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SUMMARY

The Langevin equalion for rotational Brownian molion has
recently been solved for symmetric top molecules by Morita
and for the needle and sphere by McConnell. Here, using
numerical techniques, ithe self consistency of their solutlions
is established. We compare and evaluate their theorelical
approach with experimental observations and with a formalism
based on a generaliscd Langevin equation in which the corre-
lation of a vector property ol the phase space is linked to its
n’th derivalive or memory function. It is seen Lthal an inertia
correcled Langevin equation alone fails to explain the short
time details of the reorientational process of polar, symmetric-
top molecules in the fluid stale,

SOMMAIRE

L'équatlion de Langevin pour le mouvemenl rotaloire
Brownien a ¢lé récemment résolue pour les molécules toupies
syniétricques par Morita, et pour l'aiguille el la sphére par
McConnell. Ici, utilisant les techniques numériques nous y
établissons la cohérence inlerne de ces solulions. Nous compa-
rons ¢l évaluons l'approche théorique avec des observalions
expérimentales, utilisant un formalisme foudé sur I'équation
de Langevin généralisée, dans laquelle la corrélation d'une
propri¢lé vectorielle de Uespace de phase est reliée a sa dérivée
d’ordre n. ou la fonction de ménioire.

On y voit que I'équation de Langevin corrigée de Uinertie
ne peut seule expliquer les détails de la réorienlalion aux
temps tres courls pour des molécules polaires du lype toupie
symétrique dans 1'état liquide.

Introduction and theoretical considerations.

A molecule immersed in a fluid is subjected to a
great number of random independent pulses due to
collisions with neighbouring molecules. In the
classic context stochastic processes () provide
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models to describe this physical phenomeno
Brownian motion. The angular velocity o is suppo
to obey a Langevin equation:

16+ o x (Te) + Bo = 1T

Rx s
where [ is the moment of inertia, [Be is the fricti

couple and II' is the couple due to the random
driving forces caused by the thermal fluctuat
of the environment.
The solution of this stochastic differential equati
for the rotary dynamics is simplified by neglec
the molecular inertia. For the asymmetri
Perrin’s equation then follows. Here the compl
permittivity is given by : a5
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in which M, is the perinanent dipole moment al
the principal axis denoted by i and 8; is the fri¢
coellicient. By substituting D = D; in equation
the result simplifies further to the particular &
the rotational Brownian motion of a sphere as treai
by Debye (2). Debye's theory of a dielectric relaxaiié
for a spherical polar molecule in a non-polar med 1
has been used extensively to describe low frequelt
single relaxation time processes. This inerti
model provides an adequate description 0
reorientation process only at long times whe
diffusive steps are limited to infinitesimally
angles and occur infinitely fast. [t correspoi¢
to a randomisation of molecular position at
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e Jlisional impact and fails to predict the observed  And

tﬁ 6o m to spectral transparency at high frequencies. 2) the needle as: “
re’ﬁ}; neglect of all dynamical coherence is a gross
Thé anacceplable approximation of equation (1). ofw) _, (F(O))—l[ 0 2yw’
aIlInertial ellects were first considered by Gross (!)  «(0) G? 4+ w? (14 G)+ o 7
: dby Sack (”)._Sack’s ir.lves@igation‘s were based on a o 8(1 4+ G’ Lo’
ar-lﬁusion equation, which is a Liouville equation <[(1 TG 0 (14 GO L e 4
! Jemented by Kramers terms. More recently m’?l
cConnell (*) has solved the Langevin equation —m>

