s o . i a l ( , { l  H i r l r  I
i s  t h e  p h o t o n  r i t h  f i i r i t c  E i n s t e r n  n r i r : , : ;

, 1 , ( 5 )

p  , , , ! l  I  d c n o L e  m o m e n t u m  a n d  e n e r g y
l i ,  w , , v !  . , q u a t i o n  ( 3 ) .  T h i s  p a r t j c l e

$(-" ' .  i . )^  e ' , , ( 6 )
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a n d  s i n c e  Ä  i s  a  ! , ä v e  q u a n t i t y  w h i c h  l o s e s  s i g n i f i c a n c e  [ 2 0 ]  i n  a  p a r t i c u l a t e

The Maxwellion Limit oJ the Einstein-DcBroglic Theory...

E 2  =  p 2 c 2 + n 2 c t .  
( 7 )

T h l s  i s  E i n s t e i n ' s  r e l a t i w i s t i c  e q u a t i o n  I i n k i n g  m a s s  a n d  e n e r g y ,  I t i t h  a  p h o t o n

t h e o r y ,  ( E q .  ( 1 r ) ) ,  b e c a u s e
( r 2 ) .

F ü r t h e . m o r . ,  E q .  ( 3 )
d e n s i t y  i n  v a c l L o ,

w h o s e  p h y s i c a l  s o l u t i o n  [  3 l

( U s i n g  t h e  r e l a t i o n

i n  E q .  r 1 l )  i m p l  r e s

E q .  ( L )  i s  c o n s i s t . n t  w i t h  t h e  d ' A l e n b e r : r  e q t r a r i o n

i m D l  r F s  r h F  r . l l n u i r ' t s  ,  o u ä r  i o n  i n  m a S n e t i .  I l u x

( 1 3 )vza  =  t ,B ,

r s  a n  e x p o n e n t i a l l y  d € , c a v i n g  L o n p , i t u d i n a l  f i e l d  i n

i c  r . ( 3  r - a  t 7 l

n =  t .

calculated fron the Hubble constant.

(  =  4 9  -  1 0  '  m  ' ,

( 8 )

E q u a t i o n  ( 8 )

( e )

Bt ' t  =  Bto)  exp(  (z ) tc (  1 4 )

( 1 5 )

(10 )

(some tens o f  thousands o f  mi1 l lons o f  l igh t  years ,  a  cosn ic  but  f in i te  d imens ion

o f  t h e  o r d e r  o f  t h e  r a d i u s  o f  t h e  u n i v e r s e ) .  T h e  d ' A l e m b e r t  e q u a t i o n  ( 3 )  i s

(  1 1 )

w h o s e  L o r a n t z  c o v ä r i a n t  f o r m  i s  o b r a i n c d  l r o  l , v  r ,  t ) t . r { . t , r l i  I  t r e  L a p t a c i a n  b y  t h e
d ' A l e m b e r . t i a n .  T h u s  E q  ( 3 )  i m p l i e s  F . r l .  ( l  t )  , , r x t  ! i ( , .  v , . r s r  )

F o r  a l l  p r a c t i c a l  p u r p o s e s ,  E q .  ( l a )  i : ,

I  =  V x . r

v z ( v x ^ )  =  { , v ! . r ,  i . , . ,  v Ä  { ^ , ( 1 6 )

( 1 7 )

and the f in i te  range o f  the e lec t rooagnet ic  f ie ld ,

: =  L  - 1 0 . " .

tr l  - 10 5'z r.

n r  =  0 .

F ' o r  p r a c r i c a l  p u r p o s e s  t h e  r i g h t  h a n d  s i d e  i s  s o  s m a l l  a s  t o  b e  e s s e n t i a l l y

z e r o ,  ä n d  E q .  ( 1 1 )  r e d u c e s  t o  t h e  s t a n d a r d  d ' A l e m b e r t  e q u a t i o n  i n  v a c u o ,

(72)

l r h i c h  i s  t h e  l e f t  h a n d  s i d e  o f  E q .  ( 1 )  t r  i . i  r l r (  r , t o r r  : ; r r : i i S h t f o r w a r d  r o  s h o w
t h a t  E q .  ( l )  c o r r o s p o n d s  t o  t h e  z e r . )  I ) l i . ) r , ) n  n : , s , , ,  l t ; r r u . l l i a n ,  f o r n  o f  t h e
E i n s t e i n  d e  B r o S l  i e  t h e o r y  o f  l i g h t .

3 .  D iscuss ion and Dxper i renta l  Consequ( : r rc .s

I t  i s  i m p o r t a n t  t o  n o t e  r h a t  r q .  (  l )  i s  i D p l  i . ( l  i  t h e  i , o r k  o f  M o l e s  a n d
V i g i e r  L 2 r l  a n d  t h a t  o f  B a s s  a n d  S c h r o d i l l t {  r  ) 2 1 .  l l r i s  } I a s  b e c o n e  c l e a r  t h r o u g h
t h e  f o l l o u i n g  c o r n m e n t s  b y  V i g i e r  [ 2 3 ]  | h .  a ,  l i c L < t  o f  M o l e s  a n d  V i g i e r  [ 2 1 ]
i s  p a r a l l e l  t o  t h e  a ( ' ,  f l e i d  o f  e q u a r i o r  ( t )  T h e  r h r e e  v e c r o r : s  ! i  a n d  s i  a r e

I t  i s  c lear  ther :e fore  that  the E ins te ln-de Brog l ie  theory  o f  l igh t  approx inates

c lose ly  the Max l /e l l  equat ions in  the c lass ica l  reS, ime descr ibed by the l rave

e q u a t i o n  ( 1 1 ) .  I t  i s  a l s o  c l e a r  t h a t  t h e  s o l u t i o r t s  o f  E q .  ( 1 1 )  c o e x i s t  l { i t h

t h o s e  o f  E q -  ( 7 ) ,  f o r  p h o t o n s  o f  f i n i t e  m a s s .  E q u a t i o n  ( 1 )  a l s o  h o l d s  l o  a n

exce l lent  appr :ox i rDat ion in  the Maxwel l ian  descr ip t ion o f  the E ins te in-de Brog l ie
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I  h . n  d . i  i  n e d  b y

t i  ) e , , , r j ' ,  s l

i n  l h e  n o t a t i o n  o f  M o l e s  a n d  V i g i € r  l 2 l
b e  w r i t t e n  i n  t h a t  n o t a t i o n  a s

'  2  " '  ( a . c i )  2 - r ' t  l 9 . , i )

a ( ,  = a i o ) t  a n d  E , l * .
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A n  r n v e r s e  F a r a d a y  e f f e c r  ( m a g n e r  i  z a r  i o n )  .
A n  o p t i c a l  f a r a d a y  e f f e c t  ( a z i m u t h  r o r a r i o n ) .
A n  o p t i c a l  Z e e m ä n  e f f e c t  ( s p e c r r a l  s p t  i  r  r  i n U ) .
o p t i c a l l y  i n d u c e d  s h i f t s  i n  E S R  a D d  N M R
O p t i c a l l y  i n d u c e d  C o r t o n  M o u t o n  a r ) d  t 4 ä . j o r a r t a  c f t e . r s .
O p t i c a l l y  i n d u c e d  f o r w a r d  b a c k w ä r d  b i  r . t  I  i n 8 . ü c { ,  e f f e c t s
n x t r : a  e f f e c t s  i n  C o m p r o n  s c ä r t e r r n g .
0 t h e r  n a g n e t  i c  e f f e c t s .

( l e )

s o  t h a t  , i  i s  p a r a l l e l  t o  k k  a n d  a . ' * 1 . r " 1 t  t e e p l n g  r o  r h e  n o t a t i o n  o f  R e f .  t 2 1 1 .
S i n c e  a l l  f i e L d  a m p l i t u d e s  a r o  m u l t i p l i e d  i n  r h a t  n o t a r i o n  b y  e x p (  r k r  o . ) ) ,

i . e - ,  k p  =  -  i n { A , ' a t s A -  c . c ' . ) a n d  E ' ,  I r '  a n d  r  a r e  m r t r m l L y  p e r : p e n d i c u l a r ,  v e  h a v e

t 2 r l  ,

t h e r e f o r e  p r o d u c .  o p r  j . . r 1  e f f e c t s  i n  a n a l o g y  v i t h  c f f e c t s  d u e  r o  a  c o n v e n r r o n a r
m a g n e t i c  f i e l d  l x n n r p l e s  h . r v e  b e . n  p r o p o s e d ; r . ( l  d i s c u s s e d  i n  s o r n e  d e t a i l  i n  t h e
l i t e r a t u r e  [ 9 - 1 1 .  L 4  ]  a n . i  i n c l u d e  t h e  f o 1 t o u j r r r , , .  : r u  p r o p o r t i o n a l  t o  r h e  s q u a r e
r o o t  o f  l i g h l  i n r . n s j r v  ( w a r r  m ' )  o f  a  c i r c u l a r l v  p n f o . i , . a  I ä s e r  p u _ L s e :

( a )

( b )

( c )

( d )

( f )

( s )
( h )

Bn i

F u r t h e r m o r e ,  i t  h ä s  b e e n  s h o w n  [ 9 - f 1 ,  l / r ]  t t r a r  r . o r r v r . r r r  i ( , n a l  i n r e r p r e t a t i o n s
o f  s u c h  r e l l  k n o w n  p h e n o n e n ä  a s  s i n p t e  a b s o r t ) t  i , ) ü .  . l l i p r r . r r y .  c r r c u l a ,
d i c h r o i s m ,  t h e  K e r r  e f f e c r ,  a n t i s y n m e r r i c  s c i t t r ( , r  i n t , .  a r r r  w c t i  k n o w r r  p a r a r n e t e r s
s u c h  a s  t h o s e  o f  S r o k e s  I 1 5 1 ,  c a n  b e  d c v . l o t ) , . , 1  i r r  r i  r r n : ;  o f  a r i )  r r i r h  e q u a l
v a l i d i t y  a s  t h e  c o n v e n r i o n a l  i n t e r p r e t a t i o n  j r r  r { , r m : i  ( ) t  ! r r ) .  ! ( 2 '  !  A ( r '  : r n d  ! r 2 r ,
t h e  o s c  i l  l  a t i n g ,  r r a n s v e r s e  f i e l d s .

l . J e  c a n  t h e r e f o r e  c o n c l r l d e  t h a t  t h e  D i r ) : ; r . i h  ( 1 i .  I l r o A l i e  t h e o r y ,  w h i c h  h a s
b e e n  s h o - r ^ , n  t !  b e  e x p e r i m e n t a t t y  v e r l f i a b l ( ,  l ) y  ) { , . { . , , r  w o r k  i . l  1  p . " a " " " "  p h y s i c a l t y
m e ä n i n g f u l  l o n g i t u d i n a t  m a g n e t i c  a n d  c l . . r r i , .  t i ( t ( l : ;  w t r i c h  a r e  t i n k e d  r o  t h e
t r a n s v e r s e  f i e l d s  b y  E q .  ( 1 ) ,  a n d  w h i c i r  :  (  {  x f ( . r ( , ( r  L o  p r o d u c e  n e v  e f f e c r s
l 9 - 1 1 ,  1 4 l  a s  s u m m a r i z e d  i n  r h l s  S e c t j o  .  t r  r : r  i r r . , e s t i n ;  t o  n o t e  t h a r  t h e r e
a s  a  g r o w i n g  l i t e r a t u r e  l 2 3 l  o n  n . ! , .  r j t , \ : ; i { . , ,  y  m e a n i r ü f u r ,  s o l u t i o n s  o f
M a x \ , r e l l ' s  e q u a r i o n s  i n  v a c u o .  R i s s e t ,  r o r  , . \ . , r j t , t . . ,  r r : r s  s l , o , ;  t 2 4 l  r h a t  t h e r e  i s
a  c l a s s  o f  n o n - d i f f r a c r i n g  s o l u t l o n s  

" t , i (  
l r  ( , n t r , r g c  a s  a  s u p e r p o s r t i o n  o t

c i r c u l a r l y  p o l a r i z e d  e v a n e s c e n t  v a v e s ,  c : r | , ( l  . . l i t ,  r r a v e s , ,  T h e y  a p p e a r  a s  r i A h t
a n d  l e f t  c i r c u l a r l y  p o l a r i z e d ,  n o n - d i f t l l r (  I  i r , 1 1 .  r . L r . r  w a v c s ,  a n c r  r w o  a t t e r n a t i v e
l n t e r p r . L a t i o n s  h a v e  b e e n  p r o p o s e d  b y  I { i s s ( r  2 4  1 ,  n a m e l y  t h a t  i n  r h e s e
s o l u L i o n s ,  t h e  e l e c t r o n a g n e t i c  f i e t d  p r  o l t r , . 1 r : j r . , , .  . r s  i  w h o l e ,  a i o n e  r t s  a x i s  w i t h
a  p h a s e  v e l o c i t y  c ,  o r  t h a t  t h e  f i ( , 1 ( r  : j t ) i , r : j ,  s i r t r o u r  a p p a r e n L  p r o p a g a E r o n ,
a r o u n d  t h i s  a x i s .  I , i t h  a n g u l a r  v e t o c i r y  ( ( o , / 2 )  .  v t r . r .  {  r l ,  a n d  o  i s  t h e
a n g u r a r  t r e q u e n c y .  A p p l y i n g  E q .  ( 1 )  r ( )  l l r ( . : i ( ,  : , ( ) t u t  i o n s .  i r  b e c o m e s  c r e a r  r n a r
l i p  u a v e s  a l s o  i m p l y  a  l o n g i t u d l n a l  p l r ( ) r ( )  t ( ) t ;  i , r a r  i o n .  U i v e n  r n  t h e  n o L a r i o n
o f  R i  s s e t  { 2 4 1  b v

) . ' , r r t ' ,
(  l 8 )

E q u a t i o n  ( 1 )  o f  t h i s  p a p e r  c a n  t h e n
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( 2 1 )

( 2 0 )

! I '  r  . \  ' r t J u .  r ' r 5  l r t i  r .

