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The newly inferred longltudinal magnetic field of vacuum
electromagnetism is given in a number of equivalent forms
derived in several different ways. It 1s therefore over-

whelmingly likely that the Evans-Vigier field B® will be
isolated experimentally through its characteristic square
root power density dependence, It is the first classical
field of vacuum electromagnetism to be inferred since Maxwell
and as such fundamentally extends our understanding of the
nature of electromagnetism and field-particle theory.
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1. INTRODUCTION

Our understanding of vacuum electromagnetism has been
augmented recently by the inference [1-11] that there exists,
in addition to the ordinary plane waves [13-15], a spin

field 8" which is & phase-free magnetic flux density, an
axial vector oriented in the axis of propagation of the
electromagnetic beam. It can therefore be referred to as a
longitudinal magnetic field, meaning that the quantum of
energy, the photon, carries mass [12]. The Evans-Vigier
field B can be isolated experimentally [7] in principle
through observation of its characteristic dependence on 'tt.le
square root of the beam power density in magneto-optic
phenomena. An example is the magnetization of an electron
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plasma [16] with microwave pulses of high power density under
conditions which can be defined precisely from the relativis-
tic Hamilton-Jacobi (HJ) equation [7] of one electron e in
the electromagnetic field, represented by the four potential

A,. The demonstration of B™ 1Js also a demonstration of
finite photon mass and is therefore of great interest.

In this Letter, several forms for B® are summarized
(Table 1) using different methods of derivation. In total,
ten forms of the Evans-Vigier field are deduced and tabulat-
ed. Its origins are therefore understood with precision in
the classical and guantum theories. Sectlon 2 initiates the
analysis with the form for B as originally inferred [1]
from the conjugate product of non-linear optice [8], 1.e.,
the cross product of two electric fields, plane waveg in the
circular basis. Sectlon 3 develops these classical, double
field, forms for wuse with the quantum theory wusing the
fundamental theory of non-Abelian, 0(3), gauge geometry [17],
which leads to the charge quantization condition. The
latter, in turn, is used to express B in a Blot-Savart-Am-
pére (BSA) form, and other forms such as that derivable from
the Dirac equation of one electron in the electromagnetic
field [7]. These forms are dlscussed in Sec. 4, and the
overall inference made that the source of B iIn the vacuum
are the plane waves themselves, This statement can be
expressed in BSA form, or equlvalently in a curl A4 form, both
being well known classical methods of expressing the origin
of a magnetic fleld. The B® T[ield propagates through the

vacuum because the plane waves propagate, the source of B!
being the plane waves themselves.

2. CONJUGATE PRODUCTS AS SOURCES OF B¢ IN THE VAGCUUM

The B@ field was inferred originally through the
equation [1]

B = _ ;mTEm « B (2) (1)
a

where K =®2@* {5 an ordinary vacuum plane wave, in this
case of the electric fileld strength, with scalar amplitude
£z . Here ¢ is the speed of light in vacuo for the hypo-

thetically massless fileld. Equation (1) 1ls expressed in a
circular basis [7] defined by the unit vectors
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e(l) = e(?)‘

:-é(i -ify, e =g (2)

where 1, 7 and X are the usual Cartesian unit vectors, k
b

being in the propagation axis, The vector product W) y p@
ls the ordinary conjugate product of non-linear optics [8]
through which magnetec-optic phenomena such as the inverse
Faraday effect are routinely explained [18]. The form (1) is
listed as double E in Table 1, and was the first to be
discovered chronologically [1]. However, it does not seem to
resemble, at first, the classical equations for the origin of
a magnetic field, such as the Biot-Savart-Ampére (BSA) law
[13]. In Sec. 3, it is shown that Eq. (1) is indeed a BSA
law, glven in Table 1 as the BSA form for B®
stralghtforward to deduce [2] from Eq. (1) that

i

It is

B“)*=———B%O)B(1) x B2 (3)

where B®™ = B®* ig the ordinary vacuum plane wave of magnetic

flux density, with amplitude B® | the double B form of Table
1; and

ade 4 ATO)A(l) % A ) (4)

which 1s the double A form. Here the curl of AW = pa@* {5
defined as BW =B@* and AM® is therefore another plane
wave, a vector potential [7]. In Eq. (4) x is the wave

vector magnitude and A the amplitude associated with
A o gaye . i

3. FORMS OF B3 IN THE QUANTIZED FIELD

The forms discussed in Sec. 2 are purely classical, and
could have been deduced at the time of Maxwell. The funda-
mental and widely known axioms of the quantum theory assert,
however, that

