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The Fundamental Invariants of the Evans Field
Theory

Summary. The fundamental invariants of the Evans field theory are constructed
by using the Stokes formula in the structure equations and Bianchi identities of
differential geometry. The structure invariants are independent of the base manifold,
and can be used to define the rotation and translation generators in general relativity.
The identity invariants are defined by integrating the Bianchi identities. In so doing a
new theorem of differential geometry is obtained and given the appellation ”inverse
structure theorem”. The latter defines the integrated tetrad and integrated spin
connection. These methods of differential geometry are used to explain the class
of all Aharonov Bohm effects and to provide a rigorous geometrical basis for the
Heisenberg equation of motion and uncertainty principle. The origin of the Planck
constant is discussed in terms of differential geometry.

Key words: Evans field theory, fundamental invariants, inverse structure theorem,
Aharonov Bohm effects; origin of the Planck constant in differential geometry.

24.1 Introduction

It was shown by Wigner [1] in 1939 that there are two fundamental invariants
that characterise any particle in special relativity. These are the mass and
spin invariants, the first and second Casimir invariants of the Poincaré group.
Thus, any particle is characterized by its mass and spin. The Poincare group
of special relativity has ten generators. In order to extend Wigner’s analysis
to general relativity the sixteen generators of the Einstein group need to be
considered in order to define the fundamental invariants of general relativity.
In Section 24.2 the structure equations and Bianchi identities of differential
geometry are integrated with the Stokes formula of differential geometry in
order to identify two types of invariants, the structure and identity invariants.
The latter convey new meaning to familiar quantities such as the displacement
four-vector ¢ and the rotation generator ;.
In the original work by Wigner [1] the first Casimir invariant is:

C, = PP, (24.1)
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and the second Casimir invariant is:

Cy =WHW,. (24.2)

Here:
P,=1 9 24.3
p=lg (24.3)

is the spacetime translation generator, which is the energy-momentum in spe-
cial relativity within a factor & [2]. Spacetime translation is defined by:

xt — at +at. (24.4)

The second Casimir invariant Cy is defined by the Pauli Lubanski vector [2]:

1 17
W, = —§6WpaJ v P° (24.5)
It is seen that C7 and Cy are the two Casimir invariants that characterize the
Poincaré group of special relativity. They are the mass and spin invariants
respectively and are invariant under Lorentz transform. For example:

P'pu =m?c = E§ /¢ (24.6)

and the rest energy Fy is the same in all frames of reference, being a funda-
mental scalar. Similarly it may be shown [2] that:

Cy=m?2S(S+1) (24.7)

in reduced units, and this is also a scalar invariant. In Section 24.2 Wigner’s
analysis is extended to general relativity using methods based on differential
geometry rather than group theory, and the fundamental structure and iden-
tity invariants defined. In Section 24.3 the inverse structure theorem is proven
from integration of the Bianchi identities of differential geometry. In Section
4 the class of Aharonov Bohm effects is explained with the theory of Sections
24.2 and 24.3. Finally in Section 24.5 the Heisenberg equation of motion is
deduced from the invariants and the origin of the fundamental constants such
as the Planck constant discussed.

24.2 The Structure and Identity Invariants of
Differential Geometry

The Maurer Cartan structure equations of differential geometry are [3]:
T =DAq*=dNq¢* +wy NG (24.8)

Rab = D A (.Uab = d A wab + Wac A wcb (24.9)
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Here T is the torsion form, ¢“ is the tetrad form, R%, is the curvature or Rie-
mann form, w?, is the spin connection one-form and DA denotes the covariant
exterior derivative:

DA =d AN +wA (24.10)

where dA is the exterior derivative.
The Bianchi identities of differential geometry are:

DAT*=dAT* +w% AT® = R% A ¢® (24.11)

D A Rab = d A Rab —+ wac A Rcb — Rac A ch = O (2412)

