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By solving the Dirac equation for the motion of an electron
(e) in the circularly polarized electromagnetic field it is
shown that the intrinsic electron spin forms an interaction
Hamiltonlan with a time independent fleld B® of electromag-
netlc radiatlon In the vacuum. In the same way as intrinsic
spln 1s a fundamental property of the electron, B® is

therefore a fundamental and intrinsic property of the vacuum
electromagnetic field,
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1. INTRODUCTION

The recent emergence [1-3] of a novel,- longitudinal
magnetic field B of vacuum electromagnetism has led to
detailed theoretical developments reported in Refs. [4-7].
The precise experimental conditions under which B® can be
observed have also been defined {8], using its characteristic

73/* dependence, where I, is the power density of the electro-
magnetic beam. In this Letter it is shown that B® is a
direct outcome of the Dirac equation for the quantum relativ-
1stic dynamlics of an electron in the electromagnetic field,
and 1s therefore a fundamental vacuum property of the field.
The method of derivation used here is a slmple adaptation of
that [6) used to show the existence of intrinsic electron
spin in an ordlnary static maguetic fleld, The latter is
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replaced by circularly polarized electromagnetic radlation of
which B ig an irremovable vacuum property. Section 2 sets
up the Dirac equation for this problem, and Section 3
describes the method of solution. It is deduced that the
intrinsic electron spin forms an interaction Hamiltonian with
B®  and with B® alone, whenever an electron is influenced
by an electromagnetic field.

2. THE DIRAC EQUATICON ¥FOR THE MOTION OFF AN ELECTRON IN THE
ELECTROMAGNETIC FIELD

The electromagnetic field is represented by the four-
potential 4, and the Dirac equation of e in A, is obtained
by replacing the electronic four-momentum [9] p, by the sum
Put e4,. This is the conventional minimal prescription,
which 1s the result of gauge invariance in the usual 0(2)
electromagnetic gauge geometry. It is shown in this Letter
that this standard procedure demonstrates the existence of
the novel field B in the vacuum. The Dirac equation is
written, in §.I. units and Minkowski'’s notation,

Yl + eANBP) = ~mec(p), (1)

where y, is the Dlrac matrix [10] and y(p) the Dirac four-
gpinor. In our notation,

Y, i=(y, iy©®), Ap:=(A, i:)' pu:=(p, iEm}, (2)

and m, is the electron's mass. Equation (1) is therefore a
relativistic equation of quantum mechanics. In the standard
representation [10] it gplits into

E - . - 2
(En+ e)u - co - (p+ eA)yv=mc?u, (3)

~En+ ed)v + co - (p+ eA)u = m,c?v,
where o denotes the Pauli matrices and the wave functions u

and v are spinors. Standard methods of solutlion [10] give
the following wave equation in the limit ed< 2mc?:

Au= Hu, (4)
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where
H= =2 (a"(p+ cA)? - eb. (5)
0
Since H ls a Hamiltonian it is invariant with time and is

the Hamiltonian for the quantum relativistic description of e
in A,. It splits [10] into

Hcl.ass 2m0@+ EA) P+ QA) - e(t’ (6)

which has a classical counterpart,

and the purely quantum
mechanical

nginzz—j:”oc'(]?*‘eﬁ.)x(p+ G‘A), (7)

where the cross product ls interpreted in terms of operators
since it has no c¢lassical meaning. (Classically, the cross
product of a vector with itself is zero.)

3. EMERGENCE OF B FROM EQUATION (7)

Hypin from Eq. (7) 1s a time invariant description of the
interaction of the quantized intrinsic spin of the electron
with the electromagnetic field. The electron spin in this
equation has no classical meaning. In H,,,, A is however a
classical vector potential and p is henceforth denoted § to
distinguish it as an operator of quantum mechanics, $:=inV,
where h is the Dirac constant, an angular momentum magnitude.
These definitions produce the commutators [10]

5 0A; |
[ﬁ, ‘Aj] = ﬁi'Aj - Ajpi = "lh-—a;i, . (83)
A
[A:0 By] = A8y - ByAy = axj ' - (8b)

i.e., p operales on A but A 1s not an operator. Addition of-
(8a) and (8b) gives [10] the magnetic flux density
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Be= (B A+ 1450 By (9
which can be expressed as [10]
B=VxA=—%(ﬁxA+Axﬁ). (10)

