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Abstract

In  this  paper,  we  show  that  a  totally  antisymmetric  torsion  tensor  implies  that  four  unique  scalars
completely  describe  the  state  of  torsion  on  a  four-dimensional  Riemann-  Cartan  manifold.  These
scalars form a vector proportional to  the Hodge Dual of the torsion tensor.  

The metric connection is shown to consist of a totally antisymmetric component  and a symmetric
component  containing  only  diagonal  elements  when  the  ECE  constraint  of  an  antisymmetric
metric  connection  is  applied.   This  symmetric  component  when  summed  along  the  diagonals
produces three one-forms which are all assumed equal. 

From this, an asymmetric rank two reduced curvature tensor, similar to the Ricci curvature tensor is
developed.  It  is  shown  to  contain  a  symmetric  linear  component  which  can  be  related  to  the
Einstein  general   theory  of  relativity,   an  antisymmetric  component  which  links  to  the  Einstein,
Cartan,  Sciama,  and  Kibble  torsional  extension  of  Einstein’s  earlier  work,  and  a  symmetric  non-
linear curvature term that could be interpreted as the propagation of a  non-linear wave.

ECE  theory  has  assumed  that  constraints  imposed  by  commutator  antisymmetry  meant  that  the
metric  connection  was  antisymmetric  with  no  non-zero  symmetric  elements.  The  question  of
vanishing diagonal element in the  symmetric part of the connection is vague however. When this
restriction is relaxed, it allowed a seamless flow or bridge from the general relativity of Einstein to
one  containing  torsion  such  as  the  ECE  theory.   The  flow  to  one  of  the  earliest  torsion-curvature
relativity theories as provided by Einstein, Cartan, Sciama and Kibble is also demonstrated.
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The  idea  of  a  vector-based  torsion  field  is  not  new  [1,2].   Socolovsky  for  example,  demonstrated
that  a  totally  antisymmetric  torsion  tensor  implies  the  validity  of  the  equivalence  principle  of
general relativity, and that this tensor field could be used to describe Newtonian gravity. Fabbri [3]
developed  the  geometry  for  the  completely  antisymmetric  torsion  tensor  assuming  metric
compatibility.   He  demonstrated  that  this  allows  writing  the  metric  connection  as  the  sum  of  a
totally antisymmetric connection and a symmetric connection. He also has shown that the Bianchi
identity  in  this  limited  torsion  plus  curvature  field  bears  a  strong  resemblance  to  the  Einstein-
Cartan-Sciami-Kibble  model  of  relativity.  Socolovsky  [1]  demonstrated  that  this  was  a  necessary
and sufficient condition for the creation of a local inertial coordinate system at any point in a four-
dimensional space.

This paper, an extension to the previous works of the authors [4,5,6],  introduces the Hodge Dual of
the  totally  antisymmetric  torsion  tensor  which  is  shown  to  be  a   4-vector.   It  is  assumed  that  the
reader  is  familiar  with  the  proofs,  based  on  the  antisymmetry  of  the  commutator  [11]  that  the
metric  connection  is  antisymmetric  except  possibly  for  its  diagonal  elements.  In  this  paper  it  is
shown  that  the  Levi-Civita  connection,  the  symmetric  part  of  the  metric  connection,   must  be
purely diagonal.   

The Metric Connection for a Totally Antisymmetric Torsion

In  this  section,   properties  of  a  Riemann-Cartan  geometry  are  given  when  a  non-trivial  torsion
tensor  exists,  and  is  totally  antisymmetric.  The  following  are  assumed:  for  a  four  dimensional
spacetime,   the  torsion  is  non-vanishing  and  totally  antisymmetric,  the  metric  is  defined  and
satisfies  the  metric  compatibility  equation,  and  the  metric  connection  is  antisymmetric  except  for
the diagonals which may be non-zero, and is totally diagonally symmetric.  This latter restriction is
shown to reduce equation complexity.  We note that Trautman [[12], equation 12], advises that the
transposed  connection  of  a  Riemann-Cartan  space  is  metric  if  and  only  if  the  {torsion}  tensor  is
completely  antisymmetric.   If  so,  assuming  metric  compatibility  is  equivalent  to  a  totally
antisymmetric torsion, and vice versa.

Consider  the  tensor  for  a  totally  antisymmetric  torsion  on  a   Riemann-Cartan  manifold  in  four
dimensions.  This  class  of  manifold  is  one  that  is  both  metric  compatible,  and  supports  non-zero
torsion and also been termed metric hyper-compatible [3,7].