These equations [3] have been used recently to develop the Evans field theory
[4]-[35], generally accepted [36] as the first objective unified field theory of
physics. The structure equations and Bianchi identities are augmented in all
manifolds and tangent spacetimes by the tetrad postulate:

Duq®, =0 (24.13)

and the Evans Lemma:
O¢® = Rq“. (24.14)

Here R is the scalar curvature. The Einstein postulate is:
R=—kT (24.15)

where T is the index contracted canonical energy momentum tensor and k is
the Einstein constant. In the Evans field theory the Einstein postulate is ex-
tended to all radiated and matter fields, and not restricted to the gravitational
field.
All these equations retain their form under general coordinate transfor-
mation and are therefore rigorously objective equations of general relativity.
The rest curvature is defined by:

mc

2
5 ) = p'pu /W = P"P, (24.16)

| Ro| = (
where
pp = hP, (24.17)

is the energy momentum vector in special relativity. So it is seen that Ry is a
Casimir invariant of differential geometry and of the Evans field theory. The
important conclusion is reached that any particle in unified field theory is
characterized by the eigenvalues R of the Evans Lemma. We therefore achieve
a quantization of general relativity, an objective and causal quantization of
unified field theory. The eigenfunction or wavefunction is the tetrad. Thus
eigenvalues of the tetrad are fundamental invariants and observables of unified
field theory.

In special relativity p, is the generator of spacetime translations. In
special relativity and Minkowski spacetime:
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ahz, =t - X? - Y? - 77 (24.18)

is the square of the line element, and is invariant under Lorentz transfor-
mation. The corresponding Casimir invariant is the mass invariant, C, of
the Poincaré group. Therefore we look for the objective generalization of Eq.
(24.18) using differential geometry, having already found that:

|Ro| = C1. (24.19)

To proceed use the Stokes formula of differential geometry:

/d/\f“ = ffa (24.20)

where f® is any differential form [3]. The Stokes formula is true for any man-
ifold enclosed by any surface. On the left hand side of Eq. (24.20) appears a
surface integral over the surface S. On the right hand side appears a contour
integral over the boundary enclosing the surface. Therefore we find results

such as:
/d/\ q* = ]{qa (24.21)

S

/d/\ T = }{T“ (24.23)

S

/d A\ Rab = %Rab. (2424)

There are two fundamental structure invariants, which are found by
surface integration of the structure equations (24.8) and (24.9):

2t = /T“ (24.25)

S

It is seen that ¢ has the units of metres and that 6, is unitless and antisym-
metric in its indices a and b. The latter are indices of the tangent spacetime,
a Minkowski spacetime [3]. The details of the base manifold have been inte-
grated out in Eqs. (24.25) and (24.26). Therefore 2 and 6%, are invariants in
the sense that they are independent of the base manifold by surface integra-
tion.
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It is now possible to define the scalar invariants:
E, = 2%, (24.27)
By =0%,6°, (24.28)
by index contraction. These play a similar role to the Casimir invariants of
special relativity. and F;, and FEs are the fundamental structure invariants
of differential geometry and thus of the Evans field theory. They are invari-
ant under the general coordinate transformation and thus the same to any

observer.
From Egs. (24.8) and (24.21)

fq +/w N (24.29)

and from Eqgs. (24.9) and (24.22)

b—%wb—k/w Aw. (24.30)

Egs. (24.29) and (24.30) give considerable insight to the fundamental meaning
of translation and rotation in general relativity and can be regarded as the in-
tegral form of the fundamental Maurer Cartan structure equations. Thus, they
provide considerable insight to unified field theory from differential geometry
[4]-[36].

