Paper 9
On the Irrotational Nature of the B® Field

Circularly polarized radiation produces phaseless magnetic
effects in matter, an observation which can be explained
through the fundamental B® field of the radiation. It is
shown that the irrotational nature of this field is compatible
with a multipole expansion of the radiation field.
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9.1 Introduction

Several magneto-optic effects are known in nature, the earliest one
to be observed is the inverse Faraday effect [1—3], in which circularly
polarised radiation produces a phase free magnetization similar to that
produced by a static magnetic field aligned in one axis (Z). Magnetization
by electromagnetic radiation has recently been interpreted {4—8] using a
theorem which expresses the conjugate product of non-linear optics in terms
of a phaseless magnetic field B® which is the space component of a Pauli-

Lubanski four-vector (|B® |, B®). If it is assumed that B® is zero
there is no classical field helicity [5]. Therefore B® is a fundamental field
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akin to the particle helicity introduced by Wigner [10]. Vector analysis leads
to the conclusion that the empirically observed conjugate product [1—3] is
uniaxial if B® is aligned with Z. In this simple case the field is therefore
irrotational, its curl is zero because it is a simple axial vector in one axis: the
empirical observation of the conjugate product in magneto-optics leads
directly to this conclusion if we consider the conjugate product to be made
up of plane waves propagating in the axis, Z, in which B® is aligned by
definition. Therefore it can be expressed in terms of the gradient of a scalar
function because the curl of such a function is always identically zero. If the
plane waves are replaced by components of multipole radiation, then the
B® vector in vacuo is still irrotational for all multipole components. This
is shown as follows.

InSec. 9.2 the B® field is worked out for multipole components of
the radiated electromagnetic field. It is assumed for the sake of argument that
the magnetic monopole does not exist in nature, although there are data
which counter-indicate this assumption [11—13]. Therefore the scalar
function of which B® is a gradient obeys Laplace's equation, whose
solutions are well known in electrostatics. It is therefore straightforward to
show that B® in general can be expressed in terms of multipole
components in the spherical harmonic expansion, involving, as usual, the
well known Legendre polynomials.

It is emphasized that every individual component in the multipole
expansion of B® is irrotational, because every component is a particular
solution of the Laplace equation for the scalar function of which B® isa
gradient both by empirical observation [1—3] and by definition. This is a
direct and clear consequence of two basic premises: that B® is phaseless
(produces observable phase free magnetic effects [1—3 ]) and that there
exist no observed magnetic monopoles in nature. If data show that magnetic
monopoles exist on the contrary, the Laplace equation is replaced by a
Poisson equation, with physical consequences which can be worked out with

the well known solutions of Poisson's equation.
This simple line of argument has been developed in this paper in

order to show that B® in multipole radiation is irrotational for all
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multipole components if there are no magnetic monopoles. Recent
arguments in the literature which claim that B® is somehow not irrotational
[14,15] are counter-indicated by the arguments developed here and discussed
in Sec. 9.3, in which the scalar function of which B® is a gradient is
identified as a Stratton scalar potential [16—18]. The Laplacian of this
scalar potential is zero if there are no magnetic monopoles in nature, and the
solution of the Laplace equation allows B® to be expanded in terms of
multipoles, in precisely the same way as angular momentum. The relation
between the longitudinal B® and the transverse B® = B®* in vacuo (the

B cyclic theorem) is a theorem of ¢ negative angular momentum

components. As pointed out by Atkins [19] this allows the development of
a large fraction of all quantum theory. The B cyclic theorem can therefore
be used straightforwardly to quantize the electromagnetic field in vacuo.

9.2 Laplace Equation for the Gradient Function of B®

Since B® is empirically phaseless (i.e., observed in nature to be

phaseless and independent of the electromagnetic frequency and wavevector)
and if it is assumed that there are no magnetic monopoles (magnetic charges
or sources present) then it can be expressed in terms of the gradient of a
scalar function:

B®=--vo,, 2.9.1)
which is determined by the well known Laplace equation [18,20],
V20, =0. (2.9.2)

If B® depended on the electromagnetic phase, it would oscillate at high
frequencies and no phaseless magneto optic effects would have been
observed [1-—3]. Therefore the time dependent part of B® is zero, leading
to Eq. (2.9.1). (Analogously a Coulomb field can be expressed as the
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gradient of a scalar potential which obeys the Laplace equation in a source
free region such as the vacuum in conventional electrostatics.)