Previously,  some  ramifications  of  a  totally  antisymmetric  torsion  tensor  were  presented  by  the
authors  [4,5,6]  within  the  framework  of  the  ECE  formulation  of  Cartan  geometry.   In  a  four-
dimensional Riemann-Cartan spacetime, this antisymmetry is given by [[6], equation 2.54]

T μν
ρ = -T νμ

ρ ; T μν
ρ = -T ρν

μ ; T μν
ρ = -T μρ

ν . (1)

Applying antisymmetry a second time gives, 
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T μν
ρ = T νρ

μ = T ρμ
ν . (2)

The torsion tensor remains totally antisymmetry when its indices are raised or lowered through the
application  of  the  metric  tensor  because  the  product  of  a  symmetric  tensor  and  an  antisymmetric
tensor remains antisymmetric.

All of the the diagonal elements of a totally antisymmetric torsion tensor are zero (summation  over
repeated indices is not implied in this instance), i.e.

T μμ
ρ = T μρ

μ = T ρμ
μ = 0. (3)

Upon  examining   equations  (1)  through  (3)  in  a  term  by  term  manner,  we  see  that  there  are  four

scalars  that  describe  the  off-diagonal  elements  in  the  torsion  tensor.   For  example,  if  we  examine
the case where  ρ = 0 , μ = 1  and ν = 2,  we can define a scalar T3 such that 

T3 = T 12
0 = T 20

1 = T 01
2 = - T 21

0 = -T 02
1 = -T 10

2 (4)

which has magnitude T3 and a basis vector associated with the index “3”, an index value differing
from  all  of  the  index  values  for  the  associated  torsion  tensor  elements,  in  this  case  0,  1,  and  2.
Doing this for each set of values for ρ, μ and ν , results in four components of a covariant 4-vector
Tλ  defining  the  totally  antisymmetric  torsion  with  its  components  aligned  with  each  of  the  unit
vectors defining the basis for the torsion tensor.

The  Hodge  Dual  of  a  rank  three  totally  antisymmetric  tensor  mapped  to  a  one  dimensional  sub-
manifold is given by  [[9], equation 2.114 with p=1 and n=4]

Tρμν = g-1/2 ϵ ρμν
λ Tλ (5)

where Tλ is a covariant 4-vector.  We identify Tρμν  with the covariant rank three torsion tensor and

Tλ with a torsion 4-vector, the Hodge Dual of the torsion tensor. 

Rotating the λ index and raising the ρ index results in 

T μν
ρ = g-1/2 gρσ ϵσμν

λ Tλ = g-1/2 ϵ μν
ρ λ Tλ. (6)

Taking  the  Hodge  Dual  of  the  torsion  tensor  returns  the  4-vector;  taking  the  Hodge  Dual  again
gives the original tensor (to within a sign) as shown in the appendices to this paper.

T

μν
ρ

= T

λ = T μν

ρ . (7)

When the torsion is totally antisymmetric, the metric compatibility equation is  [2,5,6,8]

Γνμ
ρ +Γμν

ρ = gρσ(∂μgνσ + ∂νgσμ - ∂σgμν) (8)

which  when  combined  with  the  definition  of  torsion  in  terms  of  the  metric  connection,  [4,5,6,8]
namely,
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T μν
ρ = Γμν

ρ -Γ νμ
ρ (9)

gives

T μν
ρ = 2 Γμν

ρ - gρσ(∂μgνσ + ∂νgσμ - ∂σgμν) . (10)

In  general,  we  can  write  Γμν
ρ

 as  the  sum  of  Π μν
ρ ,   the  antisymmetric  portion  of  the  metric

connection and πμν
ρ , the symmetric portion of the metric connection  [[3] equation 5], i.e.

Γμν
ρ = Π μν

ρ + πμν
ρ , (11)

so that substituting this into equation (8) gives 

πμν
ρ = 1

2
gρσ(∂μgνσ + ∂νgσμ - ∂σgμν) f or all ρ, μ, ν, (12)

and

T μν
ρ = 2Π μν

ρ for all ρ, μ, ν. (13)

Equation (13) demonstrates that Π μν
ρ , the antisymmetric portion of the metric connection, is also a

tensor, and is totally antisymmetric.  Thus we can write, applying equation (7), (9), and (11)

T

μν
ρ = 2Π


μν
ρ = 2Πλ, (14)

where Πλ is a 4-vector, the Hodge Dual of the antisymmetric part of the metric connection.  