The two identity invariants originate in integration of the two Bianchi
identities , Egs. (24.11) and (24.12). Using the Stokes formula:

/D/\T“ %T“ /w AT = /R“b/\qb (24.31)
K/b—/D/\Rab—%Rb‘i‘/w /\RC /R /\wb (2432)

The first identity invariant 8 is unitless an the second identity invariant ~%,
has the units of inverse metres. The identity invariants, unlike the structure
invariants, depend on an index of the base manifold, i.e. :

Q“M = H‘IM = /D ANT? (24.33)
S Iz

_QabM = n“bu = /D N R“b . (24.34)
S H

The first identity invariant has the same index structure as the tetrad, and
is also unitless, so it is given the appellation "integrated tetrad” Q“,. Simi-
larly the second identity invariant may be identified as the ”integrated spin
connection” 27 .
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24.3 The Inverse Structure Theorem

The inverse structure theorem is true for all manifolds and tangent spacetimes,
and states that if

T = D A g (24.35)
Rab =DA wab (2436)
then
Q" = / DAT® (24.37)
Qab == /D /\ Rab. (24.38)

Using the second Bianchi identity it is seen that:
0% =0 (24.39)

i.e. the integrated spin connection vanishes for all manifolds and tangent
spacetimes. In a differential geometry where:

DAT*=R%Ag"#0 (24.40)

i.e. the geometry of a unified field theory, then the integrated tetrad is non-
Zero:

Q= /D ANT® #£0. (24.41)
An objective unified field theory is therefore always defined by:
a
0,
M (24.42)
.Qab - O.
In a differential geometry where:
DAT*=R%A¢"=0 (24.43)
then:
a — 0’
? (24.44)
Qab = U.

Eq. (24.44) defines the geometry when electromagnetism and gravitation have
become independent.
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24.4 The Aharonov Bohm Effects

These fundamental results may now be applied to give a straightforward expla-
nation of the class of Aharonov Bohm (AB) effects [2]. Proceed by multiplying
both sides of Eq. (24.29) by the fundamental C' negative potential A(®) in volts
[4]-[36]:

AOza = A© j{qa +A© /wab Aq° (24.45)

and rewrite Eq. (24.45) as:
P = ]{Aa + /w“b A AP, (24.46)

In Eq. (24.46) & has the units of magnetic flux (weber = volt meter). We
therefore obtain:
P = /F“ = %Aa + /wab A AP, (24.47)

This is the equation of the Evans field theory that explains the class of all AB
effects in terms of differential geometry. The AB effects are observed when it
is arranged experimentally that:

7{ 49— 0 (24.48)

For example, in the region enclosed by the electron beams in the Chambers
experiment [2] condition (24.48) is true outside the iron whisker. In the Cham-
bers experiment (and all other AB effects), the magnetic flux being observed
is therefore:

¢ = A0 /w“b Agb. (24.49)

S
It is seen that the class of AB effects is due to a structure invariant of dif-
ferential geometry. The presence of the covariant exterior derivative means
that if a magnetic flux is excluded from a region of the base manifold it is
nonetheless observed in another region. The AB effects depend only on A(©),
(which is a scalar voltage), and on differential geometry. They are therefore
due to ”spacetime geodynamics”. The AB effects can be explained in causal
general relativity and are effects of the Evans unified field theory. Conversely
the AB effects all provide quantitative experimental evidence for the Evans
unified field theory.
The integrated potential for all manifolds and surfaces is:

oz“:/D/\F“:?{F“Jr/w“b/\Fb:/Rab/\Ab (24.50)



414 24 The Fundamental Invariants of the Evans Field Theory

/F“ = j{A“ + /w“b A AP (24.51)

In general therefore, the class of AB effects is described by Egs. (24.50) and
(24.51) for all manifolds and surfaces. When:

where

dANF*=RY%Y NA* — W' AFP =0 (24.52)

fF“ + /w“b AFb = /R“b A A (24.53)

S

then:

Egs. (24.51) and (24.53) are the integrated counterparts of:

F*=DA A" (24.54)
DAF®*=RY%AA” (24.55)
i.e. of:
F*=dAA® +w A A (24.56)
dAF* 4w AFP = R A A (24.57)

In regions where it is arranged experimentally that:

?{A“:/dAAa:O (24.58)

then Eqgs. (24.56) and (24.57) reduce to:

F=wy A A (24.59)
dAF® = 0. (24.60)
The integrated counterparts of Egs. (24.59) and (24.60) are:
P = /F“ = /wab A AP, (24.61)
7{ Fo=0 (24.62)

Egs. (24.59) to (24.62) describe the class of all Aharonov Bohm effects, and
more generally the class of all "non-local” effects in general relativity and
quantum mechanics.

