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Abstract

The Einstein Cartan Evans (ECE) generally covariant unified field theory is
applied to the Coulomb law by defining the electric field in terms of a scalar po-
tential and a spin connection vector. The resulting equation modifies the Poisson
equation into a linear inhomogeneous differential equation with resonant solu-
tions. When applied to the hydrogen (H) atom as a model, the resonances thus
produced by the spin connection can cause amplified oscillations, ionization and
the production of a free electron. The latter may be used in a circuit to produce
electric power.
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5.1 Introduction

The Einstein Cartan Evans (ECE) field theory [1]– [16] is a generally covariant
unified field theory based on standard Cartan geometry. As first suggested by
Cartan himself, the electromagnetic field form (F a) is the Cartan torsion form
(T a) within a factor A(0). Here cA(0) is the scalar potential in volts. The
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electromagnetic potential form (Aa) is the tetrad form (qa) within the same
factor A(0). The ECE field theory has been applied to many of the major
areas of contemporary physics [1]– [16] and has been accepted as mainstream
physics [17]. This is unsurprising in view of the fact that it is a logical extension
to all fields of the theory of general relativity first applied by Einstein and
Hilbert to the gravitational field. ECE theory has been tested in a number of
ways [1]– [16] both for mathematical self consistency and against experimental
data and has been shown to be a rigorous quantum field theory in which the
tetrad is both the fundamental field and the wave-function.

In Section 5.2 the ECE theory is applied straightforwardly to the Coulomb
law, and the Poisson equation is developed into a linear inhomogeneous dif-
ferential equation with resonant solutions due to the spin connection of ECE
theory [1]– [16]. In the simplest approximation, and considering only the scalar
potential, the spin connection modifies the relation between the electric field
strength (E in volt/m) and the scalar potential (φ in volts) to:

E = − (∇ + ω)φ (5.1)

where ω is a vector valued component of the complete spin connection form ωa
µb .

In the standard model (Maxwell Heaviside field theory of special relativity) the
equivalent of Eq.(5.1) is well known to be:

E = −∇φ (5.2)

so the term ω introduces an extra potential from the ECE space-time of general
relativity. In ECE theory the Coulomb law in the simplest approximation has
the same form as the Coulomb law in the standard model:

∇ ·E =
ρ

ε0
(5.3)

but the relation between E and φ in ECE theory is always given by Eq.(5.1).
Therefore it follows that:

∇2φ+ ω ·∇φ+ (∇ · ω)φ = − ρ

ε0
(5.4)

This is a linear inhomogeneous differential equation with the well known reso-
nant solutions first inferred by the two Bernoulli’s in 1739 and reported by Euler
in 1743. Thus ECE gives the well known results of the Coulomb law, known
to be a very precise law of physics, but also gives the possibility of extracting
electric field strength from space-time (represented by the spin connection vec-
tor ω). Repeatable experimental results [18] indicate that E can be extracted
at resonance from Eq.(5.4).

In Section 5.3 this phenomenon [18] is modeled with the H atom, used
only as a simple thought model. It is shown that at resonance form Eq.(5.4)
amplified oscillations develop and the H atom is ionized into a free electron and
proton. The free electron can be used in a circuit to provide electric power from
space-time. This model illustrates theoretically what has already been shown
experimentally [18]to be possible. There is no standard model explanation for
the results of ref. [18] because in the standard model:

∇2φ = − ρ

ε0
(5.5)

and there are no resonant solutions of this (Poisson) equation.
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5.2 Resonant Coulomb Law

This law is deduced [1]– [16] from the first Cartan structure equation [19]:

T a = d ∧ qa + ωa
b ∧ qb (5.6)

and the first Bianchi identity:

d ∧ T a := Ra
b ∧ qb − ωa

b ∧ T b (5.7)

where Ra
b is the Riemann form of Cartan geometry. The fundamental ECE

assumptions are:
Aa = A(0)qa, F a = A(0)T a, (5.8)

so Eq.(5.6) produces the relation between F a and Aa:

F a = d ∧Aa + ωa
b ∧Ab (5.9)

and Eq.(5.7) gives the homogeneous field equation [1]– [16]:

d ∧ F a = µ0j
a = A(0)

(
Ra

b ∧ qb − ωa
b ∧ T b

)
(5.10)

where µ0 is the vacuum S.I, permeability and ja is the homogeneous current.
The Hodge dual of Eq.(5.10) is:

d ∧ F̃ a = µ0J
a = A(0)

(
R̃a

b ∧ qb − ωa
b ∧ T̃ b

)
(5.11)

and defines the inhomogeneous field equation where Ja is the inhomogeneous
current.

The Coulomb Law is part of Eq.(5.11), which is a linear, inhomogeneous
differential equation of Cartan geometry with resonant solutions. In vector
notation Eq.(5.9) is developed into two equations:

Ea = −∂A
a

∂t
− c∇A0a − cω0a

bA
b + cωa

bA
0b, (5.12)

Ba = ∇×Aa − ωa
b ×Ab, (5.13)

where the superscripts a and b derive from Cartan geometry [1]– [16]. Here Ea

is the electric field strength (volt/m) and Ba the magnetic flux density (tesla).
The scalar potential is:

φa = cA0a (5.14)

and the vector potential is Aa. The spin connection form is a four vector with
scalar (ω0a

b) and vector (ωa
b) components [1]– [16]. In vector notation Eqs.

(5.10) and (5.11) become four field equations of ECE theory. These are the
generally covariant Gauss law of magnetism :

∇ ·Ba = µ0j̃
0a, (5.15)

the generally covariant Faraday law of induction:

∇×Ea +
∂Ba

∂t
= µ0j̃a, (5.16)
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the generally covariant Coulomb law:

∇ ·Ea = cµ0J̃
0a =

ρa

ε0
, (5.17)

and the generally covariant Amperé-Maxwell law:

∇×Ba − 1
c2
∂Ea

∂t
=
µ0

c
J̃a (5.18)

The various resonance equations of ECE field theory [1]– [16] are found by
substituting Eqs. (5.12) and (5.13) into Eqs.(5.15) to (5.18). The four currents
are defined by:

j̃aν =
(

1
c
j̃a0, j̃a

)
(5.19)

and

J̃aν =
(

1
c
J̃a0, J̃a

)
(5.20)

The corresponding equations of the standard model (the Maxwell Heaviside
field theory of special relativity) are well known to be:

E = −∂A
∂t
−∇φ (5.21)

and:
B = ∇×A (5.22)

The Gauss law of magnetism of the standard model is:

∇ ·B = 0 (5.23)

The Faraday law of induction is:

∇×E +
∂B
∂t

= 0 (5.24)

The Coulomb law is:
∇ ·E =

ρ

ε0
(5.25)

and the Ampére Maxwell law is:

∇×B− 1
c2
∂E
∂t

=
µ0

c
J̃ (5.26)

Eqs.(5.12) to (5.18) are equations of a generally covariant unified field theory,
Eqs.(5.21) to (5.26) are equations of special relativity, where the electromagnetic
field is not unified with other fields such as the gravitational field.

The ECE Coulomb law is obtained by substituting Eq.(5.12) into Eq.(5.17):

∇2Aa0 +
1
c

∂

∂t
(∇ ·Aa) + ∇ ·

(
ω0a

bA
b
)
−∇ ·

(
ωa

bA
0b
)

= −µ0J̃
0a (5.27)

Eq.(5.27) is a driven damped oscillator equation [19] with resonance solutions.
On the right hand side appears a small “driving force”. On the left hand
side there are Hooke’s law and damping terms. At resonance the scalar and
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vector potentials can be greatly amplified for an initially small driving charge
current density, a process which is well known to obey Noether’s Theorem under
all circumstances and thus to conserve energy/momentum and charge/current
density.