As  mentioned  earlier,  it  is  assumed  that  the  reader  is  familiar  with  the  proofs,  based  on  the
antisymmetry  of  the  commutator  [11],  that  the  metric  connection  is  antisymmetric  except  for
possible non-zero diagonal elements. Three diagonals exist in the metric connection, π μρ

ρ , π ρμ
ρ , and

π μμ
ρ .   With T μν

ρ
 and Π μν

ρ
 being totally antisymmetric,  πμν

ρ
 must vanish whenever ρ ≠ μ ≠ ν, so that

πμν
ρ

 can be non-zero only when any two (or more) of the indices are identical.  The only symmetric

non-zero  components  of  πμν
ρ

 remaining  are  then  (no  summation  implied)  πρν
ρ ,  πμρ

ρ ,   πμμ
ρ

 (and  πμμ
μ ),

i.e.  πμν
ρ

 is purely diagonal.   

��������������������������������������������������������������������������������������������������

�����������������������������������������������������������������������������������(11)������

� μν
ρ = Γμν

ρ +Γ νμ
ρ = � πμν

ρ (��)

����� ������ �������� ��� ������� ��������� ����� �������� ��� ���� ���������� ����� ��� ���� ����������� ������
���������������������������������������������������������������������������������������������� ����
�����������������������������������������������������������������������

�ρρμ = �ρμρ = �μρρ (��)
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πρρμ = πρμρ = πμρρ (��)

From  equation  (12),   we  see  that  πμν
ρ

 is  symmetric  in  the  lower  two  indices  and  that  we  can  form

three diagonal sums, two of which are identical. That is, for the symmetric part,

Γ μρ
ρ = π μρ

ρ = π ρμ
ρ = π μν

ρ δρ
ν = 1

2
gρσ(∂μgρσ + ∂ρgσμ - ∂σgμρ) . (18)

 Noting that [ [2] equation 3.4.7 and 3.4.9] i.e.

1

2
gρμ ∂νgρμ = ∂ν ln  g  = 1

2
∂ν ln g, (19)

���������(18)�������

Λμ = π μρ
ρ = ∂μ ln g + 1

2
gρσ∂ρ gσμ - ∂σ gμρ = ∂μ ln g , (20)

������������������� �ρσ (∂ρ�σμ - ∂σ�μρ) = �� ���� ������ ���� ���� ρ ���σ��

We also have from equation (12)� collapsing the lower two indices, that

�ρ = πμν
ρ �μν = �

�
�ρσ �μν(∂μ�νσ + ∂ν�σμ - ∂σ�μν) =

�

�
�ρσ �μν(∂μ�νσ + ∂ν�σμ) - ∂σ �� � 

(��)

���������������� ρ��σ�����������������

Xρ =
1

2
gμν(∂μgνρ + ∂νgρμ) - 1

2
∂ρ ln g = gμν ∂μgνρ - 1

2
∂ρ ln g . (22)

�����������������(20)�����(22)��������������

�ρ + Λρ = �μν ∂μ�νρ (��)

���������� �ρ = Λρ�������������������������������������������������

�ρ = Λρ =
�

�
�μν ∂μ�νρ = ∂ρ �� � � (��)

���� ����������� �������� ��������� ����������� ��� �� ����������� �������� � ��� ����������� ��� ����� ���
�������������������������������

�� ����� ��� ����� ������������ ���� ����������� ������ �� ����� ������������ ���������� ����� �� �����
��������� �������� �������������� ��������� �� ������� ����� ��������� ���� ������� �������������� ����������
������������������������������������������������������������������������������������������������
����������
 ���� �������� ������� ���� ��� ������������ ��� �� ������� ��� ����� ������������ � ����� ������� � ��� ���� ������
���������������������������
���������������������������������������������������������������������������������
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 ��� ���������� �������� ��� ���� ������� ����������� ��� �������� ��� ��� ������� ���������� ����� ���
��������������������������������������������������������������������� �������������������������������

Curvature When Torsion is Totally Antisymmetric

The  rank  four  curvature  tensor  in  four  dimensions  on  the  base  manifold  and  its  cyclically  rotated
equivalents are given by the following [[ [5] equation 1.24 ; UFT 88, equation 2],

R ρμν
λ = ∂μΓνρ

λ - ∂νΓμρ
λ + Γμγ

λ Γνρ
γ -Γνγ

λ Γμρ
γ (25)

R μνρ
λ = ∂νΓρμ

λ - ∂ρΓνμ
λ + Γνγ

λ Γρμ
γ -Γργ

λ Γνμ
γ (26)

R νρμ
λ = ∂ρΓμν

λ - ∂μΓρν
λ + Γργ

λ Γμν
γ -Γμγ

λ Γρν
γ . (27)

