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NOTES ON THE SAGNAC EFFECT

For infinitesimal displacements, the effect is:
—-igAS*'G,,,
Holonomy is:

exp (—ig” G, das*" )

The vector i is rotated in the internal space. In the opposite direction, the holonomy is:

exp (ig” G,,ds"” )

The rotation in the internal space (1), (2), (3) is the rotation of the light beam inside the optical fiber.

The holonomy is:
exp(s;ig [[cgas*)= exp(-T-ig [[(0.4 - 0,47 - ige,, 42 4 )ds*)
S* is the surface enclosed by the round trip.
In U(1), the holonomy is:
exp(%ig[[ (0,4, -,4,)ds*)
and the ordinary Stokes theorem is obtained.

So

exp(xig”(apAv —-0,4, )dSuV) =exp (:Fig(ﬁ Audx")

=1 for integration around a circle.

This is because in U(1), the radiation gauge is obtained, and
Apdx’l =AVedr=0

because AV L r.

Therefore:

exp(Fig[[(6,4,-8,4,)ds*" ) =1

and

exp (J?ig”(au AP -5,4 )dSuv ) =1
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exp(Fig[[ (9,47 - 8,47 )ds*) =1

exp (iig”(au AP ~0,4)ds™ ) =1
We now consider the holonomy:

exp (iglj' € o Ay A;dAS™ )

Consider the special case:

) (1) 4(2) (2) 4() XY
exp(+g II(S(s)(l)(z)AA’ A7 *eaandx 4 )dS )

=exp| 78 jj[g;;)A;” - A)‘f)A}”]JdS”
(a) (b)

where (a) is the components in the internal space ((1), (2), (3)) and (b) is the area of the Sagnac loop.

By definition:
0)
AV = (ii+j)e'¢,
A(O) .
AP = (~ii + j)e™®
J2
So
A}')A,(,z) - Ai,z)A}(,” =4,
By definition:
B® = —igiA®? =x A© = B©
because:
_ K
g£= 4©

The holonomy is therefore:

exp (.T-ig” B®ds* ) = exp(-T-ig2 ” A(mdAr); Ar=S"
= exp (¢igB(3)Ar)
= exp(:FiK 2Ar)
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The holonomy difference = eXp (-—21'1{ 2Ar)

The O(3) phase difference = cos (21( 2Ar+2n n)

The U(1) phase difference = 0.
This result is consistent with the fact that a U(1) Yang-Mills gauge field theory is the Maxwell-Heaviside
theory, which is free space invariant under motion reversal symmetry, 7, which generates 4 from C. The

Maxwell-Heaviside theory cannot describe the Sagnac effect with platform at rest. In free space, it is gauge
invariant and cannot describe the Sagnac effect with platform in motion.

The O(3) Phase Difference With Platform at Rest.

o2
Ad =cos| 2—-Ar x2n n]
c
The O(3) Phase Difference With Platform in Motion.

In O(3) Yang-Mills theory, this is a change of phase which is a change in orientation in the internal
space due to y — Sy, where §'is a rotation generator.

To rotate the platform about Z, the rotation generator is: + 7
— : 1 -

S = exp(zJZa (x )) Q_,

The effect of k, in condensed rotation, is:

k, = 8k,S" -i(2,8)s™

where:

k" =x P(l)e(l) +K P(z)e(2) +K u(3)e(3)
- We are interested in the effect on A*®, which is the wave vector of the light propagating around the Sagnac
loop. The effect is:

3)

Ky

3)
-k, * 6,,(1

where:

Now consider the index ¢ =0, and:
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The extra effect of the rotation is therefore to shift the phase by:
Ar
AAY = ?((o) +Q)2 —((D _ Q)z)

In O(3):

AAY = cos(rwofir)

c

This is precisely the correct result.

In U(1), we have:

Finally, the holonomy difference can be expressed as:
¢ =exp (-T-i(f)x‘z”dZ)
in the internal space, where:
$dz =2n Rx
i.e. is some multiple of the circumference 27R of the Sagnac loop.

This result is expressed by Barrett in eqn. (51), page 295 of Barrett and Grimes. The quantity:

8 = ([ BOdAr =[x A%dar

has the units of “magnetic charge”, but is not a point magnetic monopole. It is a topological magnetic
monopole.