This reduces H,

pin O the form

_ o eh |
Hopin = ?m:a B, (1)

where ho is the electronic spin angular momentum. Since H,,,,
and ho are independent of time, so must be the electro-
magnetic field property B. For electromagnetic radiation
propagating in the Z (or (3)) axis, this identifies B as
B® | the novel gpin field introduced in Refs [1-7}. Eq. (10)
shows therefore that B can be defined in terms of a vector
potential, as for any magnetic field, and this vector
potential should produce the optical equivalent of the
Aharonov-Bohm effect [5]. It is clear that the precise
conditions under which this effect i1s observable must be
estimated in relativistic quantum field theory, for example
it may be preferable to use radiation at microwave frequen-
cies (see Ref. [8]) rather than a visible frequency laser.
This is an interesting prospect for further work. 1In fq.
(11), ho 1is inherently quantum mechanical in nature so the

classical B® is an expectation value of the quantized fileld.
Our final result is therefore

L
Hopin™ 50" B (12)

and is the quantum relativistic description of the interac-

tion of the intrinsic electron spin with the electromagnetic
field. '

4. DISCUSSION

Equation (12) conclusively indicates the presence of
B in the vacuum through its interaction with the intrinsic
electronic spin he. The vacuum field B®™ is a non-zero,
time invariant magnetic flux density [1-7], and is an intrin-
sic property of the field In the same way that electronic
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gpin 1s an intrinsic property of the electron. The impor-
rance of this result cannot be over-emphasized, because B®
has no existence in our conventlonal view of 0(2) wvacuum
electrodynamics [11l], yet emerges directly from the Dirac
equatlon of e in A,. This finding has several fundamental
consequences for field theory, which are developed in detail
in a Forthcoming monograph [6]. For example, the vacuum
electromagnetic field has a longitudinal ((3)) component,
indicating that the quantized photon is massive [6]. Another
fundamentally luportant consequence is that the conventional
0(2) gauge geomelry 1s replaced by a non-Abelian 0(3) gauge
geometry [6] and the Maxwell equations thereby generalized
[6]. Since ho for the electron has been verified experimen-
tally on countless occasions [10] the Hamiltonian H,;, is
zero unless B' 1s non-zero.

proportional to 13“, where I, 1ls the power density of the

vacuum electromagnetic field, and in principle, the charac-

reristic Id/* dependence of B'? [B] is observable in optical
effects such as Zeeman splitting due to Hy,,. It is also
observable by microwave magnetization of a plasma as dis-

cussed elsewhere [8]. _

It can be shown from considerations of Hy,,, of Eq. (6)
that B'™ completely determines the spinning trajectory of e
in A,. GConslder, for simplicity, Eq. (6) with ¢=0. If A
is the vector potential of B, then

The magnitude of H,,,, 1s

BN =Vx A, A-;%B(a)xr:_%stn)vl (13)

where r=Xx1+Y]+ Zk. Therefore V=-Yi+XJ is a possible

representation in Cartesilan coordinates; and the term in A in
Eq. (13) becomes

B .= a.p= _f_...B(”x_r-p=—‘?—-B(”'rxp- (14)
m, 2m, 20,

In order for this to be non-zero, rxp must be in the same

(3) direction as B®, and so defines the orbital angular
momentum of e in A,,

So
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g = 2&-‘ J0@ . g -y B , (16)
m
]

where m® is the magnetic dipole moment induced by the

electromagnetic field. As shown elsewhere [5, 8], J can
be defined by the relativistic but classical Hamilton-Jacobi
equation of e in A,,

F® - e2c? B

2 ES
& l(m§m24-ezﬁ(m2)’
AN

B(B)' (17)

Therefore, the magnetization by circularly polarized electro-

magnetic radiatlou of N non-interacting electrons in a plasma
is

M = am@ = - T gy gy, (18)
2m;

This is the rigorous description of the inverse Faraday

effect [11l], completely dependent on the existence of B® in
the vacuum.
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