To find the general form of B® in a multipole expansion, we
therefore solve the Laplace equation for @ , , and evaluate the gradient of

this solution, which is [19,20],
Q= gﬁ—r) P©®) Q). (29.3)

in spherical polar coordinates (r, 6, ¢). The general solution (2.9.3) can be
written as [19,20],

$p=(4r'+Br2)7,(6,4), (2.9.4)

where Y, (0, ¢ ) are the spherical harmonics and 4 and B are constants.

Here m and / are integers, with / running from -m to m. The solution of
Laplace's equation is therefore obtained [19,20] as a product of radial and
angular functions. The latter are orthonormal functions, the spherical or
tesseral harmonics, which form a complete set on the surface of the unit
sphere for the two indices / and m . Integer / defines the order of the
multipole component, / = 1 isadipole; / =2 isaquadrupole; /=3 isan
octopole; /=4 is a hexadecapole and so forth. The properties of the
spherical harmonics are very well known.

The most general form of B® from Laplace's equation is therefore,

B®=-vo ,
® =(r'+Br?7,6,90).

(2.9.5)

This is the phaseless magnetic field of multipole radiation. The solution
(2.9.5) reduces to the simple [4—38],

BO® = B0,0) _ pO
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when/=1,m=0,r=2,0=0,4=-B9 B=0andV = (5/3Z) k. More
generally, there exist other irrotational forms of B®,

a) The B®for dipolar radiation, / =1, m=-1, 0, 1.

b) The B ®for quadrupole radiation, /=2, m=-2, -1, 0, 1, 2.

¢) The B for octopole radiation, / =3, m= -3, -2, -1,0,1,2, 3.

d) The B® for hexadecapole radiation, /=4, m = -4, -3,-2,-1,0, 1, 2, 3, 4.
e) The B® for n pole radiation, / =»n, m = -n, ... ,n.

The B® for n-pole fields are irrotational for all n and are all
solutions of Maxwell's equations and generalizations such as those due to
Majorana [21] and Weinberg [22], Ahluwalia e al. [23] and Dvoeglazov et
al. [24]. They are all phaseless and all contribute to magneto optical effects.
In every case the longitudinal and transverse components are angular
momentum components expressible in the language of spherical harmonics.

9.3 Discussion

In Sec. 9.2, we have firstly used empirical evidence from magneto
optics to argue that the fundamental B® field is irrotational because for
plane waves it is a simple vector defined in one axis (Z). The possible forms
of B® for n pole radiation were then worked out using the Laplace
equation, i.e., by expressing B® as the negative of the gradient of a scalar

function. This procedure is equivalent to using the static part of a Stratton
potential for the magnetic field [25]. The complete form of the Stratton
potential is [26],

04
B--vp -+ Zm (2.9.7)
c Ot
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and as shown recently by Afanasiev and Stepanofsky [27], the Stratton
potential is needed for a complete description of the classical
electromagnetic helicity in terms of a conservation equation and Noether's
Theorem. This finding is consistent with the fact that the helicity is zero if

B® is zero, a basic inconsistency in conventional electrodynamics [20],
which uses a U(1) gauge and asserts that B® is zero.

It is also well known (for example problem 6.6 of Jackson's first
edition [20]) that any vector field (B) can be expressed as the sum of
irrotational and divergentless components under well defined conditions.
This is consistent with the fact that the transverse plane wave B® = B®"
is divergentless while the longitudinal B® is irrotational. Therefore we can

write:
B-BY +B®+B®, (2.9.8a)
V-BW=vV-B®=v-B® =0, (2.9.8b)
VxB® =0, (2.9.8¢)
B®xB® - iBOB®* et cyclicum, (2.9.8d)

and the B cyclic equation (2.9.8) is a condition under which B = B @* s
divergentless and B® is both irrotational and divergentless. This is self-
consistent and consistent with empirical data from magneto optics [1—3].
This result will not be found in conventional electrodynamics because the
former introduces an O(3) gauge through Eq. (2.9.8). It is, however,