Three  reduced  or  contracted  curvatures  can  be  generated  by  collapsing  the  tensor  using  the  upper
index  and  one  of  the  lower  indices.  The  first  reduced  curvature,   R xμν

x ,  (the  symbol  x  is  a

placeholder only) can be derived from the curvature tensor in equation (25) by contracting it with
δλ
ρ

R xμν
x = R ρμν

λ δλ
ρ = ∂μΓνρ

λ - ∂νΓμρ
λ  δλ

ρ + Γμγ
λ Γνρ

γ -Γνγ
λ Γμρ

γ  δλ
ρ

(28)

If  we  interchange  the  dummy  variables  associated  with  the  summations,  we  notice  that  the

difference  Γμγ
λ Γνλ

γ
 - Γνγ

λ Γμλ
γ

 in equation (28) vanishes.  

Expanding this, using equation (20), we have 

R xμν
x = ∂μΓνρ

λ - ∂νΓμρ
λ  δλ

ρ =

∂μπνλ
λ - ∂νπμλ

λ = ∂μΛν - ∂νΛμ = ∂μ∂ν ln g - ∂ν∂μ ln g = 0.
(29)

Another reduced curvature is obtained by collapsing the λ, ρ indices in equation (26), again noting

that the curvature is antisymmetric in the last two indices, we have, noting  Γλγ
λ =Λγ, for second the

reduced curvature tensor, 

R μνx
x = -R μxν

x = ∂νΛμ - ∂λΓνμ
λ + Γνγ

λ Γλμ
γ -Λγ Γνμ

γ . (30)

A  third  reduced  curvature  is  obtained  by  multiplying  equation  (27)  by  δλ
ρ

  noting  again  that

Γλγ
λ =Λγ, 

R νxμ
x = R νρμ

λ δλ
ρ = ∂λΓμν

λ - ∂μΛν + Λγ Γμν
γ -Γμγ

λ Γλν
γ . (31)

�� ���� ��������� ��� ��� ������ ����� �Γνγ
λ Γλμ

γ
��� ���������� ��� �μ ���� �ν� ����� ���� ���������� ����� ��� ����

�����������������������������������������������
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Γνγ
λ Γλμ

γ + Γμγ
λ Γλν

γ = � Γνγ
λ Γλμ

γ � (��)

�����������������������������������������

ℛμν
(A) = -R μxν

x +R νxμ
x =

 ∂νΛμ - ∂λΓνμ
λ + Γνγ

λ Γλμ
γ -Λγ Γνμ

γ  + ∂λΓμν
λ - ∂μΛν +Λγ Γμν

γ -Γμγ
λ Γλν

γ ,
(33)

then using  equations (24),  (29) ������� (32) this becomes

ℛμν
(A) = ∂λ Γμν

λ -Γνμ
λ +ΛλΓμν

λ -Γνμ
λ . (34)

������������������������(9)�����(13)����������

ℛμν
(A) = (∂λ+Λλ) Tμν

λ = 2 (∂λ+Λλ)Πμν
λ . (35)

����������������������������������������������������������������������������

�� ���� ����� ������ �� ���������� �������� ���������� ������� �ℛμν
(�)

��� ������������ ��������� �(30) �����

���������(31)��

ℛμν
(�) = � μ�ν

� +� ν�μ
� =

-� ∂μ∂ν �� � +Λγ(Γμν
γ +Γνμ

γ ) + ∂γ (Γμν
γ +Γνμ

γ ) - Γνγ
λ Γλμ

γ +Γμγ
λ Γλν

γ 
� (��)

��������������������������������������(15)������������������(36)��������������

ℛμν
(�) = (∂γ+Λγ) �μν

γ +ℛμν
(��) (��)

��������������������

ϕ = �� � (��)

�����������������������������

ℛμν
(��) = -� ∂μ∂νϕ -Γνγ

λ Γλμ
γ +Γμγ

λ Γλν
γ  = -� ∂μ∂νϕ -� Γνγ

λ Γλμ
γ � (��)

���������������������������������������������ℛμν
(��)

��������������������������������������������������

����������������������������������������������������������������������������������������������� ����
�����������������

�μν = ℛμν
(�) - ℛ

�
�μν = (∂γ+Λγ) � μν

γ - �

�
(∂γ+Λγ) �αβ

γ �αβ �μν + ℛμν
(��) - �

�
ℛ(��) �μν (��)