The standard model equivalent of Eq.(5.27) is the Poisson equation:

∇ ·
(
∂A
∂t

+ ∇φ

)
= − ρ

ε0
(5.28)

which does not give resonant solutions because the spin connection terms are
missing in the flat or Minkowski space-time of Maxwell Heaviside field theory.
Resonance is due to the spin connection, and so resonance is due to space-time
itself. The simplest type of resonance equation is [19]:

ẍ+ 2βẋ+ ω2
0x = α cosωt (5.29)

where there is a damping term proportional to ẋ, a Hooke’s law term propor-
tional to x and a driving force on the right hand side. The particular integral [19]
is:

xp (t) =
α cos (ωt− δ)(

(ω2
0 − ω2)2 + 4ω2β2

)1/2
(5.30)

where:

δ = tan−1

(
2ωβ

ω2
0 − ω2

)
(5.31)

and the resonance frequency is:

ω0 = ω. (5.32)

At resonance:

d

dω

 α(
(ω2

0 − ω2)2 + 4ω2β2
)1/2


∣∣∣∣∣∣∣
ω=ωr

= 0. (5.33)

The quality factor of resonance is defined by:

Q =
ωR

2β
(5.34)

and is infinite for an undamped oscillator. On the left hand side of Eq.(5.29)
there is a double derivative in time, a single derivative in time, and a term linear
in x. The Coulomb law (5.27) can be rewritten as:

∇2Aa0 +
1
c
∇ · ∂A

a

∂t
+
(
ω0a

b∇ ·Ab − ωa
b ·∇A0b

)
+(

∇ω0a
b ·Ab −A0b∇ · ωa

b

)
= −µ0J̃

0a
(5.35)

On the left hand side there is a double derivative in distance ∇2Aa0, single
derivatives in distance, (ω0a

b∇ ·−ωa
b ·∇A0b), and terms linear in the potential,(

∇ω0a
b

)
·Ab−A0b∇ ·ωa

b. The driving term appears on the right hand side of
Eq.(5.34). There is also a time dependent term 1

c∇ · ∂Aa

∂t on the left hand side.

91



5.2. RESONANT COULOMB LAW

In the rest of this section Eq.(5.34) is simplified with approximations to the
point where it becomes analytically soluble. The latter solution is applied in
Section 5.3 to the H atom. To proceed, a quasi electrostatic situation is used in
which the vector potential is assumed to be very small. Eq.(5.34) the reduces
to an equation in the scalar potential φa:

∇2φa − ωa
b ·∇φb − (∇ · ωa

b)φ
b = −ρ

a

ε0
(5.36)

In order to produce resonance amplification, it must be assumed that the charge
density is oscillatory, for example:

ρa = −ρa (0) cos (κZ) (5.37)

The meaning of the index on the scalar potential is clarified if we consider it to
be complex valued, whereby for example:

φ(1) = φ(2)∗ =
1√
2

(1− i) ei(ωt−κZ) (5.38)

If the scalar potential is real-valued the indices can be omitted. For simplicity
of argument define the vector spin connection through only one of its elements,
for example:

ω = −ω0
0 (5.39)

Eq.(5.12) then reduces to its simplest form:

E = − (∇ + ω)φ. (5.40)

The term ωφ adds a term to the electric field as described in the introduction to
this paper. The linear inhomogeneous differential equation in its simplest form
is therefore:

∇2φ+ ω ·∇φ+ (∇ · ω)φ =
ρ

ε0
(5.41)

Its particular integral is

φp (Z) =
ρ(0)

ε0

cos (κZ − δ)((
∂ω
∂Z − κ2

)2
+ ω2κ2

)1/2
(5.42)

where:

δ = tan−1

(
ωκ

∂ω
∂Z − κ2

)
(5.43)

At resonance:
κ2

0 =
∂ω

∂Z
(5.44)

and the scalar potential φ becomes highly oscillatory. Eq.(5.41) may be rewrit-
ten as

φp (Z) =
e

4πε0V0

cos (κZ − δ)((
∂ω
∂Z − κ2

)2
+ ω2κ2

)1/2
(5.45)

where e is charge and V0 is a volume. The potential energy from Eq.(5.44) is:

VE = −eφp (Z) (5.46)
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When:
κ = 0 (5.47)

Eq.(5.45) reduces to:

VE = − e2

4πε0r
(5.48)

if:
r := V0

∂ω

∂Z
(5.49)

5.3 Application to the H atom

It is well known that the H atom is accurately described in the vast majority
of applications [20] by the Schrödinger equation with the Coulomb law limit
(5.47):

Ĥψ = Eψ (5.50)

where the hamiltonian operator is:

Ĥ = − ~2

2µ
∇2 + VE (5.51)

Here µ is the reduced mass:
µ =

memp

me +mp
(5.52)

where mp and me are masses of proton and electron respectively. These equa-
tions are written in S.I. units. The Schrödinger equation of the H atom is
therefore:

− ~2

2µ
∇2ψ − e2

4πε0r
ψ = Eψ (5.53)

In spherical polar coordinates [20]:

1
r

∂2

∂r2
rψ +

1
r2

Λ2ψ +
µe2

2πε0~2r
ψ = −2µE

~2
ψ (5.54)

and the wave-function is the product of radial and angular parts:

ψ (r, θ, φ) = R (r)Y (θ, φ) (5.55)

These are respectively the associated Laguerre polynomials and spherical har-
monics with an effective potential:

Veff = − e2

4πε0r
+
e (l + 1) ~2

2µr2
(5.56)

These equations define the energy levels of the H atom in terms of the principal
quantum number n:

E = − µe4

32π2ε20~2
· 1
n2

(5.57)

The complete atomic orbitals of H are:

ψnlme
(r, θ, φ) = Rne (r)Yeme

(θ, φ) (5.58)

93



5.3. APPLICATION TO THE H ATOM

These are the s, p, d, f, ..... atomic orbitals defined respectively by l = 0, 1, 2, 3,
..... In the vast majority of applications these are well known to be defined by
the limit (5.47) of the resonant Coulomb law. The complete resonant Coulomb
law will change all these orbitals, and at resonance will ionize the H atom by
resonance, breaking it into a free electron and a free proton. The energy required
to do this is well known [20] to be 13.6 eV:

∆E =
µe4

32π2ε20~2
= 13.6eV = 2.2× 10−18J (5.59)

This is the potential energy needed for a bound electron to be removed to infin-
ity. If an electron is given more than this energy by tuning as in Eq.(5.43), its
state becomes an unbound state, an unquantized continuum state [20]. Another
effect of tuning to resonance through Eq.(5.43) is to lift the well known n - fold
degeneracy of the H atom. So the spectral lines of the H atom will be affected
by resonance.

In order to produce the spectrum the potential energy (5.47) must be used
in Eq.(5.50) and the resulting Schrödinger equation solved numerically. Ex-
perimental methods must be found to produce the resonance (5.43) in the H
atom. This thought model is intended only as a plausible mechanism for ex-
plaining the results of ref. [18] in the simplest possible approximation. The small
driving force oscillations in the H atom can be modeled on the well known phe-
nomenon [20] of zitterbewegung (jitterbugging), known to exist from quantum
electrodynamics. If a molecule such as hydrogen deuteride (HD) is considered,
the HD bond vibration may be used as the driving force. In more compli-
cated molecules there are several vibrational and rotational frequencies as is
well known. It is also well known that a molecule can be ionized by tuning a
laser to one of these frequencies. Instead of using a laser, the spin connection
of space-time has been used in this paper. The end result is a surge in the
scalar potential for a small oscillatory driving charge/current density within the
molecule. Thus the output power is much greater than the input power without
any violation of the Noether Theorem. In the experimental work of ref. [18] this
ratio has been observed in a scientifically repeatable manner to be of the order
100,000 or more. There is no explanation for this observation in the standard
model but there is a straightforward explanation in ECE theory. The work in
this paper must be made more precise, and applied to engineering situations of
practical interest, but this paper illustrates the principle with a thought model
based on the H atom.
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