T h e r e f o r e  e q u a t i o n  ( 1 )  i s  s t r a i g h t f o t v a r d l y  i m p l i e d  b y  t h e  e q u a t i o n s  o f
M o I e s  a n d  v i g i e r  [ 2 1 ]  i n  ä  p a p e r  v h i c h  d i  s c u s s e s  t h e  p o s s r b l e  p h y s i c a l

c o n s e q u e n c e s  o f  t h e  e x i s t e n c e  o f  a  ü o n  z e r o  p t r o r o n  m a s s  i n  t h e  i n t e r a c t i o n  o f

l i g h t  a n d  m a t t e r  I t  b e c o m e s  c l e a r  t h a t  t h e  a ß )  a n d  t E ( 3 )  f i e l d s  a r e  t h €
M a x v e l l i a n  l i m i t i n g  f o r n s  o f  t h e  l o n g i t u d i n a l  f i . - 1 d s  i n p l i e d  b y  t h e  E i n s t e i n  d e
t s r o g l i e  t h e o r y  o f  1 i g h t ,  a n d  f o r  a l 1  p r a c t i c a l  p r r r p o s e s ,  a r e  i n d i s t i n g u l s h a b l e

( b e c a u s e  i  i n  E q .  ( 1 4 )  i s  o f  t h e  o r d e r  1 0  ' ] 6  m  ' ) .  i h u s ,  e r p e r i m e r r r a l  e v i d e n c e

f o r  a ( 3 )  w o u l d  b e  e v i d e n c e  f o r  f i n i t e  p h o t o n  n a s s ,  b . . a u s !  i r  v o r r l d  b e  c o n s i s t e n t

b o t h  l r i t h  t h e  E i n s t e i n - d e  B r o g l i e  t h e o r y  a n d  w i t h  o . l ) e r  . r p . r i m e n t a l  e w i d e n c e  f o r
f i n i t e  p h o t o n  m a s s  r e v i e w e d  b y  V i g i e r  [ 8 ] .  T h c r c  i s  r b  { . x p . r i m e n t a l  e v i d e n c e  f o r

zero  photon näss -
T h e  f o l l o w i n g  p r o p o s e d  e x p e r i m e n t s ,  r f  f , i : r r r v e ,  c a n  t h e r e f o r e  b e

c o n s i d e r e d  [ 2 3 ]  a s  e v i d e n c e  f o r  f i n i t e  p h o t o n  m a s s  ! : r  w e l l  a s  f o r  r h e  l o n g i L u d i -

n ä l  f i e l d  a ( 3 ) ;  t h e  e x c h a n A e  o f  l o n g i t u d i n a L  p h o t o l | s i  t h - .  a c t i o n  o f  l o n g i t u d i n a l
p h o t o n s  o n  m a t t e r : ,  a n d  f o r  t h e  f a c t  t h a t  s o u r c . : s  i m j t  I o n g i t u d i n a l  a s  w e l l  a s
t r a n s v e r s e  p h o t o n s  i n  t h r e e  p o l a r i z a t i o n  s t a t e s ,  n o l  t w o  a s  i n  L h e  c o n v e n t i o n a l

i n t e r p r e t a t i o n  o f  l i g h t .
T h e  m ä j o r  e x p e r i m e n t a l  c o n s e q u e n c e  o f  E q .  ( 1 ) ,  1 o r  E q .  ( t / ) ) ,  i s  t h a t  t h e r e

e ) r i s t  l o n g i t u d i n a l  f i e l d s  a ( 1 )  a n d  i s " '  w h i c h  a r e  p r o p o r t i o n a l  t o  t h e  s q u a r e

r o o t  o f  l i g h t  i n t e n s i t y  i n  v a c u o  [ 9 - 1 1 ] .  I n  L h e  c o n t e x t  o f  P r ' '  .  f o r  r . { ä m p l e ,

the f ie ld  has a l l  the  a t t r : ibu tes  o f  a  magnet ic  f lux  dens i ty  [9-11,  14]  and shou ld
v h e r e  6  i s  a  n o r n a l  i z a t i o n  c o n s t a n l  f o r  t e n e r h  1 2 4 1 .  A  s c h e n a r i c  o f  t h e  l i p
w a v e s  i s  g i v e n  b y  R i s s e t  o n  p a g e  1 0 5 /  o f  n c 1  1 2 4 1 ,  r o  r r h i c h  s h o u t d  b e  a d d e d  t h e
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l o n g i t u d i n a l  f i e l d s  g e n e r a t e d  a s  a b o v e  b y  h i s  n o v e l  s o l u t i o n s  o f  M a x v e l l ' s I 1 5 l  J .  D .  . l a c k s o n ,  L ' l a s s i c a l  E l e c t r a d y n a n j c s  ( r r i L e y ,  N e r , r  y o r k ,  1 9 6 2 ) ,  a n d  m a n y
o t h e r  s  t  a n d a r d  l c a t s .

[ 1 6 ]  d e s c r i b e d  b y  l ,  l l .  R y d e r ,  Q L t a n t u n  F i e l d  l t e o r y  ( C ä m b r i d g e  U n i v e r s i t y  p r c s s ,

C a n b r i d g c .  1 9 8 / ) ,  c h a p t e r  4 .

[ 1 7 ]  f o r  e x a m p l e  i n  t h e  L o r e n r z  g a u S e ,  a s  i r  R . l  .  1 6 .

[ 1 8 ]  d e s . r i b e d  o n  p .  1 0  o I  t h e  p r e p r i n t ,  R e f .  8 .  t h c ,  l o n s j r u d i n a l  s o l u t i o n s  a r e
i n d e p e n d e n t  s c a L a r  w a v e s  i n  p r a c t i c e ,  i n d e p . l d c n r  o f  f r e q u e n c y ,  a s  i n  E q .
( 1 ) .

[ 1 9  ]  a s  p e r  R e f .  1 8  .

f 2 0 l  L .  H .  R y d € r ,  I l e n e n r a . I  p a r t i c j e s  a n ( l  . s y l , , k , t . i e s .  2 n d  e d n .  ( C o r d o n  a n d
B r e a c h ,  L o n d o n ,  1 9 8 6 ) ,  p p .  2 4 4  a n d  2 4 \ .

[ 2 1 ]  M .  M o l e s  a n d  J  - P .  V i g i e r ,  C o , n p t e s  R e n n t r c s  2 1 6  6 e /  | e / j ' , .
[ 2 2 ]  L .  B a s s  a n d  E .  S c h r ö d i n g e r ,  p r o c .  R o y .  s o . .  ( r _ o r t r l o r ) ) ,  2 3 2 A  I  ( 1 9 5 s ) .

[ 2 3 ]  L e t t e r  o f  2 8 t h  J a n . ,  1 9 9 3  t o  t h e  a u t h o r  f r o m  l , r o f  . r  p  V i g i e r ,  U p } t C ,
P a r i s ,  D e p t .  o f  T h e o r e t i c a l  P h y s i c s ,  I n s t  i r u r  l t e n r i  I , o i I c a r e .

[ 2 4 ]  c . - A .  R o u s s e t ,  t o f l p r e s  R e ' d u e s  3 1 5  1 0 5 5 ,  ( 1 e 9 1 ) .

Acknouledgenents

T h e  a u t h o r  a c k n o v t e d g e s  c o r r e s p o n d e n c e  w i t h  P r o f .  J .  P .  V i g i e r ,  i n
p a r t i c u l a r  a  p r e p r i n t  o f  R e f .  [ 7 ] ,  r h i c h  c o n t a i n s  m u c h  v a l u a b l e  i n f o r m a t i o n  o n

the present  exper imenta l  s ta tus  o f  the E ins te in  de Brog l ie  theory  o f  e lec t romag-

n e t i c  r ä d i a t i o n .  T h e  s u g g e s t i o n  t h a t  E q  ( 1 )  m i g h t  b e  t h e  l i m i t  o f  t h e

E i n s t e i n - d e  B r o g l i e  t h e o r y  w a s  m a d e  i n  a  l e t t e r  o f  J a n u a r y  4 ,  1 9 9 3  t o  t h e  a u t h o r ,

f r o n  P r o f .  V i g i e r  a t  t h e  U n i v e r s i t 6  P i e r r e  e t  M ä r i e  C u r i e  ,  P a r i s .  F u r t h e r

c o m e n t s  r e c e i v e d  i n  a  l e t t e r :  o f  2 8 t h  J a n u a r y  ( R e f .  t 2 3 l )  h a v €  b e e n  d i s c u s s e d  a s

in  Lhe ter t .  These re la te  the a(3)  and i ! (3 ,  f ie lds  to  the l rork  o f  Moles  and

V i g i e r  l 2 1 l  o n  t h e  E i n s t e i n - d e  B r o g l i e  t h € o r y  o f  1 i g h t .  T h e  w o r k  r e p o r t e d  i n

th is  le t ter  descr ibes a  s i rnp le ,  heur is t ic  dernonst ra t ion o f  the Max\ te l l ian  l imi t

o f  l h e  t h e o r y .
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Appendix

The Photo agnelon ond Quanlum Field Theory

THE EFFECT OF !(3) AND i!(3) ON T,tlE FTI}{DAI{ENTATS OF THE OLD

QUANTTJI'I THEORY

M .  w .  E v a n s

n ;  ä n d  n o t  h  a l d  i ,  a s  i r i  r h e  c o n v - . n r i o n a l  t h c o r y .  I r  t r a s  a t s o  b e e n  s h o w n
t h e  q u a n t u n  m . c l ' a n i o i l  ( , q ü i v a l e n t  o f  ! ( 1 )  j <  t t t r _  o p r . r r r r o r ,

-  
t '

a n d  t h a t  t h e  e l e c t r o m a g n c r i c  e n e r g ] .  d e n s i t v  r : i s ( ) ( . i . r t , . ( t  !  t h  ! { r  a n d
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(A2 )

i a r . ,  i s

( 4 3 )

T h e  c o r e  I o g i c
e x i  s t s  a  c y c l i c a l l y

o f  t h e  f o r e g o i n g  p a p e r s  i n  t h l s
s y m m e t r i c  a l g e b r a ,

book asser ts  that  there

S r r r  x 8 ( . )  =  j 8 ( . r 8 ( ! ) !