����������������������������ℛ���������������������������������������������������������������������
��

ℛ = ℛμν
(�) �μν = ((∂γ+Λγ) �αβ

γ  �αβ +ℛ(��) (��)

����������������������������������������
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ℛ(��) = ℛμν
(��) �μν = - � Γνγ

λ Γλμ
γ �μν - � ϕ � (��)

�������������������������������������� ℛμν
(��)

������������������������� ℛμν
(��) �μν������������������������

��������������

�μν = ℛμν
(�) - ℛ

�
�μν = (∂γ+Λγ) � μν

γ - �

�
(∂γ+Λγ) �αβ

γ �αβ �μν (��)

���������������������������������������������������������������������

ℛμν
(��) - �

�
ℛ(��) �μν = � (��)

��

∂μ∂νϕ +Γνγ
λ Γλμ

γ + Γβγ
λ Γλα

γ �αβ +ϕ �μν = �� (��)

�������������������������������������������������������������������������������

�����������������������������������������������������������
���������� ���������� ���� �������� ����������� ����� ��������� ������ ���� ���� �� ���������� ������ ����������

ℛμν���������

ℛμν -
ℛ

2
gμν = 8 πG τμν = Gμν (46)

where τμν is the Einstein stress-energy tensor and G is the gravitational constant.  

Substituting equation (43) into (46) we see

�μν = (∂γ+Λγ) � μν
γ - �

�
 (∂γ+Λγ) �αβ

γ  �αβ �μν = � π� τμν (��)

�� ����� ����� ���� ��������� ��� ���� �������� ����� ���� ����� �������� ��� ����������� ���� �����������
������������������������������������������������������������������������������������������

�������� ������� ���������� ��� ���� ���� � ����������� ���� ���������� �������� �������� ���� �������
��������� ��� �������� ������������ �������� ���� ��������� ���������� ��� ����������� ����������� ��� ��������

����������������������������������� ������������������������������������������������������������(46)
����������

� μν
ρ + δμ

ρ � νσ
σ + δν

ρ � μσ
σ = � π � μν

ρ (��)

����� �� μν
ρ

��� ���� ����� ������� ��������� ���� �� μν
ρ

��� ���� �������� �������� � ���� ���� ����� ��� �� ��������

���������������������������������(48)��������

� μν
ρ = � π � μν

ρ � (��)

If  we apply the operator (∂λ+Λλ) to this equation, we have
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(∂λ+Λλ) � μν
ρ = � π (∂λ+Λλ) � μν

ρ = ℛμν
(�) (��)

����� � ����� ��������� �(35) ��� ���������� ���� �������������� ���������� ��� ���������� �ℛμν
(A)� � �����

�������� ��� ���� ��������� �������� ��� ���� ���������� ��������� �(47) ������� �������� ���� ������� �Λλ�

���������������������������������������������������������������������������������������

��������������������������

��������� �(47) ���� �(50) �������� ���� ������� ����� ���� �������� ����������� ��� ���������� ���� �������

�������������������������������������������������������������������������������������������������
��������������������������������������������������������������������������������������������������
����� ��� ������� ��������� ��� ���� �������� ��� �������� ������ ��������� ��� ��� ���� ����� ������� ��� ����
�������������������������������������

In  this  paper  we  have  demonstrated  that  a  totally  antisymmetric  torsion  tensor  implies  that  four
unique  scalars  completely  describe  the  state  of  torsion  on  a  four-dimensional  Riemann-  Cartan
manifold. These scalars are in vector form expressed by the Hodge Dual of the torsion tensor.  

The metric connection was shown to consist of at most, a totally antisymmetric component  and a
symmetric  component  consisting  of  only  diagonal  elements.   The  symmetric  component  was
summed  along  the  diagonals  to  produce  three  one-forms  of  which  all  three  were  assumed  equal.
This allowed the representation of the  symmetric component of the metric connection in terms of a
single four-vector also.

If one generates the sum of the reduced curvature tensor and half the scalar curvature multiplied by
the  metric,  the  resulting  equation   shown  to  reduce  to  the  Einstein  equation  of  general  relativity.
ECE  theory  has  assumed  that  constraints  imposed  by  commutator  antisymmetry  meant  that  the
metric  connection  did  not  contain  any  symmetric  elements.   When  this  assumption  was  relaxed,  it
allowed a seamless flow or bridge from the general relativity of Einstein to one containing torsion
at a level higher than a slight perturbation, such as the ECE theory.  The flow to one of the earliest
torsion-curvature  relativity  theories  as  provided  by  Einstein,  Cartan,  Sciama  and  Kibble  was  also
demonstrated.
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