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ABSTRACT 

An analytical expression is obtained for ECE2 covariant forward and retrograde 

precession. This is the ECE2 covariant Binet equation, valid for all force laws. For an inverse 

square law it gives the orbit from the relativistic Newton equation. The handedness ofthe 

precession depends on the sign of the spin connection, which originates in the mean square 

fluctuation of the vacuum 
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1. INTRODUCTION 

Recently in this series of over four hundred papers and books { 1 - 41} it has been 

shown that the origin of orbital precession is the mean square fluctuation of the vacuum, so 

orbital and Lamb shift theory can be understood within the framework of the ECE and ECE2 

unified field theories. In the immediately preceding paper UFT401 analytical integration of 

the ECE2 covariant Newton equation was used to show that it gives both forward and 

retrograde precession, depending on the sign of the spin connection. The latter has been 

shown to originate in vacuum fluctuations of the type used in the well known Lamb shift 

theory. 

In section 2, the relativistic Newton equation is transformed into the relativistic · 

Leibniz equation and the equation of conservation of relativistic angular momentum. The 

former is further transformed into the relativistic Binet equation, which when integrated gives 

the relativistic orbit for any force law. This is an analytical procedure which complements the 

numerical procedures ofUFT401 and preceding papers. Section 3 is a discussion of results, 

with graphics. 

This paper is a brief synopsis of extensive calculations contained in the notes 

accompanying UFT402 on www.aias.us. These notes are an intrinsic part of the paper and 

should be read with the paper. Note 402(1) discusses the origin of forward and retrograde 

precession in the ECE2 covariant spin connection and isotropic vacuum fluctuations of the 

type used in Lamb shift theory. Notes 402(2) and 402(3) discuss the derivation of the force 

equation from the lagrangian, defining the generalized momentum. Note 402(4) is a brief 

review of the origin of orbital precession in vacuum fluctuations. Note 402(5) is the proof of 

conservation of relativistic angular momentum. Note 402( 6) is the detail€d definition of the 

relativistic lagrangian and an overview ofNewtonian dy~amics, and Notes 402(7) gives all 

detail of the derivation of the relativistic Binet equation of orbits, valid for any force law. 



2. THE ECE2 COVARIANT BINET EQUATION 

Consider the ECE2 covariant Newton equ(!tion { 1 - 41} of orbits: 

f -
in which an object of mass m orbits an object of mass M, attracted by the inverse square law 

in Eq. (1). Here F is the force, G is Newton's constant, r is the position vector joining m and 

M,and ) 
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where v is the orbital velocity and c the speed of light. In ECE2 theory the force is defined 

by: 
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is the gravitational potential and ~ is the vector spin connection. It follows that: 
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In UFT 40 1 it was shown that the handedness of the precession of the orbit is defined by the 

sign of the spin connection, a major advance over the stand~d model. 

The force due to the vacuum is: 



and as shown in UFT401 the magnitude ofthe spin .co 
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where (~~ • ~S:)s the isotropically averaged square of the vacuum fluctuation ( in -
the position vector. The well known Lamb shift theory uses the same concept ~ ( . In the 

first approximation (for small precessions) the Newtonian orbital velocity: 
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can be used. Here a is the semi major axis: 
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where J and E:- are the astronomically measured and tabulated half right latitude and 

eccentricity of any orbit. Therefore the mean square fluctuation can be deduced for any orbit. 

Conversely, a given mean square fluctuation results in a particular orbit. 

Similarly the angular frequency of the vacuum fluctuation is given in UFT401 as: I/' 
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and can be calculated for any given J and ~ -- (t \) 
Consider the well known relativistic velocity: 
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It follows that the relativistic acceleration is: 
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and that the relativistic force equation ( i ) can be written as: 
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so Eq. ( \\-) gives the relativistic Leibniz equation: '{ u t ~ f ~) t ~ ( ~-~- (n) 

and the equation: . 
'{(<f tl~f)t<tJr _o 

From a lagrangian analysis given in previous UFT papers, the relativistic angular 

momentum is defined as: 

and is a constant of motion in an ECE2 covariant theory, i.e. is a conserved quantity: 

It follows that: 
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and Eq. ( :;). \ ) becomes: 
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which is Eq. ( \~ ), Q. E. D. 
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Therefore the ECE2 covariant force equation ( \ \;- ) rigorously conserves the 

relativistic angular momentum. The hamiltonian of the theory is: 

and is also a conserved constant of motion: 

The lagrangian of the theory is: 

in which the velocity is defined as: 
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The Euler Lagrange equation: 
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gives the relativistic Leibniz equation ( \\ ), and the Euler Lagrange equation: 

gives: 
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The generalized momentum: 

Ji 

is the relativistic linear momentum. The generalized momentum: 
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is the relativistic angular momentum. 