B ( r )  i  8  ( 3 )  j 8 ' o ) t ( 1 ) ,

8 ( 3 ) x 8 ( 1 ) : j E ( o ) 8 ( 2 ) .

a .  B , r ,  ,  B r ! )  - ?  i t ( r )  .  ; E r I

( A 1 )

l r h i c h  i n p l i e s  t h a t  t h e  r e a l  f i e l d  a ß )  i s  n o n  z e r o  i n  f r e e  s p a c e .  F u r t h e r m o r e ,
th is  conc lus ion is  re in forced by the exper imenta l  obserwat ion o f  the con jugate
product  in ,  fo r  exanple ,  the inverse Faraday e f fec t .  Th is  deduct ion changes

fundämenta l ly  lhe  cur rent  apprec ia t ion o f  e lec t rodynanics  and there fore  changes

the pr inc ip les  on sh ich the o ld  quantum theory  vas der ived,  fo r  example  the

Planck ]aw,  änd the quantum hypothes is .  In  th is  Appendix  l re  care fu l ly  exarDine
the or ig ina l  papers  sh ich led to  the emergence o f  the fundamenta l  ideas o f  the

o ld  quantun theory ,  and denonst ra te  in  each case that  the ex is tence o f  t ( t  and i ! ( t )
i s  r i g o r o u s l y  c o n s i s t e n t  w i t h  t h e  f o u n d a t i o n s  o f  t h e s e  t h e o r i e s .  I n  s o  d o i n g  ! / e

re ly  heav i ly  on the monograph by Pa is  I1 l  wh ich care fu l ly  ana lyses the key pap€rs

of  the o ld  quantum theor :y ,  fo r  example  papers  by  P lanck,  E ins tc in ,  and Bose.  In

so do ing i t  i s  shora. r l  tha t  the P lanck rad ia t ion 1aw,  and i ts  c lass ica l  equ iva-
1 e n t s ,  t h e  R a y l e i g h - J e a n s ,  S t e f f a n - B o l t z m a n n  a n d  f i i e n  I a w s ,  c a n  b e  d e r i v e d  l t i t h ,

and are  not  a f fec ted by ,  the knowledge that  there  ex is ts  the cyc l ica l  a lgebra

( ^ 1 )  \ r h i c h  s i g n a l s  t h e  e x i s t e n c e  o f  t h e  l o n g i t u d i m a l  l i e t d s  a ( 3 )  a n d  i ! ( ' )  l n
f r e e  s p a c e .  T h i s  c o n c l u s i o n  i s  a  r a d i c a l  d e p a r t u r e  f r o m  t h e  c o n v e n t i o n a l  o n e

t h a t  t h e  s o l u t i o n s  o f  M a x w e l l ' s  e q u a t i o n s  a r e  t r a n s v e r s e ,  a s  d e s c r i b e d  i n  t h e
t e x t .  I n d e e d ,  E q s  ( A f )  m e a n  t h a t  t h e  v e r y  e x i s t . n c . ' o f  t r a n s v e r s e  s o l u t i o n s
inp l ies  that  o f  long i tud ina l  so lu t ions.  In  the qu: rn tum th€ory ,  the convent iona l
not ion that  the photon,  regarded as a  par t ic le ,  havc on ly  two t ransverse degrees
o f  p o l a r i z ä t i o n  i s  c h a n A e d  t o  a  p h o t o n  w i t h  a  t h i r d ,  a x i a l  ,  d i n e n s i o n  w h i c h  i s

r e 1 ä t i v i s t i c a l l y  i n v a r i a n t ,  b e i n g  t h e  l o n g i t u d i n a l  u n i t  a x i a l  v e c t o r  e G )  w h l c h

d e f i n e s  t h e  f i e l d  a { i )  .  T h i s  i s  a  c o n c l u s i o n  w h i c h  i s  c o n s i s t e n t  w i t h  t h e  f a c t
that  the photon may have näss,  and that  c lass ica l  e lec t rodynamics may be more
r igorous ly  descr ibed by the Proca equat ion ra ther  than the d 'A lember : t  equat ion

in  f ree space.  ln  the tex t  we have a lso seen that  Lh is  deduct ion means that  the

e i g e n v a l u e s  o f  t h e  p h o t o n ' s  i n t r i n s i c ,  o r  s p i n ,  a n g u l a r  m o m e n t u n  a r e  - n , 0  a n d

T h e  l o n g i t u d i n a l  P o y n t i n g  v e c t o r  i s  z e r o ,  b . . a u s ,  a r 1 )  i : ;  1 , ; r r : r l t ( , 1  l o  / E r 3 ) ,  a n d
s o  t h e  c o n t r i b u t i o n  o f  b o t h  o f  t h e s . ,  v e c t o r s  t o  l i l i l r l  i . t , . , , , i t v  ( w . , , , : i  I ) { , r  s q r L a r e
n e t e r )  i s  z e r o .  T h e  f j e l d  a ( 3 )  t h e r e f o r r  t r , i : r  | , )  r , t , r r ( . k  , . r j ( . r I l \ .  l ) ( , . . u s . ,  r h e
l o n g i t u d i n a l  c l a s s i c a l  € l e c r r o r n a S n e t i c  € n e r f v . t d , : ; i r  v  l r r t  { l 1 | i  ( ' , . r ) : i r i y  r s  z e r o .
F o r  t h i s  r e a s o n ,  v e  h a v e  s e e n  t h a r  A G )  i s  n ( , r  ; , t , : , , , r t ) , ( t  ( , r  r (  l r j r t l ( , ( t  a t  a n y
f r e q u e n c y ,  b u t  c a n  b e  d e t e c t e d  b y  i r s  " c l a : ; t  i . ' ,  i r r t i  r i r 1 . l  i , , l  w r t t r  ! ! r r L { . r ,  a n
l n t e r a c t i o n  i n  w h i c h  a n S u l a r  n o m e n L u n  j  s  ( . x . t r a r l f . ( t  l !  |  u , . ,  , ,  J  i (  l , t  , r , r l  u a t  I  ( . r .  b u t

T h e s e  c o n c l u s i o n s  h a v e  s e v e r a t  i n p t  i , . : i r  i { , r : j  I ( ) r  r l , ,  v , r \  J , ) , I x l , r r  i o n s  o f  L h e
o l d  q u a n t u n  t h e o r y ,  \ r h i c h  e m e r g e d  t 2 l  i o l l ( , ! i n f l  r l x  ( i ,  I  ! . . , r r , , r ,  r , r  N ( ) v ( . n b . r  t 9 U 0
b y  P l a n c k  o f  h i s  l a w  o f  r a d i a r l o n  i n t . ! ) : ; i r y ,  . ,  ( t ( . r i \ , , r r , , r r  w l r r r . l r  r ( q L r i r e . t  t h e
a s s u n p t l o n  L h a t  t h e r e  e x i s r  e n e r g y  e l e m ( , n t s  w l r i ( t r  i r I  l , r  L , r , , , ,  r  j t , l ,  r ( ,  r  r e q L l e r i c y ,
! ,  t h r o u g h  r h e  P l a n c k  c o n s r a n r  h ,

E i n s t e i n  [ ] l  l a t e r  c o n s i d e r e d  t h e  m e a l i l | , , j  t , l r l ( k , : i  ( t ( . r r v : t r  i ( ) n ,  a n d  c o n c l u d e d
t h a t  e n e r g y  i s  a b s o r b e d  a n d  r e  e m i t t . d  l ) v  n r , t l { . r  i , ,  i n t ( l r , r t  u n i l : j  o t  h v .  H i s
l a t e r  [ 4 ]  i n t r o d u c t i o n  o f  t h e  4  a n d  / : r  c ( ) {  ' 1 . i ( .  l r ;  t 1 r : ; ( ( l  1 . , f , { ] r l t . r  f h i s  c o n c e p t
v i t h  t h e  B o h r  a t o n ,  r e s u l t i n g  i n  t h .  t , x 1 r r I s : ; r o r r ,

(A4 )

( 4 5 )

w h e r e  4  a n d  , ;  a r c  € , r r e r g y  l e w e I s  o t  : i r ; r r { : j  '  r n ( t  r r  r e s p e c t i v e l y  o f  a n  a t o n .
T h u s  a b s o r p t i o n  o f  l i g h r  t a k e s  p l a c e  o n l y  i f  t t r . r e  i s  a  L r a n s f e r :  o f  . h v  o f  e n e r g y
f r : o m  r a d i a t i o n  t o  a r o m .  F i n a l l y ,  w r  a r .  . o i r c . r - r E d  i o  t l i i s  A p p e n d i x  L , i r h  t h e
d e r i v a t i o n  b y  B o s e  I a l  o f  r h e  p l a . c k  t a w , i r h o u t  c t a s s i c a l  e l e c t r o d v n a m i c s .  a
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der iva t ion vh ich assuned that  the photon häs on ly  tso  degrees o f  t ransverse
p o l a r i z a t i o n  1 n  f r e e  s p a c e ,  c o r r e s p o n d i n g  c l a s s i c a l l y  t o  r i g h t  a n d  l e f t  c i r c u l a r :

p o l a r i . z a t i o n .  T h l s  n e c e s s i t a t e d  t h e  i n t r o d u c t i o n  b y  B o s e  o f  t h e  i d e a  o f  a

par t ic le  r . ' i th  on ly  rvTo degrees o f  po lar iza t ion in  lh ree d imens iona l  space.

T h e  e x i s r e n c e  o f  E q s .  ( A 1 ) ,  w h i c h  e m e r g e d  i n  1 9 9 2 ,  s l x t y  e i g h t  y e a r s  a f t e r

B o s e ' s  d e r i v a L i o n ,  n e a n s  t h ä t  t h e  b a s i c  a s s u m p t i o n s  u s e d  b y  h i m ,  a n d  a l s o  b y  h i s
p r e d e c e s s o r s ,  m u s t  b e  c a r e f u ] 1 y  r e - e x a m i n e d .  I t  i s  t h e  p u r p o s e  o f  t h i s  A p p e n d i x

to  do th is  by  re ference to  the conmentary  e iven by Pa is  l l l  on  the or ig ina l

papers ,  paper :s  \ rh ich  a ie  wel l  kno\ rn  to  lead to  the accepted contemporary  p ic ture ,

but  r^ 'h ich  conta in  er rors  änd assunpt ions which in  Lhe l igh t  o f  years  o f  research,

have becone üntenable .  For  exanple ,  the s ta t is t ica l  methods used by P lanck and

ßose are  incor rec t ,  änd some of  the ässunpt ions used by E ins te in  are  no longer

tenab le .  In  eäch case we ind icate  spec i f ica l ly  the e f fec t  o f  a  non-zero ! ( ' )  and j ! {3 t

on the or ig ina l  der iva t ions in  the or ig ina l  papers .  For  example ,  l re  d iscuss the

e f f e c t  o f  a  t h i r d ,  a x i a l ,  d e g r e e  o f  p o l ä r i z a t i o n  o n  t h e  d e r i v a t i o n  b y  B o s e  i n

1 9 2 4  o f  t h e  P l a n c k  l a w .

The Effect of the chost F ie ld  on P1änck 's  las

( A 6 )

i . e .  i s  ä  t i n j t e  e n e r g y  e l e m e n t  d i v i d e d  b y  { r e q u c n c y
O u r  p u r p o s e  h e r e  i s  L o  i n v e s t i g a t e  L h e  e f f e c t  o f  t h e  g h o s r  f i e l d  a ( 3 )  o n  r h e

P l a n c k  r e L a L i o n  ( A 8 ) ,  a n d  o n  r h e  p t a n c k  r a d i a t i o n  l a w ,
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( A 8 )h .  S

A s  d e s c r i b e d  b y  P a i s  [ 1 ] ,  P l a n c k  b a s e d  h i s  q u a n t i z a t i o n  o f  e n e r g y  o n  a

c l ä s s i c a l  r e l a t i o n  t h a t  h e  d e r i v e d  t o  d e s c r i b e  t h e  i o i n t  e o u i l i b r i u n  o f  m a t t e r

and rad ia t ion.

o1u, z; = l l f  y1n, 1'y,

l rhere  U is  osc i11ätor  €qu i l ib r iun energy and i {here  p(v .  I )  i s  the spect ra l

d e n s i t y ,  i . e .  t h e  e n e r g y  d e n s i t y  p e r  u n i t  v o l u m e  f o r  f r e q u e n c y  v .  H e r e  ?