= 1 i:——_i ) |
VERP T RE (5)

En:?w&). p:‘h‘l



594 Evans

so it is possible to wrlte transverse momenta in the circular
basis as wave vectors and del operators. For example

pW =l = iRV, p@ = hx® = —jRy@ (6)

The origin of these transverse momenta is the spinning motion
of the classical fleld in the vacuum as it propagates. These
axioms link together undulatory and particulate concepts of
light and matter [7], as inferred originally by de Broglie in
the famous concept of wave-particle duality. The classical
forms for the Evans-Vigler field in Sec. 2 show that Bf? ig
a physical observable 1n an axis orthogonal to the plane of
definition of the waves, and so the gauge group [17] of
electromagnetism becomes the non-Abelian group of rotations

in three dimensions, 0(3). This replaces the conventional
0(2) = U(l), an inference which is one of the fundamental
consequences of B!, The fundamental theory of 0(3) gauge

geometry [17] leads to the result [7]
B““=—i%a“’xAmﬂ (7)

In which appears the Dirac constant n. Therefore Eq. (7) is
an expression of the quantum field theory, and is a form
for B®™ which is a direct consequence [7) of the basic theory
of 0(3) gauge geometry itself. In this form, labelled as
0(3) gauge 1in Table 1, e can be interpreted in two ways: a)
the coupling constant of the 0(3) gauge; b) the charge on the

clectron. Comparison of Eqs. (4) and (7) leads to the charge
quantization condition

P = 2a (0, (8)

which means that the classical equivalent of the magnitude of
the photon momentum %k is eA(® . The physical wmeaning of Eq.
(8) is discussed further elsewhere [19], and it has been
derived independently [20] using the HJ equation. Using Eq.
(8), the de Broglie matter-wave equation emerges consistently
[21] from the relativistic factor of the HJ equation.

Equation (8) means that the transverse momentum p® in
the vacuum is proportional to the plane wave AW

p® = pally o plays (9)

Use of this in the 0(3) gauge form (7) produces the Dirac
form (Table 1) of the Evans Vigier field
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3. -.%‘p {1} XAQ) . (10)

This form 1s so called because it is ldentical with the
erpression for BW that emerges directly from the Dirac
equation of e in A, [71, in which p® ig an operator. This
inference independently demonstrates the validity of the
charge quantization condition (8), which links consistently
the 0(3) gauge equation (7) and quantum mechanical (10), both
of which are independently derivable from first pfinciples.

The first classical law for the origin of a magnetic
field is that of Biot and Savart, greatly elaborated by
Ampere [13]. So we refer to it as the BSA law. The latter

can be derived dlrectly from the double A form of B® | 1q.
(4), by using [22]

A= E7 . (11}
io _

which gives the intermediate AF form listed in Table 1.
e .1 s g (12}

cA @

If the charge quantization condition in the form of Eq. (9)
Ls used 1n Eq. (12), and Lf p!® =219 is used by definition,
the BSA form for B is obtained straightforwardly,

[MOTa. Cplmpm x B, (13)

and identifies the field B® of the vacuum in classical
terms, as the cross product of a transverse momentum and a
transverse electric field. This shows clearly that the
source of B exists within the propagating electromagnetic
wave itself, the transverse momentum being directly propor-
tional to a transverse vector potential A® through the
charge quantization condition. Thus e is a proportionality
constant between p‘ and A as well as the charge on the
electron. Therefore, the vector potential itself takes om
physical meaning, as in the Aharonov-Bohm effect [7].
Another well known classical result is that any
magnetic field is the curl of a vector potential. The curl
A form of B (Table 1) is obtained from the double A form,

Eq. (4), by using the charge quantization condition in the
form : :
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ed M = — iRy, (14)

where V@ is a phase-dependent curl operator in the circular
basis (2) rather than the usual Cartesian baslis. Equation
(14) results immedliately in

B g, a @ (15)

which shows that B® is the curl of A'* in the circular
basis (2).