All these effects are due to spacetime geodynamics.

Objective physics, or general relativity, is needed to describe the AB
effects, which are therefore evidence for the Evans field theory. In a non-
objective theory of special relativity such as the Maxwell-Heaviside field the-
ory:



24.4 The Aharonov Bohm Effects 415

F=dAA (24.63)
dAF =0 (24.64)

/ F= f A (24.65)

7{ F=0. (24.66)

So if ¢ A is zero experimentally the magnetic flux disappears:

or:

b= /F =0 (24.67)

and there are no Aharonov Bohm effects in the Maxwell Heaviside field the-
ory. This is conclusive evidence in favor of the Evans field theory and general
relativity over Maxwell Heaviside field theory and special relativity. The fun-
damental reason for the failure of the Maxwell Heaviside field theory is that
it is a theory of Minkowski spacetime, (flat spacetime), and uses the exterior
derivative (e.g. as in Eq. (24.63)). The correct description of electrodynamics
uses the covariant exterior derivative in the Evans field theory. The use of the
covariant derivative introduces the spin connection and provides a description
of the AB effects. In the last analysis the AB effects indicate that spacetime is
not the Minkowski spacetime. This inference had of course been arrived at by
Einstein and Hilbert long before the Chambers experiment, but the Maxwell
Heaviside theory was adhered to in trying to explain the experiment. This
caused confusion for over forty years. It has been shown lately [4]-[35] that
textbook explanations [2] of the AB effect in terms of gauge transformation
are incorrect mathematically as well as conceptually.

The only quantity apart from differential geometry that enters into
the Evans field theory is the fundamental potential A(©) (units of volts =
JsC~'m~1). The unified theory of matter fields, gravitation, electrodynam-
ics, and the weak and strong nuclear fields is then built up entirely from the
structure equations and Bianchi identties, together with the Evans Lemma
and Einstein postulate. The Evans Lemma is based directly on the tetrad pos-
tulate of differential geometry and leads to objective quantization in physics:
and to all the fundamental wave and quantum equations of physics, the wave-
function being the tetrad. This is a consequence of the fact that physics must
be objective and causal both on philosophical and on experimental grounds.
Using the units of A(®) this fundamental quantity can be written as:

h
AO = — (24.68)

€rp
where £ is Planck’s constant, e the proton charge and g a fundamental length
in metres. If this fundamental length is identified with the Compton wave-

length:
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h

ro = )\0 = — (2469)
me
it follows that A(®) may be expressed as:
40 _ me _ Eno (24.70)
e ec’
Eng = mc?, (24.71)
and thus: "
A0 _me v 24.72
e ey ( )

If we now identify the fundamental momentum
po = eA©) = hirg = hwye (24.73)
Eq. (24.72) becomes the de Broglie postulate [4]—[36]:
Eng = hwy = mc? (24.74)
In differential geometry, Eq. (24.74) can be expressed as

1 moc e
K/Oz—zizf

= h hA(O): gA©), (24.75)

the factor gA(®) entering into the analysis [4]-[36] through the fact that the
covariant derivative has entered into the theory as:

DA=dA+gANA. (24.76)