denotes temperature .  P lanck 's  quant iza t ion o f  energy res ts  fundanenta l ly  on an

a s s u n p t i o n  e q u l v a l e n t  t o  [ 1 ]  ,

a n d  t h e r e  i s  n o  e f f e c r  o n  p ( v , D  o f  a { ! }  ( a r x t  / a i ' ' ) .  s i  . ( ,  . s ß )  j s  i n d e p e n d e n r
o f  p h a s e ,  i t  i s  a s s o c i a t e d  v i t h  z e r o  t r t , q r r 0 r r r y ,  ! ,  ; , l | r t  l l ! , r ( . t o r c  t h . , o s c i L l a r o r
e n e r g y  u  a s s o c i a L e d  w i t h  a ( 3 )  i s  z e r o ,

f o r  L h e  s p e c t r a l  d e n s i t y  p ( v ,  T =  r ( \ ) / c  ! , / h e r .  / ( v )  i s  t l ) . r  i n r c n s i r y  o f  r a d i a t i o n
i n  w a t t s  p e r  u n i t  a r e a ,  t h e  r i n e  a v e r a g e  o f  r h .  I ) o y n t  i n a  v e c t o r  a s  . r l s c u s s e c t  i n
t h e  t e x t .  T h i s  q u e s t i o n  i s  a n s v e r e d  s t r a i a h t  I  o r w a r d l  y .  b e c ä u s e

p1u .  4  =  !4u '1o^ r *  1y  '

l I ( ,  =  ! A ( t }  x  i ! { ! )  o i

u =  r ' l , v  '  '  
l

T h i s  m e a ü s  a l s o  t h a t  r h e  f i n i r e  e n e r - g y  (  t ( , k  r r r  .
T h e s e  d e d u c t l o n s  ä r e  c o n s i s E e n t  w i t h  I l (  L , ( . 1  I l ! r r r
e n e r g y  d e n s i t y  i s  f o r n a l l y  z e r o ,

( A 1 1 )

, , : I r , ( , t  i . , | , ( I  ! i r h  t r i )  i s  z e r o .
I L (  (  l l : : r i . : , 1  ( , 1 ( c l r o n a A n e r i c

( A 9 )

(A1O)

(^72)

(AI3a )

(47 )

where P is  the number  o f  ind is t ingu ishabfe  enerSy e lements ,  and lv  the nunber  o f

d i s t i n g u i s h ä b 1 e  o s c i l l a t o r s .  I t  n ' a s  a s s u n e d  b y  P l a n c k  t - h a t  s t r = I ] € ,  i . e .  t h a t  t h e

to ta l  energy is  made up o f  f in i te  e lements  € ,  a .d  he der ived a  re la t ion l 'h ich

a s s e r ! s  € - , , r ) .  A s  P a i s  [ 1 ]  c a r e f u l l y  d e s c r i b e s ,  t h e  s t a t i s t i c a l  p r : o c e d u r e  u s e d

b y  P l a n c k  i s  e r r o n e o u s ,  b u t  t h e  r e s u l t  € = h v  i s  a c c e p t e d  b y  c o n t e m p o r a r y  s c i e n c e .

The un iversa l  P lanck constant  h  1s  ther :e fore

a  r : e s u l t  w h i c h ,  a s  w e  h a w e  s e e n  i n  t l r ( .  l t , y t  i s  a t : i ( )  c o  s i s r e n t  \ r i t h  p o v n t l n q , s
t h e o r e r o .  T h e s e  c o n s i d € r a t i o n s  c a n  I x  s u n n 0 ; r r  i z ( . ( l  t ) y  ( t r e  t i m i t i n g  p r o c e ä u r e s

( i ) "  
"  

, ,
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i . e .  L h €  l i n i t  o f  € / !  a s  v  g o e s  t o  z c r o  i s  h .  S i m i L a r l y  l h e  r a l i o  u / ( h r )  a s

f r e q u e n c y  g o e s  t o  z . r o  a p p r o a c h e s  t h €  l i n i r  f / N .  T h e r e f o r e  i n  r h e  l i m i t  o f

z e r o  f r e q u e n c y ,  t h e  e n t r o p y  o f  t h e  I i n e a r  o s c i l l a t o r ,  d e r i v e d  c i ä s s t c a l l l  b y

P l a n c k  [ 1 ]  r e m a i n s  f i d i t e  ,

."= "[(' . #) ,*.{' . #)-U
h"

, "n"#]

o t  e q u i  p a r t i t i o r r  o f  e n o r e , v .  T h e  M a x w e t  I  T h . o . e m ,  i . e .  t h a t  r h e  n l l l r e r i c a t  w a t u e
o f  t h e  r a d i a t  i o n  p r . s s r r r e  e q u a l s  o n e  t h i r d  o f  t h .  e n e r g y  p e r  u n i t  v o l u m e ,  i s  a t s o
n o t  a f f e c t . d  b y  a ( ! )  a n d  i . A { ! )  ,  b e c a u s e  r h .  l a l  t . r  g . , n e r a r e  n o  e l e c t r o m a s n e t i c
e n e r A y  p e r  u n i t  v o l u n e ,  a n d  r h u s  n o  r a d i a r i o n  p ) - . s s u r c .  T h i s  i s  c o n s i s t e n r  v i r h
t h e  f a c r  t h a t  A o )  i s  8 e n c r a t e d  f r o n  p h o r o n  a n i t u l . r  m o n r e  t u m ,  a n d  s i n c e  i t  i s
p h a s e  f r e e ,  c o n t r i b u t e s  n o r h i n g  r o  p h o t o n  l i r r c : i r  m o m e n t u m .  H o w e v e r ,  a ( 3 )  d o e s
p r o c l u c e  r n a g n e t i z ä t i o n ,  a n d  t h u s  p r o d u c e s  r h c  r ) o u  z o r - o  r a d i a r i o n  r o r o u e .

\r/,_" "r'

(f;).."=.;,

(Al rb)

(A14)
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(A r8 )

( 4 1 9 )

( A 2 O )

T h e r e f o r e ,  d e s p i t e  r h e  f a c t  t h a t  a ( 3 )  a n d  i E ( 3 )

a n d  € .  t h e y  a r e  s t a t e s  o f  e l e c t r o m a g n e t i s m .  a n d

w i  h  l i n i , e  " t a s s r . . l  e n r  r o D )  s .

A s  d e s c r i b e d  b y  P a i s  l l  l .  P l a n c k ,  i n  1 9 0 0 .
be ident  ica l  1{ iLh

w h e n  A ( f  i n t e r a c t s  r r r i L h  m a t t € r  i n  v h i c h  t h i , r . ,  i s  a  . l  n r a g n e t i c  d i p o l e  m o n e n t
b .  T h e  i n t e g r a l  o v e r  t h i s  r a d i a r i o n  r o r q r r .  i r j  l h .  a i r g u l a r  m o m e n r u n  i r n p a r t e d
e l a s t i c a l l y  b y  a ( 3 )  r o  n a t t e r  r i r h o u t  e x c h a n S ( ,  o t  ( . n . r t y .  A s  d j s c u s s e d  b y  p ä i s
[ 1 ]  t h e  e q u i - p a r t i t i o n  t h e o r e m  a p p t i e d  t o  t h .  . t a : r : i i . , l  e q u a r  i o l l  ( A 6 )  r e s u l t s  i n
r h p  R a v l e i g h  E i n s r c i n  J e a n s  l r w

pl.u, 7) 8n.\' k.t ,

f i o n  & h i c h  t h e  s p e c r r a l  d e n s i t y  o f  s t a r ( . : ;  \ . i ü r i : i l , ( . : r  ' t l n r s  
a ( 3 ) ,  h a v i n g

n o  v ,  p r : o d u c e s  n o  s p e c r r a l  d e n s l t y .  a  ( t ( ( t , r ( . r  i ( ) r  ! l r i { . t r  i , j  ( . , ) I s i s l ( , I l l  w i t h  t h e
f ä c t  t h a t  t h e  P o y n r i n g  v e c t o r  g e n e r a r c d  l , v  s ( t r  , , , , '  , ! r 1 )  v , r I i : r h r s ,  t i { .  ( A l 0 ) ,
I ' i lh

I ' r , ( v ) -  . .  r r r ! ' l )  o

"= ul( ' .  :) ,""-( ' .  1) I

a r e  a s s o c i a t e d  v i t h  z e r o  U ,  v ,

f o r  t h i s  r e a s o n  a r e  a s s o c i a t e d

i n c o r r e c t l y  f o r c e d  E q .  ( A L 4 )  t o

,""" y], (A1s )

u s i n g  - ü  i n " o r r . ,  |  - t . t  i -  i c J l  n r o . e d u r e .

I n  M a r c h ,  1 9 0 5 ,  E i n s t e i n  i n v e s t i g a t e d  [ 3 ]  t h e  m e a n i n g  o f  P l a n c k ' s  E q .  ( A 9 )

w i t h  a n  i n d e p e n d e n t  q u a n r i z a t i o n  h y p o t h e s - L s ,  u s i n g  a s  s r a r t i n g  p o i n t  t h e

c l a s s i c a l  e q u i - p a r t i t i o n  t h e o r e m  o f  M a x w e l l  a n d  B o l t z m a n n .  T h e  e q u i l i b r i u l D

eners .v  o f  a  one d imens iona l  mat€r ia l  harmonic  osc i l la tor  is

ulv, 7) = kr, (A16)

s h o v i n g  t h a t  i f  t h e  f r e q u e n c y  o f  t h e  o s c i l l a t o r  v a n i s h e s ,  t h e r e  i s  n o  c o n t r i b u

t i o  t o  k " .  T h e  ] i m i t

| r e  a r e  n o ! /  r e a d y  t o  d i s c u s s  l i r i  i t l , . ( . 1  ( ) t  , o )  . I r 1 l  j B 6 )  o l r  t h e  l i s h t
q u a n t u n  h y p o t h e s i s  o f  E i n s t e i n ,  p r o | ( , , , , . ( t  i l  1 , j , , r , . t r .  l , , t )  ) ,  u t , r , l  5 r ü r L s  r h a E
n o n o c h r o m a t i c  r a d i a t i o n  o f  l o u  d e n s i l y  l J { , t , , v 1 . : ,  r r ,  r  t , , . r . n x x t ! . : , n i c  r . s p e c r : r s  i f  i t
c o n s i s l s  o f  m u t u a l l y  i n d e p e n d e n t  e n ! r  I y  ( l L r : , r r  i r  o t  n : . t , u i r  u d .  1 r !  .  T t r e s e  e n e r g y
q u a n t a  \ r e r e  n a m e d  " p h o r o n s "  b y  L a w i s  i n  t ( l l 6  A : r  r l i : ; . , I i s ( . ( t  b y  p a i s  t 1 l  t h e  b a s i s
o f  E i n s t e i n ' s  q u . r n r i z a r i o n  i s  r l t a r  I . : ( r .  ( ^ { , ) ,  ( t ( . r  i v r , ( l  c l a s s i c a t l y  b y  p t a n c k .  i s
a l s o  v a l i d  i n  t h e  o t d  q u a n t u n  r h c o r  v  t . . o r  ( , 1  p r r r  p o s . . s  w .  d e d ; . e - i m n e d i a r e l y
t h a t  a s  v - 0 ,  l h e  s p e c t r a l  d e n s i t y  p  ,  r ( l  t h r . o s . i l t a l o r  e q u i l i b r i u j n  e n e r g y  U
both  van ish in  the quantun rheory  .1  

1) r t . to t . . ,  , ,1  , ) ,  thc  long i tud ina j  phato-
n a g r l e t o n ,  h a s  t ) a  P l a i c k  e r e r g y .  f t i n s r .  i l , s  q u a n r  i z a r i o n  [ 3 ]  i s  r e l a t e d  r o  t h e
s p e c t r a l  d e n s i t y  p ( ! ,  , 1 ,  r h e r e a s  w e  r . . a l t  r h J L  l , t a n c k , s  q u a n t i z a t i o n  i s  r e l a r e d
t o  ü .  E i n s t e i n  d e d u c c d  i n  h i s  M ä r . h  t , , 0 r  p a p . r  r h a t  t h e  b a s i s  o f  p l a n c k , s
theor :y  is  that  tÄe energy a f  a  p lan. .k  os . inaLar  can take on on ly  those va jL tes
t h a t  a r e  i n t e g r a l  n u l t i p l e s  o f  , v ;  i r r  a b s o r p r i o n  o r  e m i s s i o n  t h e  e n e r g y  c h a n g e s

(A17  )

i s  f i n i t e ,  s h o u i n g  t h a t  a  z e r o  f r : e q u e n c y  o s c i l l a t o r  h a s  n o  t e m p € r a t u r e .  T h e

long i tud ina l  8(3)  adds noth ing to  k" .  Lhen there  is  energy,  i t  i s  equa l ly

par t i t ioned in  l igh t  anong tso t ransverse modes,  but  s ince the long i tud ina l  a13)

( w i t h  r ! t ' ,  )  g e n e r a t e s  n o  e n e r g y ,  t h e r e  i s  n o  l o n g i t u d i n a l  e n e r g y  t o  p a r t i t i o n .