the rotational Brownian motion of a dipole o .
(I)Irlbedded in a sphere and a needle. In brief, — 3<24(1+(’?2:’2_’28‘;’4
ewConnelL using a  Bogoliubov-Mitropolsky (1 + G + ]
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and imaginary :
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o ; e 3
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17 96 where
W)] o y = kT/18%;
alw) (F(O))»l[ G'ow 21 4 G’ . (3) o = off;
) G2+ 1+ G2+ o G’ = 2v 4 2vy2 + 163y 4 ...,
a2l + G — 0w’ : (70N~ =1 + 2y + 7y> + 274/9v% + .- -
Y ( [(1 4+ G + w?]? B = 2kTr,/L :
L 21 + GHhw’ 3 + 312G w’ . . . :
THEGYE e 24 G+ et and where 7, is the Debye relaxation time, 1 the
ot o e " moment of inertia and o the angular frequency.
— 3 <'1” - GD e — 301+ G The above results are clearly true for o = 0.
[+ G + w?)? For & — oo it can be shown, neglecting terms pro-
4 HA 4+ G — e’ | portional to y® that both the spherical top and
(1 4+ G2 4+ w?? needle reduce to:
21 - G’ 32[C + ) — w?lw’ ¥(e) 9y 2y
1+ G2+ »? [(2 4+ G)? + w'¥)? W = Tl ol
<E -+ 7 G’)m’\ h
LA3 9 ) b in agreement with Sack (7).
B+G)NP+ o/ In a separate study Morita (%)) has solved the
Eulerian equations of motion for a diffusing asym-
re metric top. Confining ourselves to the particular
case of a symmetric top, where a dipole Mz lies along
v = KT/I82; the axis of symmetry, the Fokker-Planck-Kramers
e o/ ' equation for the probability density function
“ ol S W(oy, ©,, o, 0, ¢, f) in angular velocity Eulerian
G == 2y o+ 4 T/6y® 4 25/18y% .- space yields the Laplace transform of the dipole
(F(0))=' = 1 - 2v + 9/2y% + 125/9vy3 + .. +; correlation function (M'.(0). M'.(f)> as:
M. 2/3
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where ot) (I = x, y or z) is the angular velocily

about the principal axis labelled 7, 1, 1s the moment

of inertia, 1B;0,{t) is the damping lorque, (0, ¢, {)

arc the Eulerian angles specifying Lhe orientation

of the top (%), k is the Boltzman constant, 'I' the

absolule temperature and p the lLaplace variable.
It is the intention here to:

1) Show by numerical computation that eqn. (5)
reduces, in appropriate limits, to the sphere and
needle expressions as given by McConnell [equations
(3) and (d)].

2) To compare and evaluate Lhese theorelical
approaches with experimental observation covering
a wide range of frequency.

3) To compare with a more general formalism (19)
in which a) the f{riction coefficient of the original
Langevin equation is made time dependent; b) I'({)
is non-Graussian; ¢) I'(/) may have a finite correlation
time.

For completeness a brief synopsis of this non-
Markovian kinetic equation is now presented.

Absorption spectra C (o) have related time corre-
lation functions denoted by (*):

C (0 = ﬁﬂ cos ot dG () (6)
which assumes that the fluctuation of the molecules
is a continous, stochastic process stationary in time.
Of course, spectral functions arc frequency distri-
butions of the probability of occurrence of the events
from whicli they originate, and are themselves
statistical in nature. The temporal and frequency
domains are linked by Tourier’s integral theorem
so thal correlation and spectral functions are Fourier
transform pairs.

Basically, the non Markovian equation links the
correlation of our chosen vector to that of its n’th
derivative or memory function. The phase functlion
A(f) evolves in time as determined by the Liouville
operator, L, for the system:

Aty = exp ((LHAW) (7
A formially exact equation of molion for Cy(f)
is now derived using the projection operator for-
malism of Zwanzig (19)

o . C .

o Gty = — JO Kt — )¢, (=) d=

This is a fundamental equation of statistical plysics

applicable to any vector property of phase space.

The kernel K is the memory funclion and is related

to the memnory, or dynantical cohercnce of the system.

The correlation funetions depend only on the values

of the memory function for all times = prior lo f
If a property I'() is defined such that:

Dy = (fexp i(1 - pHLLIT)A (%)
where p is a projection operator defined onto the
well behaved function of phase A then it follows
that:

A

t
= = - K{t — DA dz + T
= fo - DA ds T

)
This is the generalised Langevin cequalion, first

proposed by Kubo et al. and derived in a way that

embodies no assumptions other than the N particle
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enseimble obeys the Liouville equation of is
ho
tel
fluid thau the simple Laugevin equation, g =g

We atltempt Lo show here that this doscrib:;otion. !
realistically Lthe motion of a molecule clbeddeq pUi

Choosing ¢ as our veclor properly of ihe th

space (where y is the unit dipole ve
the second fluctualion-dissipation
Kubo (*%) and Laplace transtorming
continued fraction representation of th
lation function as:

Tt
P+ Koe(p)

Jof as
ctor), recallir?e
Cquatigp ogf N
vields Maoryg

e time 00rre. 3
., (0)
e — q
p o _I\Jl((,);),,, bt
P+ Ky(p)

Colp)

The associated complex spectral density ( (L5
is obtained by Lruncating this infinite serieg with) ‘
suitable functional representation of I (1), Aﬁrsi E
order termination (n = 1) with an eXponentia] ;’
memory function has proven Lo bhe satisfactory' ‘
and is again adopted here.