Finally, by using the charge quantization condition in
wave-vector form

ea ) = hx (16)

where k= x®* {5 a transverse wave vector in the circular
basis, mnot to be confused with the ordinary longitudinal

wavevector, it is possible to obtain two more forms for B :
. gtlo
BV g x (1) 5 g (17)

and

« pia) (18)

which are the double p and double x forms in Table 1. In so
doing, we note the following relation between magnitudes for

the transverse and longitudinal wave-vectors in the electro-
nmagnetic wave:

[k x x@ | = x|l =], (19)

DISCUSSION

The field B®™ has been expressed in ten different
forms, and these are summarized in Table 1, The only form in
which the charge e appears explicitly is the 0(3) gauge form,
Eq. (7). However, since all ten forms are obviously for the
same field, the Evans-Vigier field B™ , charge is impliclt
in the nine accompanying variations. All ten balance &
symmetry therefore, on both sides of the definlng equation
the & symmetry is negative. The BSA and curl A forms are
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Table 1: Forms of the Evans-Vigier field B®™
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FORM B
1. Double A Bm'=*iz%xl“’xnm
2. 0(3) Gauge B‘”'=—i-§A“)xAm
3. Biot-Savart-Ampare B = - = O)L,m « B
4. AE B - _ cA(U)Am « B
5. Curl A B - Pl y 2@
6. Dirac B(l)*—_—__._%_p(l)xA(ﬁ)
7. Double B e o Blw) &) pla)
8. Double E B> = - éE( )3(1) « B
9. Double p B = - 5(‘0)’2,9«1» «p@
10. Double x pe= 1B (0 @

LS
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classical expressions for a magunelic field, showing that B®
is a physical magnetic flux density in the vacuum, an
experimental observable. It is the first classical field to
be inferred in the vacuum since Maxwell, and as such is also
defined in the quantum field, for example in the Dirac form.
The latter can be derived independently from a first princi-
ples [7] solution of the Dirac equation of e in A,. The
double A form, Eq. (4), is also derivable independently in
the classical field. The charge quantization condition (8)
produces the Dirac form directly from the 0(3) gauge form,
and arises independently from O0(3) gauge theory [17]} by a
comparison of the 0(3) gauge form and double A form.
Therefore the charge quantization condition is shown to be a
fundamental condition of field theory, and shows that the
classical equivalent of the photon momentum magnitude hx is
eAf® ., This result is obtainable in yet another independent
mammer (7,20] from the relativistic HJ equation of e in A, .
The BSA form is obtainable from the double A form using it,
and the BSA form is the classical expression for the sourcs
of a magnetic field. The source of B™® 1is therefore found

In the propagating transverse waves themselves, and B®
propagates because the waves propagate.

The Ffact that B® can be understood in several ways,
which are consistent within [ield theory, means that 1t
becomes overwhelmingly probable that i1t wlll be ilsolated
experimentally. With the beneflit of hindsight, the double B
and double E forms have already shown that iB{®B* has been
observed in magneto-optics at visible frequencies, for
example in the inverse Faraday effect [7,18], optical Faraday
effect [7,23], optical Zeeman effect [3], light shifts in a
circularly polarized beam [24], and the optical Cotton Mouton
effect [4]. Less clearly, but definitively, light has been
shown to shift NMR resonances [7], another magneto-optic
phenomenon. Use of the HJ equation for one electron in 3,
shows [7] that at visible frequencies the term in iB® g
dominates, so that effects are proportional to I,, the bean
power density, The same equation shows however, that at
microwave frequencies, the term in B itself dominates, with

an expected I3/* dependence, which however, has yet to be

isclated experimentally. Since B® implies finite photon
mass [25] the existing data are already sufficlent to show
that the electromagnetlic field is massive. The only alterna-

tive ls to agsert that B is zerc, and Table 1 shows that
this 1is unreasonable, such an assertion invalidates the
structure and internal consistency of fleld theoxry. Table L
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is in effect the result of a careful check for self-consis-

tency, and produces the same B field using several Indepen-
dent methods in the classical and quantized theory.
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