The ex is rence o f  these shost  f ie lds  does not  v io la te  the Maxwel l  -Bof tzmann law
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b y  i n t e g r a l  m u l t i p l e s  o f  n v ,  s o  t h a t  i f  v  = o  t h e r e  i s  n o  a b s o r p t i o n  o r  e m i s s i o n .

We conc lude that  a(3)  cannot  be absorbed or  emi r ted by  an ä ton or  motecu le  as  in

the tex t .  Th ls  is  a  deduct ion that  is  n 'ho1 ly  cons is tent  w i th  the l igh t  quantu !

hypothes is  o f  E ins te in ,  the bas is  o f  quantun lheory .  The in terac t ion o f  a(1)  w i th

n a t t € r  i s  c l a s t i c ,  a n d  i n v o l w e s  n o  c h a n g e s  i n  e n e r g y , h v .  T h e r e  i s  n o  e x c h a n g e

of  photons , , r !  f rom rad la t lon to  mat ter  ln  th is  context .  Thus,  the invers€

Faraday e f fec t  can occur  far  f ron resonance,  as  obserwed exper imenta l ly  as

recounted in  the tex t .

Cons iderat ion sone years  la ter  o f  the Bohr  a tom produced the E ins te in  e*

and ,3 , ,  coef f ic ients ,  g iv ing the convent iona l  conterDporary  p ic türe  o f  absorpt ion

Appendix I 345

h o w e v e r ,  l h a L  i 1  n u s l  r c l c r  t o  p o l a r  v e c t o r s .  A  p o l a r  v c c t o r  i n  t h e  d i r e c t i o n
( Z )  o f  p r o p a 8 a t i o n  o f  t h e  r n a s s l e s s  b o s o n  m r i s t  b e  z o r o  i n  t h e  o b s e r v e r  f r . a m e  b y
s p e c i a l  r e l : r t  i v i t y  ( u s u a l l y  r c f e r r e d  t o  a s  r l l .  I  j t z g c r a l d  L o r e n t z  c o n t r a c t i o n

t 1 l ) .  A n  r x i r l  v e . t o r  i n  z ,  h o n e v e r ,  i s  r . l . r  i v i : j t i . a l l y  i n v a r i a n t .  r h u s ,

(A2r)

\ rhere  E,  and t i  a re  the aron ic  energy leve ls  o I  s ta tes  r - ,  änd f l  respect ive ly .

The ex is tence o f  A ' ! )  there fore  does not  a f fec t  the Lheory  o f  the E ins te in  Ä and a

c o e f f i c i e n t s .

I n  1 9 2 4 ,  B o s e  I 4 l  d e r i v e d  t h e  P l a n c k  r a d i a t i o n  1 a \ r ,  E q .  ( A 9 ) ,  w i t h o u t
r e c o u r s e  t o  c l a s s i c a l  e l e c t r o d y n a n i c s .  I n  s o  d o i n g ,  B o s e  a s  f o r c e d  t o  a s s e r t

that  there  ex is ts  a  par t ic le  w i th  t ro  s ta tes  o f  po lar iza t ion in  order :  to  obta in

t h e  c o r r e c t  p r e n u l t i p l i e r .  T h i s  p r o c e d u r e ,  a s  e x p l a i n e d  b y  P a i s  [ 1 ]  a m o u n t s  t o

rep lac lng the count ing o f  s tand ing l raves in  a  cav i ry  o f  vo tume v  r , l th  the

count ing o f  ce l ls  in  a  one par t ic le ,  pos i t ion  monentum,  phase space dxdp.  For

our  purposes we see immedia te ly  that  i f  there  is  a  "vave l ' i thout  f requency" ,  such

äs a(3) ,  then there  are  no add i t iona l  ce11s to  count .  l Je  ar r ive  a t  lhe  inpor tänt

r e s u l t  t h ä t  a ( 1 )  i s  c o m p a t i b l e  w i t h  B o s e ' s  d e r i v a t i o n  o f  P l a n c k ' s  1 a v .  A s

recounted by Pa is :  "When Bose in t roduced h is  po lar iza t ion fac tor  o f  tuo,  he noted

t h a t  " i t  s e e m e d  r e q u i r e d  t o  d o  s o "  " . . . a n d  " . . . . . \ , / h o  i n  1 9 2 4  h a d  h e ä r d  o f  a

p a r t i c l e  w i t h  t w o  s t a t e s  o f  p o l a r i z a t i o n ? " .
' t h e  e s s e n c e  o f  B o s e ' s  m e t h o d ,  a s  d e s c r i b e d  b y  P a i s  l r l  i s  t h e r e f o r e  t o

in tegra te  the one par t ic l€  phase space e lenent  dxdp over  v  and over  a l l  momenta

betveen p  and p+. ip  then supp ly  a  fac tor  o f  tvo  ta  .out1 t  po lar iza t ions.  I t  \ ras

not  knovn by Bos€ [4 ]  why th is  fac tor  ! ,as  tvo ,  and iL  vas used to  obta in  the

c o r r e c t  p r e n u l t i p l i e r  i n  P l a n c k ' s  r a d i a t i o n  l a v .  P a i s  r e c o u n t s  f u r t h e r  [ 1 ]  t h a t

i t  was not  c lear  to  E ins te in  why the photon sp in  appeared on ly  to  have t l to

v a l u e s ,  a  d e d u c t i o n  w h i c h  P a i s  b a s e s  o n  a  r e p l y  b y  r i n s t e i n  t o  a  l e t t e r  f r o n

Ehrenfest  as t< ing for  the re la t iv is t ica l ly  cor rec t  eva luat ion o f  sp in  for  a

m a s s l e s s  p a r t i c l e ,  L h e  p h o t o n ,  s h o r l l y  a f t e r  t h e  S L e r n  C e r l a c h  e x p e r i n e n t  h a d

been exp lä ined in  terms o f  e lec t ron sp in .  Indeed E ins te in  a t  that  po in t  in  t im€

thought  that  angu lar  momentun conservat ion coutd  not  be susta ined in  a

r e l a t i v i s t  i c a l  t )  " o r r e c t  r n a n n e r  f o r  d  m a s s l e s s  p a r t  i c l e .
I t  cont inues to  be asser : ted convent iona l ly  that  Lhe photon,  be ing a  mass less

boson,  has two degrees o f  po lar iza t ion.  Anä lys is  o f  th is  s ta tement  revea ls

r{' ro(,'. *", a",( , il );,

J " - J l o ' ,  , t , = y . t l a t ,  , r *  y  r , " ' ,  t  ( ,  : '  )  

'

E n .  E , -  h r ,  
* =  

r r , \ l e t ' "  
s " ) / k t - 1 ) ,

(^22)

v h e r e  v  i s  t h e  v c l o c i t v  o f  t h e  r e s t  f r a n c  w i l h  r i s p . ( : l  l o  l h € r  o b s e r v e r  f r a n e .

I f  v - c .  t h c n  a  p o l a r  u n i t  v e c t o r  r { D  i s  z . r o  i l  l h (  o b : r .  r v . r  f r a n e .  A n  a x i a l

u n i t  v e c l o r  . t ( ,  i s  N O ' l  z e r o  i n  t h e  o b s . r v . r  I  r : r n r .  I l r r s .  t h .  p u r e  r e a l  f i e l d

l ( 1 ) ,  a s  d i s c u s s e d  i n  L h e  t e x t ,  i s  n o n  z e r o  a r t r l  r ' i  l r l  i v i s t  j ( : r l l \  r d v a r i a n r .  ( I E

n a y  a l s o  b e  s h o w n  u s i n g  s p e c i a l  r : e l a t i v i t y  r l r . - r r  i E { 3 )  i s  r ! l  r t i v L s t i c a l l y
i n v a r i a n t . )  S i n c e  M a x \ r e 1 1 ' s  e q u a t i o n s  a r e  l l s o  i I \ ' ;  i : r n t  i n  t r c .  s p : r c e ,  i r

f o l l o v s  t h a t  t h e  w a v e  f i e l d s  ! l { 1 }  a n d  a ( ' )  a r { .  s i D i l . r  l y  i l l v , r i a n t .  E q r l a r i o n
( A r )  s h o w s  t h a t  t h i s  n u s t  b e  t h e  c a s € ,  a n d  w .  c < , r r c l r r L i  t l r a l  r I .  p / r o f o r )  1 n s  L h r e e
d e q r e e s  o f  p o l a r i z a t i o n .  l , l e  h a v e  s e e n  r h ; r l  l h i : i  i : i , l l l i r . . l y  c o n s i s r e n r  w i t h

P l a n c k ' s  r a d i a t i o n  1 a w ,  b e c a u s e  r h e  a x i a l  a ß )  I r . r : i  r ( )  (  i (  r i l y
T h i s  i s  t l r c r e t o r e  t h e  o r i q i n  o l  l o s ,  ' s  . r : ; : i  r x l , r  , t , , )  t  l r ) t  . t  I  e . t . r  r v o  i s

l n  f u n d a m e n t a l  s p € c i a l  r e l a t i v i t v  l 1  t l t (  , , l 1 i L r l , L r  r r , r k l r l r  o f  a  p a r t i c l e
b e h a v e s  a s  f o l l o w s -  D e f i n e  a  f r a m e  , <  i  w l r i ( l i  l l i ,  I , . , r r i , l ,  i N ) v t : ;  w i t h  v c l o c i t y  v
i n  Z .  K  i s  t h e  f r a m e  o f  L h e  o b s e r v c f .  I ) ,  l i l ,  . ,  l r  , h  ^  i r L  l l r i ( . l r  r l r  b o d y  d o e s
r r o L  L r a r r s l a t e .  X 0  i s  t h e  r e s t  f r a n e .  l r  i t r , i y  i l !  |  l r  , . I ! , w r i  r l r : i l  ' , 1

( ^23  )

I f  v - c ,  t h e n  , t , = , t | . " '  ;  . r i ' " t - . r l " r  = o  t , , '  r t t  , r ,  . , , ! 1
T h u s  t h e  t r a n s v e r s e  a n g u l a r  m o m c n L a  i r  I L (  , , I ) i r  M  I
T h e  l o n g i t u d i n a l  a n g u l a r  m o m e n t u ß  r { r r ; r i r r i ;  r r ) \ ' . I  r . l r r

I n  t h e  q u a I l t u n  t h e o r y ,  t h e  p r o j ( ,  r i , , i  , i .  , , 1  r l , (

i n  z  i s  r e l : t l L v i s t i c : r l l y  i n v a r i a  l  l r , ' r d  I l , t  ( 4 , , ) .

a x i s  z  a l s o  r e o r a i n s  r t ' l a t i v i s t i c a l l !  i i v , , r  L , , r r  : , r n l  ! ,
l i g h t .

T h o  e i t e n v a l l r c s  o t  . i ,  f o r  n  : r l i i n  , , n ,  l r , : r ( , n  , . (  w ' . l l  k u o w n  r o  b e  n ,  o ,  l ' ,
a n d  i f  t h c  p h o r o t r  m : t : r s  i s  { i n i r (  t l , r r ,  i : ;  r , .  r i l s o D  I o r  L h e  c o n v e n t i o n a l

a s s e r t i o n  t h a L  r h .  f i f , e n v a l L L i '  o  i s  r ( , t  t , r , , , i n l  s i r r c r  r 1 , " ,  6 ' ' )  a n d  6 o )  a r e  a l l
t h r e e  n o n  z e r : o  a t  l h .  s p e e d  o f  1 i : t h t .  r l , ,  t ) I , ( ) r o n  I ü s  t l r r c c  p o l a r i z a r i o n s  i n  r h e
b a s i s  ( r ) ,  ( 2 ) ,  ( l )  . l e f i n e d  i n  r l , (  r { x r .  a , , d  r l , e r e f o r e  h a s  r h r e e  d e g r e e s  o f
p o l a r i z a t i o n  i n  a n v  r : o n v e n i e n t  b a s i s  : j ' r . l r  a : ;  r h e  C a r r e s i a n  X ,  \ ,  Z .  T h e

, r \  t , l  r  l r .  , , 1 ) s (  r v c r  f r a m e .