In Eq. (24.76) a ”barebones” notation has been used which suppresses all
indices for clarity of presentation and to reveal the fundamental structure of
the theory. Therefore the factor eA(® /I originates in the spin connection of
spacetime geodynamics. Fundamentally:

me = eA (24.77)

and so the rest energy divided by ¢ has been factorized into the product of two
C negative quantities, e (the fundamental charge) and A©® (the fundamental
voltage). This procedure means that we may always write:

hiro

me = eA?) = ¢(—2) (24.78)

e
and for two signs of charge there is only one sign of mass. This inference is
observed experimentally in particles and antiparticles. The latter are predicted
by the Evans wave equation, which in a well defined limit reduces to the Dirac
equation of special relativity. The origin of charge and voltage is the same as
that of mass (i.e. rest energy), and this origin is spacetime geodynamics.
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24.5 Derivation of the Heisenberg Equation of Motion
and Origin of the Planck Constant

Due to the antisymmetry of the unitless structure invariant ¢, it can always
be written for all base manifolds as a commutator in the tangent spacetime:

0% = [x%, Kp) (24.79)

where x;, has the units of inverse metres or wavenumber. The commutator is
the basis for the Heisenberg equation of motion and therefore this equation
has its origin in spacetime geodynamics, in common with all equations of
physics. Using the de Broglie postulate in the form:

py = hry (24.80)

we obtain the Heisenberg equation directly and in an objective or generally
covariant format:

[z, pp]) = RO%,. (24.81)

It is seen that the structure invariants are fundamental to the Heisenberg
equation. The de Broglie postulate or wave particle duality in Eq. (24.80)
expresses momentum in terms of a geometric quantity x;. The latter is the
result of the existence of the two structure invariants of differential geometry,
invariants which are always related through the Bianchi identity:

DAT® = R% A ¢ (24.82)

In the particular case:
DAT*=R%Ag"=0 (24.83)

the curvature with symmetric connection:
RY A =0 (24.84)
can always be expressed as the torsion with anti-symmetric connection:
DAT®=0. (24.85)

In other words Eq. (24.84) is true if and only if the connection is symmet-
ric, and Eq. (24.85) is true if and only if the connection is anti-symmetric.
More generally (Eq. (24.82)) the connection must therefore be asymmetric.
The Bianchi identity is therefore the geometrical reason why the Heisenberg
equation is a relation between the structure invariants. In general differential
geometry is at the root of everything in physics, and this inference is an ob-
vious development to unified field theory of the fact that Riemann geometry
is at the root of everything in gravitation. The particular type of Riemann
geometry used in the Einstein theory of gravitation is one with a Riemann
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tensor and symmetric Christoffel connection. The relation between z® and 6%,
can also be made clear by integrating both sides of the Bianchi identity:

/D AT = /R“b A (24.86)

In the special cases:

/D/\Ta = D/\/Ta (24.87)

S

S
/Rab Agb = /R“b Mg (24.88)

we obtain the following tangent spacetime equation for all base manifolds:
DAz =0% A" (24.89)

Eq. (24.89) is similar in structure to the Heisenberg equation because both
sides are commutators, and because DA also has the units of inverse metres.
The origin and fundamental meaning of the Planck constant may be
elucidated by comparing the de Broglie duality equation (24.80) with Einstein
postulate (24.15). Thereby we obtain a relation between % and k using:

1
R = ryr’ = ﬁpwb = —kT, (24.90)
a relation which implies:
1
hik = —prmb. (24.91)

The origin of & and k is therefore essentially the same. We may write:
1
IT| = E|R| (24.92)
and since |R| is quantized by the Evans Lemma, Eq. (24.92) is a Planck

relation. From the Lemma we are able to define [4]-[36] the fundamental
volume:

kh? kh?
Vo= — = —— 24.93
07 me2 Eng ( )
and therefrom the fundamental frequency and wavenumber:
E
wo = % (24.94)

It therefore follows that the Planck constant and the Einstein constant are
inversely related:
hk = Vowg (24.95)
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through the fundamental volume Vy and the fundamental frequency wy. Ex-
pressing Eqs. (24.95) as

% = Volio (2496)

suggests the existence of a fundamental curvature (in inverse square metres):

R, = — (= 1.52348 x 10°*m ) (24.97)

~ hk

Using the following values of the universal constants:

¢ = 2.997925 x 108ms!
k= 1.86595 x 10" N s?kg 2 (24.98)
h=1.05459 x 10734 Js

it is found that:
R, = 1.52348 x 10°%m 2 (24.99)

is a universal constant. Using the Lemma:
g, = Rug®, (24.100)

it is suggested that R, be interpreted as the initial curvature of the universe,
its maximum possible curvature, associated with its minimum possible vol-
ume. This curvature and volume define the dimensions of the universe at an
initial event in spacetime. This conclusion is similar to the Big Bang model,
except insofar as the initial event is not a mathematical singularity. A math-
ematical singularity is incompatible with objective physics.

The minimum curvature of the universe is a universal constant which
defines and is defined by the values of ¢, i and k observed experimentally. It
should not be confused with the rest curvature of a particle [4]-[36]:

m2 02 m

ol = T2~ = 2

Eng. (24.101)
The latter is the eigenvalue of the Evans Lemma in the limit when there is
no interaction between particles and so when the gravitational field is infini-
tesimally different from zero. In this sense Ry is a ”least curvature”, i.e. the
curvature attained by a particle when the gravitational field is minimized. The
minimum possible unit of action in this limit (the limit of special relativity)
is a universal constant, the Planck constant. Action is quantized into multi-
ples of the minimum possible action & because of the existence of the Evans
Lemma in differential geometry, more accurately described as spacetime geo-
dynamics. In this same limit the rest volume of the particle is defined by Eq.
(24.93). Thus A is defined by spacetime geodynamics.

Arguing by analogy, the rest curvature of the universe is defined by that
initial event in spacetime when the net gravitational field in the universe is
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zero: there is no net gravitational attraction or repulsion in the universe. The
latter has contracted to this initial volume and curvature because of gravita-
tional attraction, but the equilibrium thus attained is an unstable equilibrium,
S0 expansion occurs once more as gravitational repulsion builds up. The eigen-
value of the oscillatory universe is the tetrad and the process is a dynamical
one, it is governed by the Evans Lemma and wave equation of the universe.

The following terms are therefore introduced to distinguish these two
types of fundamental curvature, the universal curvature, Eq. (24.97), and the
rest curvature, defined in terms of the particle rest energy by:

m

Roz_ﬁ

Eng. (24.102)
The standard form of the Heisenberg equation is obtained if the following
definition is used:

Qab = T ab, (24103)
a definition which implies:

1

[‘ra7 Hb] = h

J%. (24.104)

Using the de Broglie wave particle duality:

i

(o ] = (o 1] = 7

JY, (24.105)
we obtain the well known position / momentum form of the Heisenberg equa-
tion: )
i
h
The units of J% are those of action or angular momentum. The least action
principle of Hamilton asserts that the classical action is minimized in the
universe. The last possible action in the universe is A, so:

[z%, pp] = =J%. (24.106)

[, p) i = iFi€% (24.107)

where €%, is the two dimensional anti-symmetric unit tensor of the tangent
spacetime for all base manifolds. The fundamental reason why 7 occurs in
quanta is the equation governing the evolution of the tetrad [4]—[36]:

q",(t,7) = exp (Z}S;> q°,(0,0) (24.108)

The tetrad is quantized, so x%, p, and 0%, are also quantized, being always
related to the tetrad through an equation such as (24.89) of spacetime geo-
dynamics.

Finally, the origin and meaning of mass may be elucidated using the
proportionality:
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|Ro| = €| Rul, (24.109)
to obtain an identity of spacetime geodynamics:

I
ck |Ry|

. (24.110)

It is concluded that the square of the mass of any particle is the ratio of two
fundamental curvatures within the universal constant #i/(ck). The fundamen-
tal reason for the occurrence of particles is the Evans least curvature principle
[4]-[36], one of whose ramifications is Eq. (24.108). Charge e is then the fac-
torization of mass as discussed in Eq. (24.78), which shows that there are two
signs of charge for one sign of mass.
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