For the analytical calculation of orbits it is an advantage to transform the Leibniz 

equation into the well known Binet equation { 1 - 41 } : 

~) 

4~ 
- -~-'-: \ (() -(~) 

\._ 

the details of this transformation are given in Note 402(7) and in many textbooks. On the non 

relativistic level the transformation uses the change of variable: 

and the angular momentum: 



the non relativistic Binet equation is: 
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where: 

is the half right latitude. It is seen by inspection that the conic section: , __ 

is a solution of the Binet equation, Q.E.D. 

Now consider the relativistic Leibniz equation ( \I ): 

and note that: 

From Eq. ( \ '\ ): 



_, I< 

- c~) V-- L 
-

') 

oU '6·~, 

so: 

!.~ \ ·L- Jj- _"{ V'v\ ~.- l~) - -- -- --- ___. L - ) J.ttf ---~ < 

It follows that: 
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Therefore: 

and: -

and the relativistic Leibniz equation ( ~\ ) becomes the relativistic Binet equation of orbits 
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This is the ECE2 covariant equation of orbits, Q.E.D. It is valid for any force law, and for 

an inverse square force law becomes: 
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These results confirm other derivations given in previous UFT papers, showing complete and 

rigorous overall self consistency of ECE and ECE2 theori~s. 

The Lorentz factor in Eq. ( ~~) is defined by: 



in a space with finite torsion and curvature, the mathematical space ofECE2 relativity. Note 

carefully that the similar looking Lorentz factor of special relativity is defined in a space with 

zero torsion and zero curvature. In plane polar coordinates the velocity of the Lorentz factor 

IS: 

From Eq. ( 4-\ ): • 

and from Eq. ( 4) ): 

so: 

It follows that: 
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From Eqs. ( Ltq ) and ( 55') 
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which is the ECE2 covariant equation of orbits with inverse square law of attraction, Q.E.D. 



Eq. ( Sb) is a precise analytical equation for the orbit and is derived for the first 

time in this paper. 

It is a non linear second order differential equation of the type: / 
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computer algebra can be used to find whether or not it has an analytical solution. If not it can 

be integrated numerically. From UFT401 it must give orbital precession, a major advance in 

understanding. If: 
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it reduces to: 
\ 

and computer algebra can again be used to test whether Eq. ( bO) has an analytical solution. 

The static ellipse is given by: 
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so the precession is~ by the additional term on the right hand side ofEq. ( 
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3 Graphical and analytical calculations

We give some examples of relativistic orbit effects. For an analytical compu-
tation we first need an orbit r(φ) for which we use the non-relativistic elliptic
orbit

r(φ) =
α

1 + ε cos(φ)
(62)

where α is the semi latus rectum and the semi major axis is

a =
α

1 + ε2
(63)

with eccentricity ε. The corresponding velocity of the orbiting mass is

v2 = MG

(
2

r
− 1

a

)
. (64)

According to Eqs. (2-11) in section 2, the relativistic gamma factor is

γ =

(
1− v2

c2

)−1/2

(65)

and the modulus of the spin connection is

ω =
1

r

(
1−

(
1− v2

c2

)3/2
)
. (66)

This is connected with to the isotropic square of vacuum fluctuations via

〈δr · δr〉 =
3

2
r3ω (67)
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whose modulus can be defined by

〈δr〉 =
√
〈δr · δr〉 =

√
3

2
r3ω. (68)

Finally the squared angular frequency of the vacuum fluctuation is

Ω2
0 =

2

3

MG

r4
〈δr〉 . (69)

These quantities have been graphed in Figs. 1-3. All parameters have been set
to unity except the velocity of light c = 2 and the eccentricity ε = 0.3. As can
be seen from Fig. 1, for this eccentricity the radius varies roughly between 0.7
and 1.4 units. Figs. 2 and 3 have been restricted to this range. The ratio v/c
(Fig. 2) is highly relativistic, this range has been chosen to see clear graphical
effects, although the true velocity will have significant deviations from the non-
relativistic approximation used here. Correspondingly, the γ factor raises to 1.4
at perihelion.

The spin connection ω (Fig. 3) is largest at perihelion which is plausible.
The fluctuation frequency Ω0 parallels the spin connection quite precisely. The
average fluctuation radius 〈δr〉 is only varying slightly. In total it can be seen
that the central mass distorts the space around it.

The relativistic Binet equation (60) is not solvable analytically with x given
by Eq. (58). Assuming a constant x leads to an effective change of the half
right latitude α. This gives a change of ellipse dimensions but no precession. x
must have a coordinate dependence to give such an effect.

Figure 1: Elliptic orbit r(φ) for an orbiting mass.
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Figure 2: Ratio v/c and relativistic gamma factor.

Figure 3: Spin connection ω, averaged fluctuation radius 〈δr〉 and fluctuation
frequency Ω0.
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