I  r , r r n ,  l , r ' ,  o r r r .  i  r ) . l .  . e r n i r a r e .

. , | , 1 l L r l ; , r  r  o n x  n t u m  o p e r a t o r

I l i {  t , r o j f c t i o n  o f  6 r ' )  i n

I  |  ( t ,  I  i n c . l  a t  t h e  s p e e d  o f
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r e p l a c e m e n t  o f  t h e  e i g e  v a l u e s  (  - 1 ,  o ,  n )  b y  (  - r ,  l )  f o r  r h e  m a s s l e s s  p h o r o n  i s

n o t  e q u i v a l e n t  t o  a s s e r t i n g  t h a t  6 ß ) = ? 6  T h i s  v o u l d  c o n t r a d i c t  r h e  i n v e r s e
F a r a d a y  e f f e c t ,  i . e .  c o n t r : a d i c t  e x p e r i r i e n t a l  d a t a ,  a n d  d e s t r o y  t h e  s t r u c r u r e
( A 1 ) .  R e c o g n i z i n g  t h e  e x i s t e n c e  o f  6 1 r )  r e s t o r e s  s e t f  c o n s i s r e n c y  r o  t h e  t h e o r y .

For  example ,  6 ' r )  ä re  propor t ionat  to  rorar ion generators  anat
spher ica l  harmonic  conponents  vh lch are  a l l  non-zero.  In  a  convent ionat  rex t ,
houever ,  such as the exce l lent  monograph by ALk ins  [6 ] ,  we f ind  an argunent  o f
t h e  f o l l o w i n g  t y p e  o n  p .  2 l L  o f  t h e  s e c o n d  e d i t i o n .  ' , I n  t h e  c a s e  o f  a  p a r L i c l e
t rave l l ing  a t  the speed o f  l igh t  (1 ike  photons.  anat  perhaps a lso neurr inos and
grav i rons)  re la t iv iLy  forb ids  any componenr  (o f  angu lar  noroenturn)  perpendicu lar
to  th€ propagat ion d i rec t ion,  and so,  whatever  the sp in ,  on ly  ruo components  are

a l 1 o w e d . "  H o v e v e r ,  s i n c e  6 ( 1 )  a n d  6 ( ' ? )  ,  t h e  s r a n d a r d  r r a n s v e r s e  f i e l d s ,  a r e
propor t iona l  as  in  the texr  to  ro ta t ion operarors  vh ich becone angular  nonenta

in  quantum theory ,  these angular  momenra are  cLear ty  a l1oved.  S ince 6ß)  is
p r o p o r t i o n a l  t o  a  r e l a t i v i s t i c a l l y  i n v a r i a n t  r o r a r i o n  g e n e r a t o r .  w h i c h  b e c o n e s

a rong i lud lna l  angu lär  monentum in  quäntun theory ,  th i  s  too is  a l loved,  and ! . t r  j  E( . '
a n d  a ' ! '  a r e  t i e d  t o g e t h e r  i n e t u c l a b l y  a s  i n  E q .  ( A t ) .

Atk ins '  a rgunent  for  the non-ex ls tence o f  rhe e igenwatue o  for  rhe mass less
p h o t o n  i s  t h e r : e f o r e  p e r f e c t l y  c o n s i s r e n t  v i t h  t h e  e x i s t e n c e  o f  t h e  L i e  a l g e b r a ,
E q .  ( A 1 ) .  O n  t h e  o t h e r  h a n d ,  t h e  e x i s t e n c e  o f  t h e  e i g e n w a t u e  o  i s  c o n s i s t e n t
w i t h  t h e  n o t i o n  o f  f i n i t e  p h o t o n  m a s s .

F ina l ly ,  the oost  r igorous t reatment  o f  the e igenva lues o f  the nass less
photon l . 'as  g iven by t l igner  in  1939 [7 ] ,  in  te rms o f  tbe ra t io  o f  the pau l i

Lubansky pseudo vector  to  the Uigner  generator  o f  space- t ine r rans la t ions.  Th is
convent iona l ly  leads to  he l ic i t ies  +1 and -1  ,  cor responding to  e igenva lues + i
and - l r  in  the quantum theory .  Ho l rever ,  the l r igner  rheory  a lso a l lo r rs  the va lue o
for  he l ic i ty  when there  is  photon mass,  however  smal1 ,  because the pau l i  Lubansky
p s e u d o - v e c t o r  i s  d i r e c t l y  p r o p o r t i o n a l  t o  l h e  r o t a t i o n  g e n e r a r o r  o f  t h e  L o r e n t z
group,  o f  rh ich  there  are  tÄ- ree space, l ike  conponents ,  as  in  rhe rexr .  As we

h a v e  s e e n  i n  t h e  t e x t ,  t h e  c o n v e n t i o n a l  a s s e r r i o n  6 , i , . : 6  i n  M i n k o v s k i  s p a c e

i n c o r r e c t l y  a s s u m e s  t h a t  t h e  r o t a t i o n  g e n e r a t o r  j r , )  v a n i s h e s .
We ar r ive  a t  the fundamenta l  conctus ion rhar  th . ,  e ig .nva l r res  o f  rhe mass less

photon in  quantum f ie ld  theory  are  - i ,  o ,  and n .  the . rbsurd l ty  o f  hav ing to
a s s e r t  t h a t  a  p a r t i c l e  h a v e  t v o  s t a t e s  o f  p o l a r i z a t i o n  i n  t h r e e  d i n r e n s i o n a l  s p a c e
i s  t h e r € f o r e  r e m o v e d .  T h i s  i s  c o m p ä t i b 1 e  n i r h  t h c  c x p e r i r o e n t a l l y  w e r i f i e d

e x i s t e n c e  o f  B  ß )
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App€ndix 2: LONGITUDINAT FIEIJS Il{ FREE SPACE AND THE DUAI TRANSFORII OF

SPECIAL RIiTATIVITY

M .  t i .  E v a n s

The dua l  t ransforn  o f  spec ia l  re la t iv i ty  prov ides an e legant  änd conc ise
nethod for  obta in ing severa l  s ign i f icant  resu l ts  in  the tex t .  The duat  t ransforn
is  based on a  genera l  theorem of  tensor :  a lgebra which asser ts  that  the dua l  o f

a  four  d inens iona l  second rank rensor  c  nay be def ined by c@r ,  vhose conponents

Appendix 2

. a ( 3 )  w h i c h  i s  d u a l  t o  t h e  p u r e  i r n a g i n a r y  i a ( 3 )  f r o m  E q .  ( 8 3 ) .  T h e r e
i s  r i o  r e a l  ,  p h y s i c a l ,  I o n g i t u d i n a l  e 1 . ' c t r i c  f i e l d  i n  v a c u o .  T h i s
d e d u c t i o n  i s  c o n s i s t e n t  w i t h  t h e  F i t z g e r ä l d  L o r e n t z  c o n t r ä c t i o n  a n d  \ , r ' i t h

F ,  a n d  i  s y n m . t r y  c o n s i d e r a t i o n s ,  a s  i n  t h e  t e x t .

T h e  L o n g i t u d i n a l ,  e l e c t r o n a g n e t i c  e n e r g y  d e n s i t y  s ß )  i s  a  L o r e n t z
invar iant ,  änd van ishes in  f ree space-  Th is  is  cons is tent  r . ' i th  the
quäntum theory i  as  d iscussed in  Appendix  I

T h e  v a r i o u s  p o s s i b l e  c o n t r l b u t i o n s  r o  t h e  P o y n r i n g  v e c t o r  o f  I ' ( 3 )  a n d

iE '3 '  van ish in  vacuo For  example ,
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(ß r )

where ö , ik r  is  the fo t l r  d inens iona l  Lev i  C iv i ta  symbol .  App ly ing the resu l t  (81)

L o  t h e  f o u r - t e n s o r  o f  e L e c t r o m a g n e t i s n ,  ! ' e  o b t a i n  t h e  s t a n d a r d  r e s u l t ,  i n  S . I .

|  
0 cBz cBy iEx) 

|  
o iE,  iEy cBxf

cB/ A cBx iEl l  iE- 0 iEr .A, I€o -8 ,  .8 ,  o  - iE , l - ,  
"  i c  i . ,  o  -u , l '

I i E x  i E y  i E /  0  I  L  . F ,  . 8 ,  . 8  0 l

( B ( 1 r  -  8 ( l ) r  .  ( E ( t ,  ,  j ! r " )  a ( , ,  .  ! ' t r

b e c a u s e  B ( 3 )  x  l r f  i s  d u a l  ! , i r h  a n d  e q L r a l  t o  j ! G ,  x  8 ( 1 )  .  s i n i l a r L y ,

( a r r )  x  E { 1 ) ) r  = ( r ( , '  x 8 ( , } ) =  ( a r , )  +  a ( ! } )  i  ( r o )  +  i s ( 3 ) ) ,  
( 8 6 )

b e c a u s e  a ( ! ) x a ( z '  i s  d u a l  v i t h  a n d  ( , ( t , r r l  t ( )  i ! ( t  x a { 2 }  -

(82  )

2 .

3 .

5_

(Bs)

( B / )

( 8 8 )

( B e )

I r'r - !! 8 ( z )  -  l { ' } ,  B ( ! )  -  
j g ß )

c B -  i E ,  - j E -  c B .  ( 8 3 )

These dua l  t ransformat ions leave the I ' Iaxwel l  equar jons invar iant  in  wacuo,  and
are cons is lent  v i th  the fäc t  thät

i s  d u J l  ! i l h

B ( 1 )  x  B { 2 r  =  i l J L d ) ! ( r )  ' / r 1 . ) A ( ' ) .

E ( l t  !  t ( 2 )  c B ( ! ) ) ( i ! ( r ) )  ? ( . : / l r 0 ) B r 1 )

u t i )  =  c 2 B t l t 2  _  a \ \ , ?  =  o  t

is  a  Lorentz  invar iant  in  vacuo,  a long l r i th  2 icB(3)  Et . ,
S e v e r a l  i m p o r c a n t  r e s u l t s  f l o s  i m n e d i a t e l y  f r o m  t h e s e  s t a n d a r d

1 .  F r o m  t h e  i n v e r s e  F a r a d a y  e f f e c t  t h e r e  e x i s t s  e x p e r i m e n t a l l y

(B4)

E q u a t i o n s  ( 8 2 )  a n d  ( B 8 )  e m p h : s i , .  t l l .  I a c t  L h a t  t h e  p u r e  i n ä g i n a r y  i . E ( ! )

i s  d u a l  v i t i r  t h e  p u r e  t e a l  . ' D I r ) ,  a r d  h a s  t h e  s a n o  a x i a l  s y m n e t r y ,  a s
d i s c u s s e d  i n  t h e  t e x t .  T h u s .  l , o r e n t z  i n v a r i a n t s  a r e  f o r m e d  f r o m  t h c
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s q u a r e  o f  t h e  c o n r p l e x  v e c t o r  c 8 ( 3 )  i ! ( 3 ) .  I n  w r i t i n g  t h i s  v e c t o !  i t  i s
a s s u m e d  i n p l i c i t l y  i n  s t a n d a r d  s p e c i a l .  r e l a t i v i t y  t h a t  t h e  d i s c r e t e

s y m n e t r i e s  o f  c ! ( 3 '  a n d  - i ! ( 3 )  a r e  t h e  s a m e .  ( I t  i s  n o t  p o s s i b l e  t o  f o r m
th€ sun o f  t ! , /o  quant i t ies  r { 'hose d iscre le  syrüDet r ies  d i f fe r . )

r , rhere  l ( ! )  and l , (3)  are  both  pure rea l  quant i t ies ,  Her tz  wector

p o t e n t i a l s .  T h e  e x i s t e n c e  o f  . r r ! )  s i g n a l s  t h e  e x i s t e n c e  o f  a n  o p t i c a l
B o h m - A h a r o n o v  e f f e c t  ä s  i n  t h e  t e x t .  T h e  H e r t z  p o t e n t i a l s  a r e  ! r e 1 1
known to  be def ined in  genera l  by ,

Appendix 3: THE VECTOR PmENIIAL OF r(i)

M .  .  E v a n s

,  , . " ( ä  : i i ) ,  i  1 , 2 , 1 ,

i . e .  i n  C a r t e s i a n  c o o r d i n a t e s ,
S ince l '3 )  is  pure  rea1,  so leno ida l ,  and phase- f ree,  then there  is  no rea l  par t

o f  j ! " '  f rom Eq.  (ß1 la)  and s ince i l t ' )  i s  pure  inag inary  there  is  no rea l

i m a g i n a r y  p a r t  o f  . a ' r ,  f r o m  E q .  ( ß 1 1 b ) .  T h i s  i s ,  o f  c o u r s e ,  c o n s i s t e n t  w i t h  E q .
( 8 3 )  a n d  $ i t h  t h e  t e x t .