consistent with Laplace's equation as shown in Sec. 9.2..
In conventional electrostatics, the Coulomb field is expressed as the

negative of the gradient of a scalar function in the presence of charges
(electric monopoles). The Poisson equation is then solved to show that the
scalar potential is proportional to the charge density in the universe. If there
is no charge density, the scalar potential is zero and there is no Coulomb
field. In the Coulomb gauge therefore there is no longitudinal, irrotational
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electric field present in the conventional treatment of electrostatics and
electrodynamics. The introduction of Maxwell's displacement current (a
vacuum current) allows in electrodynamics the existence of transverse waves
which are conventionally unaccompanied by the Coulomb field. Therefore .
the development of conventional (Maxwellian) electrodynamics is based on
the existence without charges of a current, Maxwell's displacement current,
made up of the time derivative of a transverse electric field which exists in
the absence of sources (electric monopoles). This is self-inconsistent in
several ways, as discussed recently by Chubykalo et al. [28] and by Lehnert
et al. [29]. The most fundamental inconsistency is that the charge (or
monopole) and the field take on a separate identity, the field, according to
Maxwell, can exist without the charge, because Maxwell's displacement
current can exist in the absence of sources. If so, it is equally valid,
following Lehnert [29] to assume that the divergence of the electric field is
non-zero in the absence of sources, or to introduce the vacuum convection
current, following Chubykalo et al. [28]. Both procedures lead directly to B®

in the vacuum. Furthermore, the B cyclic theorem (2.9.8d) is a relation
bewteen field components in the absence of magnetic monopoles, i.e. in
vacuo, or in the vacuum.

A point of major importance, and a turning point in the development
of electrodynamics, is that magneto-optical data have now been identified
as giving direct and unequivocal empirical support for the existence of B
and an O(3) gauge. This is also logical support for Lehnert ez al. [29] and for
Chubykalo et al. [28], who have developed recently a self-consistent form
of electrodynamics. Ultimately, it seems logical to develop electrodynamics
and unified field theory on the basis that the primordial field exists in the
vacuum, following Maxwell, and to assume that charge is a manifestation
of the field as originally supposed by Faraday [28]. It also seems possible
[28] to develop a fully covariant theory in electrodynamics which allows
velocities greater than ¢ and which allows the interrelation of field theory
with action at a distance theory [28]. Proceeding on this basis, the B cyclic
theorem becomes the archetypical theorem of the primordial vacuum field.
It is simply a relation between components of spin angular momentum

multiplied by a C negative coefficient. Thus, the electromagnetic field is a
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physical entity which has angular and linear momentum, as observed

empirically in nature.
Finally, if we assume that magnetic monopoles exist in the universe,

the fundamental magnetic field B® can be expressed as the negative of the
gradient of a scalar function which is the solution of a Poisson equation,

v B(r’ t)

d’r’. (2.9.9)
lr-r

®,(r) =P (0)+—f

Here @,(0) is a constant of integration, as discussed by Jackson [20] on

his page 8 of the first edition, and where the divergence of the complete
magnetic field B=B® +B®+B® is non-zero because magnetic
multipoles are assumed to be present in the universe. The B® field from
this solution is axial, conservative and irrotational, in precise analogy to the
central Coulomb field in the presence of electric monopoles in the universe.

It is concluded that the fundamental B® field responsible for
magneto optical effects is irrotational both in the absence and in the presence
of magnetic monopoles. As described on Jackson's page nine of the first

edition [20], the line integral of Stokes' Theorem ng ®.d1 iszero over

any closed path. This is a counter argument to Comay's recent assertion [1 4]
that B® is not irrotational. Clearly, if this were true, B®) would not be
proportional to the empirically observable conjugate product appearing in
the B cyclic theorem (2.9.8d), and B ®  would not be a fundamental C
negative angular momentum of the electromagnetic field in vacuo: the
primordial and fundamental electromagnetic spin angular momentum. As
such, B® remains irrotational for n pole radiation and for plane waves in
the presence and absence of electric and magnetic monopoles.
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