In the following section we give appraisals of thega \
theoretical approaches. In the past inlensive theo- !
retical efforts to elucidate the dynamical mechanisy
in fluids have been hamperced by a lack of €Xperi- l
mental data over the whole frequency range of -
interest. It is unacceptable to compare models with =
experintental low or high frequency data in isolation, =
This spectroscopic region only becomes sufficient]
discriminating when both sets of data are treated
in unison. In this respect Gerschel (™) has carefully ¥
studied the symmetric tops CHyE and CHFE, over
the whole density and temperature range beneath
the critical region in both the microwave and Lin
These are particularly favourable systems with
which to asscss merits or limitations of the present
tlieoretical approaches. They are highly dipolar
species (pon,e = 1.85 15 wenr, = 1.65 D)) absorbin
strongly in the f.i.r. region. This is significant because= &
the absorption cross-sections in this frequengy

range are always enhanced (*) by temporary dipoles &

induced by Llie effect on a molecule of the resultant =
fields of ils neighbours. This problem of induced =
dipole absorption is minimised in liquids with intense =
permanent absorptions predominant. o=t
The problem of relating the many particle reorien=
tional spectrum to the single particle spectrum has
been discussed by Kivelson and Madden (¥9). The
two spectra have the same funectional form and
sample shape effects do nol qualitatively change

this result. In deriving their conclusions these =}
authors considered slowly varying torques not =

represented by a « white » torque, similarly to ouf s
equs. (9) and (10). To check this point we havess
carried oul molecular dynamics simulations of the =
cross-correlation funcltion of velocily in 11(]‘,11‘1’ ¥
nitrogen. It was found that the auto correlationEs
function and the cross-correlation function deca.)’ed
similarly. Strong dipole-dipole interactions mig
affect this result, but it is well-known (%) that the -
observed far iufrared bands of strongly dipolafss
solutes do not shift considerably when (lipole—dlpde"f%
interactions arc removed by non-dipolar sOlVEIES
In eqn (1) o represents the foial angular velocxtyi
In general the nou-linear term is diflicult to EAREES
witli, but Ford ct al. (*) have shown that W f\g
otl) is the stationary solution, then () M LS
expansion : 3 i

it — e CTY

he
{0
fo
ta

s N i o N i 2 o e
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i | o stendy-state solulion of the corresponding
¥ pogenous_equation and because of the damping
o w, Lhis 1s identically zero. Then the o™ for