6 -  T h e  v e c t o r  p o l e n t i a l  f o r  a , ) '  d e f i n e d  b v  t h e  p u r e  r e a l  v x r ( t )  i s  d u a l  
I n  t h i s  a p p e n d i x  i t  i s  s h o w n  r h a t  t h e  p l r r € ,  r c a l  v e c t o r  p o r e n t l a r  Ä . )  o t

v i t h  t h a t  f o r  - i E ( . t  /  c  i  e  
a ( , ,  c a n  b e  d e t i n e d  d i r e c t t y  t r o n  t h e  M a a v . t l  c q u a r l o n s  i n  v a c u o .  T h i s

a n t i c i p a t e s  t h e  e x i s t e n c e  o f  a n  o p t i c a l  t s o h m  A h a r o n o v  c f f e c t  a s  i n  t h e  t e x t  a n d

( v x r ( 3 , ) - - l ( v .  Ä ' , , ) ,  ( B 1 o )  
A p p e . d i x  2  u s i n e  t h e  n o t a t i o n '

\ .  ( A j .  A , ,  ' r , ,  a . y  =  . r " ( a , ,  ^ , , ^ , .  + ) ,

\  =  l x L ,  x , ,  x ! ,  x n  =  ( x ,  Y ,  , t ,  i . t ) ,

t h e n ,  f r o n  s t a n d a r d  s p e c i a l  r e l a t i v i  t y ,

(  c l )

8 =  V r  A ,  r -  V O  $ ,

E =  V x  r ! ,  B -  - A O " - + ,

(811a)

(B11b) (c2)

(ca)a =  R t 7  '  ] t t '  a  ] ) , k ,

e  d A ,  _  d A ,  r  
'  a .  o a  -  a A ,  _  a Ä ,  ( C 4 )

r  ä /  A z '  , ) , (  d x  ö v -

I n  s p h e r i c a l  . o o r d i n a r e s  ( 1 ) ,  ( r )  . ' r l  (  J ) .

a =  a ( r )  +  a ( , )  +  r { r ) ,  ( c 5 )

B ,  - ! ä B ( o , s i n o ,  , e y -  € B ( ' )  c o s O ,  B z =  B t a ' ,  ( C 6 )
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( c 7 )

( c 8 )

t , . * -  ]

( v x  A ( 1 ) )  x  ( v x  A r 1 ) )  =  j B ( 0 ) ( v t . r ( ! ' ) . ,
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(cr3  )w h e r e  0  i s  t h e  p h a s e  o f  t h e  p l a n e  v a v e  i n  v a c u o ,  p r o p a g a t i n g  i n  z ,  \ . e . :

I  =  6 t  - x z .

F r o n  E q s .  ( c 2 )  a n d  ( c 6 )

d A "  ä e -  R ' o ,
A X A Y 2

t h e n  A ,  d j s a p p c a r s ,  a s s u n i n g  t h a t  t h e  c o n s r a n t  o f  i r t t e g r a t i o n  f o r  Ä 7  i s . a l s o

I n  a  C a r r e s i a n  b a s j s ,  r h e  v e c t o r  p o r e n r j a l  l ( t )  f o r n s  p a r t  o f  Ä x  a n d  Ä y  i n
f r e e  s p a c e ' ,  a n d  i s  m i s s i r l g  i n  t h e  s t a n d a r d  t h e o r y  o f  e l e c t r o n a g n e t i s n .  T h e r e  i s
n o  o p t i c a l  B o h m  ^ h a r o n o v  e f f e c r  d u e  t o  l ( 1 ,  i n  t h i s  s r a n d a r d  r h e o r y .  F i n a l t y  v e
n o t e  t h a t  L h e r e  e x i s t s  a  c y c l i c a l l y  s y n m e t r i c

g iv ing the resu l t

a ( 1 )  =  V x  l l 1 ) ,  ! ( 2 )  = V x  l t a r ,  a ß r = V r t r ! ) ,  ( C f 4 )

A | D =  ! :  ? y 7 + x J ) + c o n s t a n t + o ,  a ( r ) = V ! r ( 3 )  +  o ,  ( C a )

w i t h  c y c l i c a l  p e r m | t a r i o n s  o f  ( t ) ,  ( 2 )  a n d  ( l ) ,  s o  r h a r ,  i f
as  in  the tex t .  Therefore  äß)  is  a  non zero  wector  f ie ld  r , r i rh  zero  d ivergence
a n d  t i n e  d e r i v a t i v e ,

t { r )  = ?  O ,  Ä i t )  . Ä ( 2 ,  - :  O ,  ( C 1 5 )

rßr  +o,  v  r , : ,  o ,  '1g ,  o  (c lo)
d t  n d  e l e c t r o D a g n e t i s m  d i s a p p e a r s  i n  v a c L i o .  I l m s .  l x , ( : : 1 u 1 r c  ,  i n  g e n e r a l  ,

I n  s p h e r i c a l  c o o r d i n a t e s ,

Ä 1 r y  +  o ,  l , r  ,  o ,  ( c 1 6 )

Ä ( t )  =  a l  _ ( ( i X  y ) e ( l ) i (  i x  y ) e t a t ) +  c 6 n s s 6 n 1 ,  ( C l 1 )
z , /z  

'  
then . l (3 )  +  o  and a(3)  +  o ,  as  in  the rexr  .

i . e .  A { , r  i s  a  p u r e  r e a l  s u m  o f  t v o  c o m p l e x  c o n j u g a t e s ,  o r  m o d c s .
T h e  c o m p l e t e  v e c t o r  p o t e n t i a l  o f  t h e  e l e c t r o n a S n e r i c  p l a n e  u a v e  i n  v a c u o  i s

g lven by

A =  A x t  +  A v J  +  A , k .  ( C 1 2 )

" " , /  -  \  " '  r  ,  
" - , l _ - . , - " , ^ " ,k h e r p  A ,  ' , l ; . , " 0  , ) . . - . " , . " , r , n ,  , ,  

l , J ,  
. o

A z =  g B h ' ( Y  s i n ö + x c o s O ) +  c o n s t a n t z .  I t  i s  t o  b e  n o t e d  t h a t  i f ,
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Appendix 4:
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THE CO}{PI.ETE SET OF CYCLICAITY SYHI'ETRIC RE1ÄTIONS IN VACUO

M .  I J .  E v a l s

Apperulix 4

w h i c h  i  s  a n  e i  g e n f ü n c t i o n

e q u ä t i o n  d i  s c u s s e d  i n  t h e

i . e .  t h e  d e l  v e c t o r  b e c o m e s

m o m e n t u m  o p e r a t o r ,  i .  F r o m

e q L t a l  i o n  r e n i  n i  s c e n t
t e x t ,  i . e .  o f
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t h e  s t a t i c  l  i m i t -  o f  t h c  P r o . a

6 r r t r r )  h  r  Ä , , )

/ '  r , r  r a )  / r v ,

I  l t .  t ) l r ) t t " t  N o t e  r h a t ,

S l a r t i n S  r i t h  a  c o n p l e x  t r a n s w e r s e  v e c r o r  p o t e n l i a l  ,

i { , }  = A{ , ) ,  = 
f t , r ,  

-  t r " "

i t  f o l  I  o w s  t h a t

v x  Ä { r ,  =  r ä ( 1 )  =  a ( 1 )

B(! ) - ! (3) '=  , ' . ,+ :#

V x  ( V r  r ( 1 ) ) =  ' ( V x  r ( 1 )  x ' : l ( 1 )

N o t c  L h a r  r  a )  L t r e r e  i s  a  c h a n g e  o f  s i g n  b e r w c e n  E q s  ( D 5 )  a n d  ( D 6 )  i  b )  E q .  ( D 5 )

!  a n d  i  s y m m e t r y ,  u n l i k e  E q .  ( I r 7 ) .  I h i s  i s  d e s p i t e  t h e  I a c L  L h a t

E q .  ( D 5 )  j s  a  d i r e c t  c o n s e q u e n c e  o f  E q .  ( D 2 ) ,  a n d  s o  i l  r h e  I o r m e r  i s  a c c e p t e d

a s  p h v s i . a l  ,  s o  m r l s t  t h e  L a t t e r .  T h .  q u a n t i t y  r  h : r s  s l n r n . ' t r y  t h a t  c a n n o t  b e

u n d e r s r o o d  i r  t h e  c l a s s i c a l  f r a m e \ r o r k  o f  M a x i . , . l l ' s  . q u a t  i o n s .

T h e  i n t r o d u c t i o n  o f  q u a n t u n  c o n c . p t s  i s  o l e  w a y  o f  r : e s o l v i n g  t h e

f u n d a m . , n t a l  s y n n e t r y  d u a l i s n  i n h e r e n t  i n  M : r \ r . r c l l ' : r  l i c l d  e q u a t i o n s .  
' I h e  f a c t

t h a t  8 1 .  ( D 5 )  1 s  a n  e i g e n f u n c r i o n  e q u a t i o n  s t r o w s  l h a L  V r  p L a ! s  t h c  r o l e  o f  a

q u a n t u n  E e c h a n i c a l  o p - . 1 3 1 o . ,  w h o s e  e i g e n v a l L r .  L s  x ' : .  
' l l r c  v . c t o r  p o r e n t i ä l  Ä ( 1 '

L h r n  p l r y s  L l i e  r o l e  o f  ä  e a v e  f u n c t i o n .  F r o m  l h c  i r i r n l a f l ( , r ) l a I  ä x i o m s  o f  q u a n t u m

(  D l )

(D2  )

(D3  )

v ? Ä  r 1 '  =  { : ä  
( r '

I  I  p ,  (D7 )

a  d e l  o p . r r l o r .  ( l i r ( . l l v  l r ' o p o r l  i o n a l  t o  a  L i n e a r

E q .  ( D / )  i , ,  ( 1 ) ! ) ,

( D 6  )

( D 8 )

( D 9 )

( D 1 0 )

N o t e  t h a t  ( r ) ,  ( 2 ) ,  a n d  ( 3 )  c a n n o t  b e  p e r m u t e d  i n  ( D 3 )  b e c a u s e  l ( 1 )  a n d  ä o )  a r e

p o l a r  a n d  a ( 3 )  i s  a x i a l  .  t q .  ( D 2 )  r e v e a l s  t h a r  t h e r e  i s  a  s r ' , ? r , e t r y  d u a l i t l  i n

t h e  q u a n t i t ) '  x ,  b e c a u s e  a l r h o L r g h  ä  s c a l a r ,  i t  m e d i a t e s  a  d i r e c t  p r o p o r t i o n a l i t y

b e t v e e n  ! ( 1 )  ( i  p o s i t i v e ,  i  n e g a t i v e )  a n d  e ( ' )  (  i  p o s i t i v e ,  i  n e g a r i v e ) .  E q .

( D 2 )  s u g g € s t s  t h a t  K  i s  F  a r i d  i  n e g a t i v e ,  a  p r o p e r l y  w h i c h  j s  r e m i n i s c e n t  o f

v e c t o r  l i n e a r  m o n e n t u n .  T h e  s c a l a r  m a g n i t u d e  o f  t h €  v a v e  w e . t o r  r  i s  t h e r € t o r e

l i n k e d  w i t h  p a r t i c l e  m o m e n t u n .  T h e r e  i s  v a v e  p a r l  i . : l o  d u a l i s m  i n h e r e n t  i n

M a x N e l l ' s  e q u a t i o n s .  T h e  f a c t  t h a t  x  c a n  b e  i  a n d  i  n . E : r t i v .  i n d i c a t e s  t h a t

t h e  c l a s s i c a l  f i e l d  i s  n o t  a  c o n p l e t e  u n d e r s t a n d i n g .  I r o m  l i q .  ( D 2 ) ,

( D 4 )

Thus ,

<F'> -  \ ' r '  '

w h i c h  d e l ' i n e s  t h e  l i n e a r  r r o D e r ) r u r '  ( ) /

( D 5 )  s o  t h a t  x  a n d  p  . r e  d i m e n s i o n a L l y  l l r {  r ; r u !  l h (  r (  I o r .  x  i s  i d e n t i f i a b l e  a s  t h c

. : x p e c t a t i o n  v a l u .  o f  r h e  o p e r a t o r  R  i / f :  i  {  l h .  . r p . c l a t i o n  v a l u e  o i  a  l i n e a r

n o n c n L u m  o p e r a t o r  o l  q L i a n t i z e d  f j e l d  r h { , o r y  l i o w e v e r ,  x  i s  a l s o  a  c o n p o n e n t  o f
t h c  c l a s s i c a l  \ r a v c  v c c L o r ,  a n d  s o  i s  a r r  . x a n p l e  o f  v a v e  p a r t l c l e  d u a l i s m .