L P, LIS 1S . .
e pi 1 satisfy linear Inhomogenous equations. In

g 'thii paper we quote the results of Ford et al. who
s dpave solved in this way the general asymmetric
3 ‘£0P eqnl. ¢1). These solutions .reduce numerically
Oé’f’ those ol McConnell and Morita, who have a}so
i's f faken full account of cross-terms, where these exist.
-
' I pesults and Discussion.
In the absence of an internal field the identity
Q
18) () —en _ oi“(_(_i) 1)
tst €5 — €x a(0)
lal o
Ty ¢ relates the complex polarisability to the complex
ermittivity and is used in this study to give dielec-
3¢ | fric loss and dispersion relations for the spherical
0- 1 gop and ncedle of McConnell’s equations [(3) and
mey @) respectively] and for Morita’s symmetric top
:rx-»yJ‘ representation  [équation (5)]. These are in turn
of ¥ pelated to Lhe absorption coeflicient [a(v) in neper
th = gn-1] by Lhe Maxwell equation:
nm,
;g (V) = 2y2nety (12)
((s".'. +_ 6”2)1/2 + E’)l/'.’.
lly o
e 4 The only parameter of McConnell's model, 8,
th ! s evaluated from the measured Debye relaxation
-k time. Both friction coeflicients are unknown in
th Morita’s syvmmetric top model. However, since the
[’nt model reduces in the inertialess limit to Perrin’s
i formula, one of the 8; is determined using microwave
18 data. Alternatively the 8; can be regarded as para-
B¢ ¥ meters and calculaled by iterative fitting of the
l?s' i observed low [requency data.
il Figure 1 shows some numerical results for fluoro-
. form (at 293 K and in the gas phase) and for Me[ (at
.. 133 K), two examples covering extremes of molecular
number density. These models, which represent the
;- § motion of polar molecules in media where the elec-
as . wostatic interactions between different molecules,
s giving rise to the so-called” dynamic 11}te1‘na1 field’
nd f € significant, ave expected to approximate reaso-
o nably well to the first system but less so the second.
<50 The agreement with experiment observed at
e IO\\{ frequencies is as to be anticipated for models
& Which reduce in appropriate limits to the inertialess
- Sphere as treated by Debye. Morita’s symmetric-top
3 model produces numerical results for the spherical
d op and needle in accord with those of McConnell
# demongtmting the self-consistency of their solutions.
q hat is surprising, however, is that the needle,
v the sphere and the symmetric top representations
e yield absorption and “dispersion profiles which are
T Superimposable to a high degree of proximity. For
g Iealistic values of the molecular parameters. B,
3 I equation () appears to be redundant and has no
g allect on the band contour once 8,, the other friction
ik Coeflicient, is fixed at its calculated value.
) ,Th_e evaluation is extended into the more dis-
., Mminating far infrared frequency region. Figure 2
s Shows the absorptions, both theoretical and experi-
{ Mental, for fluoroform at 293 K. Again, the needle,
& Sphere and symmetric top representations are
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a) Cote-Cole plot for CH,F at 133 KK.
Morilta’s model for a symmetlric-top, needle and
spherical-top molceule,
¥ ok x o+ McCounell's model for a ncedlc%
0 0 0 McConnell’s model for a sphe-
rical top
b) Cole-Cole plot for CHF, at 293 K
Morita's model for a svmmetric-top, necdle and
sphericat-top molecule
* ok ko NMceConnell’s model for a needlcg
0 0 0 McConncll’s model for a sphe-
rical-top
coincident but now some distance removed from the
experimental band profile. The frequency of maxi-
mum absorption is both too low and intense, and
the return to spectral transparency too slow.
To reproduce these results more satisfactorily a
further extensiou of the fundamental ILangevin
equation is required. We resort to using a simplified
version of the non-Markovian kinetic equation.

Again making no corrections for the internal field
the dielectric loss " and permittivity ' are given

by (¥9):

Individual points
shown for clarity

1
Q" Experimental [ Gerschel (1)]

Individual points
shiown for clarity

(13)
(14)

(29 — €5} .. Real [G(— iw))

C = gy — (g~ £5). 0. Im [E(— iw)]
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Morita’s model for a symmetric-top, needle and
spherical-top molecule.

¥ * % % NcConnell’s mnodel for a necdle

0 0 0 McConnell’s model for a spherical top

+ + 4+ Morita’s model for an asymmetric top reduced lo
the symmetric top.
i
—()- Experimental {Gerschel ()]

where ¢, is the static permittivity,
g« 15 the permittivity at about 250 ¢cm—,

C(— iw) is the spectral Fourier transform of C(f)
and is obtained by replacing the Laplace variable
p by — iw In equation (10). Here
Real

G im)] = Ky(0)K(0) f’” () cos wl /D (15)
Jo
and

I, (G iw)]

- [A(w).(I(X(O) ﬁ‘ sin ! 11[—0)) + L:)B(Lu)]/D (16)

where :
A) = Ky(0) + 0K,(0) fm [0 sin ol dl — w2, (17)
a

16,000 f * t) cos o (u)"

D = A%w) + 0*B(w)

B(e)

i

(18)

and
(19

For an exponential K,(f) we have in the low
frequency limit:

e (€0 — £x0) K (0K, (O)yw
T K0 + [Kg(0)2 + Ky(0)* + 2K(0)(K,(0) — yH)]w?
(20)
(€0 — €x0)2®[YH(I{(0) — %)
P + (Ky(0) — 0®)(w? — (Ko(0) + K(0)] .
g = &g (21)

K (0) + [K(0)2 + K, (0)2
+ 2K ((0)(K(0)

H)]w?*

and a(v) is given again by eqn. (12).