T h e  d e  B r o g l i e  g u i d i n g  t h e o r . ' m  i n  r : r d i a t i o o  i s  d e r i v e d  b y  n o t i n g  f r o m  E q
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T h e  q u e s t i o n  n o v  a r i s e s  a s  t o  l r h a t  i s  t h e  l o n g i t u d i n a l  s o l u t i o n  o f  b . q
( D l 5 ) .  I n  o t h e r  w o r d s ,  i s  t h e r e  a  c y c l i c a l l y  s y m m e t r i c  r e l a t i o n  b c t v e . n

c o m p o n e n t s  o f  t h e  v e c t o r  p o t e n t i a l  i n  v a c u o ?  I f  r h e r e  i s  o n e .  i t  i s  c l c a r  l h a t
the long i tud ina l ,  phase f ree,  component  must  be formed f r :om the cross produ. t  o f

t  o  p o l a r  v e c t o r s ,  t h e  c o n p l e x  c o n j u g a t e s  l ( r )  ä n d  Ä ( ' 1 ) ,  a n d  s o  n u s t  b e  a n  a x i , ? l

v e c t o r ,  t h e  p u r c  i m ä g i n a r y  i A { 3 ,  T h e  c y c l i c  r e l a l l o n  i s  t h e r e f o r e ,

1  4 a o r  =  - q l ( r )  -  - x ' z l ( 1 )
c z  A t '

The ax ions o f  quantum mechänics  imply  that

d r  I _ '

w h e r e  E n  d e n o t e s  e n e r g y .  F r o n  E q .  ( D 1 2 )  i n  E q .  ( D r l ) ,

( D l 7 )
( i . r ( 1 ) )  x  r ( 1 t  =  - Ä  L o ) 1 1 1 " ,

i n  w h i c h  t h e  t h r e €  p e r n u t e d  v e c t o r s  a r e  l ( t ) ,  l ( 2 )  j  a n d  i t ( 3 ) .  T h e s e  a r e

r : e l a t i o n s  a n o n g  t h c  s p a c €  p a r t s  o f  t h e  c o m p l e x  p o t e n t i a l  f o u r - v e c t o r  A |  a n d

t h e r e f o r e  s h o u l d  b e  r e l a t i v i s L i c a l l y  s e l f - c o r r s j  s r e n t .  T h ä t  t h i s  i s  i n d e e d  t h e

c a s e  c a n  b e  c h e c k e d  a s  f o l 1 o o s ,  u s i n g  t h e  d u a l  t r a n s f o r m  d e s c r i b e d  i n  A p p e n d i x
2 .  W e  f i r s t  n o t e  t h a t  t h e  c o n p l e t e  s e t  o f  t h r e e  c y c l i c a l l y  s y m m e t r i c  a l g e b r a ' s

i s
rarhere ,ro is a nass

gu id ing theorem is

En = rc1,  = ! 'c=noc? = ( | ) } l  =  ! t ,

d e f i n e d  f o r m d l l v  b )  p -  m o . ,  .  A s  i n

u s u a l l y  s t a t e d  a s

( D 1 3 )

t h e  t e x t ,  t h e  d e  B r o g l i e

( D 1 4 )

o r , , ,  - i _ v . -  r -  - ä ,  ] r r r r  o ,
\  c "  d t " l

wh ich is  the space par : t  o f  the d 'A lenber t  equat ion,

. a n = q .

ä ( l )  x t r ( 2 )  -  _ 4 1 0 ) ( j r { r ) ) ,

B { t )  x 8 ( 2 '  =  j E 1 0 ) 8 ( ! ) . ,

g { r )  x ! 1 2 )  =  g ( o ) ( r ! ( r ) '

a n d  . y c  I  i c  p e . m u t a t i o n s ,

a n d  c y c l  i c  p c . m u t a t i o n s ,

a n d  c y . 1  i  .  p (  r m u t a t i  o n s  ,

(D18a)

(D l8b )

(Dl8c )for  radiat ion and malter.  This means that the quantun of  ener:gy,  nv,  is

f o r m a l l y  e x p r e s s i b l e  a s  r h c ' ? .  I f  t h e r e  i s  f i n i t e  p h o t o n  r e s t  n a s s ,  m o ,  t h e n , h v

becomes the rest  energy rbc' .  As ! 'e sas in App€ndix 1,  the Photon vas or ig inal ly

introduced as the quantum of en€rgy, äv.  I f  the photon nass is asserted to be

l d e n t i c a l l y  z e r o ,  t h e n  n v  i s  p u r e  € n e r g y ,  i . e .  i s  d e f i n a b l e  i n  t e r n s  o n l y  o f
energy.

F r o n  E q s .  ( D 5 )  a n d  ( D 1 1 ) ,

i n  u h i c h  a ( 3 )  i s  p u r e
quant i t ies  are  phase

r e a l  ,  a n d  i a { ! '  a t l ( i  t r r l )  r r i
f r e e  l n  v a c u o .  U r x i ,  r  l l r .  d ü n l

pure imaginary.  Al l  three
transfornat ion of  speciat

8 1 d )  -  . ' i 8 r o ) ,  E n t  -  i 1 , ' ' \ t ,  1 1 1 d )  -  - 2  0 r

l e a v i n S  M a x w - . l  l  ' s  e q u a t i o n s  i n v a r i a D r  A p t , l v i r ) 1 , ,  I l ( l s

f o l l o v i n g  r e s u i  t s  a r e  o b t a i n e d .

( D 1 9 )

(D1s )

( D l 5  )

i  t ) L q )  t o  E q s .  ( D 1 8 )  r h €

E q u a l l o n  ( D 1 )  i s  a  t r a n s v e r s e  s o l u t i o n  o f  E q .  ( D 1 4 ) ,  a n d  s o  E q .  ( D 3 )  s h o u s  t h a t

a(3) is forned fron the cr:oss producc of  complex conjugate solut ions of  the

d ' A l e m b e r t  e q u a t i o n .

1 .  E q u a t i o n s  ( D I 8 )  a r c  e a c h  i n v 3 r i ; , r r  e r r l i . r  ( l r L r l  r  r a n s f o r m a t i o n ,  ä n d  a r e  s c i f
d u a - l  i n  v ; i . L r o  T h e y  a r e  t h . , r ( , 1 ( , r i  i  v l r r i l  t  1 r r ( 1 . ' r  L o r e n t z  t  r a n s f o r : m a t  i  o r l
a n d  r e l a t i v i s r i . a l l y  i n v a r i a n l  : r r ( l  { o v r r  i r n l  .  F o r  c x a m p l e ,  a p p l y i n g  t h e

t r a n s f o r m  t L r r  -  - i a r 0 )  t o  E r l .  ( 1 ) l l l l ) )  p r ( d ' r . . s  t h c  s a m e  e q u a t i o n ,  a  s e l f
c o n s i s t c n t  . q u r l i o n  o f  s p . . i a l  ' (  i , r l  i v i t y  j n  v a c u o .

2 .  U s i n g  t h e  d u r l  I  r a n s f o r m s  i n  v r ' (  u o .
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B ( o )  -  _ E t a )  -  i c B t . i l ,  A ( o )  -  j Ä ( o )  =  = #  =  
# ,

The Photoruogneton and Quantunr Field Theory

( D 2 1 )

(D22)

(D2O)

i t  i s  seen that  each equat ion o f  the set  (D18)  is  se l f -dua l  and a lso duat

n ' i th  the o ther  t ! , /o .  For  example ,  the t ransformät ian B(at  -  - iE ta t  /  c

c o n v e r r s  E q .  ( D 1 8 b )  i n r o  E q .  ( D 1 8 c ) .  T h e  t r a n s f o r m a t i o n  Ä ( 0 )  -  - j a ( 0 )  / x
c o n v e r t s  E q .  ( D 1 8 a )  i n t o  E q .  ( D 1 8 b ) ,  a n d  s o  o n .

3 .  I f  an  a t tempt  ls  made to  ar .b i t rar i l y  chänge the s t ruc ture  o f  äny o f  Eqs.

( D 1 8 ) ,  e . g .  i f  i t  i s  a s s e r t e d  ä r b i t r a r i L y  t h a t  a ( 3 ) = ?  o ,  a s  i n  t h e

convent iona l  v ieo o f  e lec t rodynamics in  vacuo,  then the Lorentz  covar iance

o f  E q s .  ( D 1 8 )  i s  1 o s t .  F o r  e x a n p l e ,  i f  8 ( r )  x B 1 2 ) : )  o  ! ' h i c h  f o l l o w s  f r o m

3 ( ! ) = ? 0 .  t h e n  u n d e r :  t h e  d u a l  t r a n s f o r m  ! { 1 ) x g r 1 ) -  _ B ( t ) x ! ( 2 ) ,  t h e r e  i s  a

c h a n g e  o f  s i g n ,  b u t  t h e  s a n e  d u a l  l r a n s f o r n  r e s u l t s  i n  o - 0 ,  v h e r e  t h e r e

i s  n o  c h a n e e  o f  s i g n .  T h u s  t h e  a s s e r t i o n  a ( t  - '  o  i s  r e l a t i v i s t i c a l l y

i n c o n s i s t e n t .  I t  i s  a l s o  i n c o n s i s t e n t  t o  a s s e r t  t h a t  t h e  i m a g i n a r y  i ! 6 )

and ü(3)  are  zer6 ,  they are  r igorous ly  non zero  and inag inary ,  and are

ind ispensable  to  main ta in  the syüunet ry  o f  Eqs.  (D18)  in  vacuo.

4 .  The long i tud ina l  e lec t ronagnet ic  energy dens i ty  def ined by,

i E ( o r

o , ( 3 )  =  - L a ( ' . E ( ! )  +  € o ( r r ( ! )  )  .  ( i r  ( ! )  
) ,

F o

i s  r i g o r o u s l y  s e l f - d u a l  i n  v a c u o ,

U ( 3 )  -  € o ( j ! ( ! ) ) .  ( j a ( t )  +  - L  B ( r )  8 ( ! ) = , ' ( 3 )

ana l  i ts  numer ica l  magni tude is  zero .  The f ie l . i s  B<"  a t ld  ig t "  nake no

cont r ibut lon to  e lec t ronagnet ic  enerqy dens i ty  in  vacuo,  as  d iscussed in

the tex t  ana l  Appendix  1 .  The quant i ty  Lrß)  is  Lorentz  invar iant  and is

there fore  cons is tent  l ' i th  th€ def in i t ion  o f  energy in  spec ia l  re la t iv i ty .

In  the quaütun f ie ld  theory  these c lass ica l  cons idera t ions t rans lä te  in to

ihe f ind ing that  6( ' '  gener :a tes  no P lanck energy and is  d i rec t ty  propor-

t iona l  to  the sp in  angu lar  momentum of  the photon in  vacuo.  In  in terpr :e t

i n g  E q s .  ( D 1 8 )  i t  i s  n o t e d  t h a t  8 ( 3 )  i s  r e a l  a n d  p h y s i c a l ,  b u t  i E ( ' '  a n d

j t (3)  are  imaginary  and unphys ica l .  Pure rea l  quant i t ies  in  e lec t rodynam

ics ar€  phys ica l ,  pure  ißag inary  quant i t ies  are  unphys ica l .  Nathenat ica l

I y ,  h o w e v e r ,  t h e  p r e s e n c e  o f  i ! ( 3 )  a n d  i / l { 3 )  i s  e s s e n t i a l  i f  s e l f  c o n s i s -

tency v i th  spec ia l  re la t iv i ty  is  to  be na in ta incd.  For  example ,  w i thout

i t ( : )  u e  o b t a i n  t h e  i n c o r r e c t  a s s e r t i o n  ! ( 1 )  x  ! { 2 '  = t  o .