We fit Gerschel’s precision data for MeF and
fluoroform by minimisation of squared deviations
from the analytical curves. Figure 3 shows the agree-
ment for MeF at 133 I. At this temperature the low
and high frequency peaks, shown in loss represen-
tation, have separated out and offer a severe test
for the evaluation of any dynamical formalism.
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We fit the absorption data over the whole
frequency range of interest. An apparent]
fit to part of the [requency range alone
deceptive (%), Part of the dilficully arises from g
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Fig. 3. —- The theoretical Lmus. fitling of the
of Lhe microwave and far in{rared region for
at 133 K.

———— Theoretical curve using a generalised La
cquation with vy = 3.6 and K, (0) = 38
arbitrary units)
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B EE Predicted refractive index (n(v)) curve using.
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a) The dependence of the mean-square lorque‘telfn_l'

on temperature for CH4F (*) and fluoroform (@).
by The dependence of the mean scuare torque ter

on the fluid density Tor CH,F (*) and fluoroform ( @)-
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~ o of two measures of absorption " and a(v) and
fdispersion ¢ and n(v). Each weights grotesquely
B art of the frequency range under investigation
ag used in isolation can lead to imisconceptions.
The loss representation for instance reduces the whole
the inirared to an insignificant shoulder on the
jigh frequency side of the loss curve, whereas the
ower representation does just the opposite.
pUSing‘ calculated values for the parameters in
yorita’s formalism we found it impossible to separate
it the two Ios_s peaks. Sugh a separation is oply
accomphshed using unrealistic values for the friction
wefficients  and molecular moments of inertia.
However, the generalised formalism reproduces
the expel‘imgzntal con.toqr satl_sfactorlly, small glev1a—
tions occurring only in intensity near the maximum

i the loss peak. In the fitting procedure Kyo) is
2KT
I
for a symmetric trop molecule). ~, a frequency
parameter, and K,(0), a parameter related to the

kept at its auto-correlated value of 1 [K(o) =

|

T T T T T l T T
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@) The (heoretical far infrared absorptious for CHIY,.

Morita's model at temperatures ol : 1) 253 I, 2) 233 KK,
8) 213 KK, 1) 193 KK, 5) 153 K, 6) 133 K.

b) The Lheoretical far infrared absorptions for CH,TI,

Morita’s model at temperatures of: 1) 273 I, 2) 233 K,
3) 193 IGH 173 K, 5) 163 K, 6) 133 K.
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intermolecular mean square torque (in units of

1
TN\ T2 2kT\ -1
<¥£> and <%§I> respectively) only were allo-
B B
wed to vary. In Figure 4 the dependence of the
mean square torque term (K,(0), calculated with the
1.m.s.fitting procedure) on density and temperature
for both fluoroform and Mel® is illustrated. For a
symmetric top K (o) is simply related to the mean
square torque byv:

. 1
K, (0) = 2({ f(0)2))? 8
(0) = 2(¢i0)*)) (1 +4In>
OO o @)
I,2 ~
where I, and 1; are the moments of inertia of the
top and <{1(0)?> is the eyuilibrium mean square
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a) Cole-Cole plol for chlorobenzenc at 295 IX.

Morita’s model lor the asymmetric-top, svmmetric-
Lop, needle and sphere.

* % % & MceConnell's model for a needie.

0 0 0 McConnell’s model for a spherical top.

J
-~ and A Experimental (!%).
i

b) The far inlra-red absorption of chlorobenzene at 295 I<.
. Moritla’s model for the asymmetric-Ltop
——— Morila’s model reduced to 1ihe
needle and spherical Lop,
* &% NMeConnell's model for a needle
0 0 0 McConnell’s model for a spherieal-top

symmelric-top,

!
—— Experimental M.N. Afsar (private communication).
1

ne 5.
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angular velocily, It is easily shown that (1) and Scaife for preprints and especially Dr A Mol
for preprints of his work. $ T otitag
oy = K (0)1,2 — kT(21, + 1) (23) (iv) We thank Prof. Mansel Davies for his com -

ments on this manuscript. Om

The observed temperature dependence of Morita’s
model is markedly different and not in accord with
experiment. Figure 5 shows that the wavenumber BIBLIOGRAPHY
of maximum absorption (v ) shifts to higher ire-
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